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FOREWORD 


This  publication  includes  individual  papers  of  Damping  ‘91  held  February  13-15, 1991,  San 
Diego,  California.  The  Conference  was  sponsored  by  the  Wright  Laboratory,  Hight 
Dynamics  Directorate,  Wright-Patterson  Air  Force  Base,  Ohio. 

It  is  desired  to  transfer  vibration  damping  technology  in  a  timely  manner  within  the  aerospace 
community,  thereby,  stimulating  research,  development  and  applications. 


TABLE  OF  CONTENTS 


Papgr  Nq. 

The  F-l  17  Stealth  Aircraft  AAA* 

(Keynote  Address) 

Mr.  Paul  Martin 

Use  of  Passive  Damping  for  Aircraft  Cabin  Noise  Control  AAB* 

(Invited  Speaker) 

Dr.  Leo  Butzel 

The  Society  of  Damping  Technology  in  Japan  and  its  Activities  a  Ar 

(Invited  Speaker) 

Dr.  Yasuo  Tokita  and  Hiroshi  Okamura 


SESSION  BA  -  Aircraft  Applications 


Integral  Damping  Treatment  for  Primary  Aircraft  Structures 

Sal  Liguore,  Marty  Ferman,  and  Rudy  Yurkovich 


An  Investigation  of  Add-on  Damping  Treatment  for  Life  Extension  of  the 
F-15  Upper  Outer  Wing  Skin 

Michael  Parin,  V.  Levraea,  Jr.,  Dr.  Lynn  Rogers,  and  A.  Pacia 


Damping  Treatments  for  Aircraft  Hardmounted  Antennae 

Ralph  E.  Tate  and  Carl  L.  Rupert 


BAA 

BAB 


BAC* 


SESSION  BB  -  Plates  and  Beams 


Examination  of  Boundary  Conditions  for  Sixth-Order  Damped  Beam  BBA 

Theory 

Ralph  E.  Tate 

The  Effect  of  Compliant  Layering  on  Damped  Beams  BBB 

David  John  Barrett 


The  Damping  Property  of  Laminated  Steel  Sheet  after  Deep  Drawing  BBC 

Hiroshi  Okamura 


*Not  available  for  publication 


vii 


Preceding  Page  Blank 


TABLE  OF  CONTENTS  (continued) 

Paper  Nq, 

SESSION  BC  -  Analysis  and  Design  1 _ _ _ 


Practical  Design  and  Analysis  of  Systems  with  Fractional  Derivative  BCA 

Materials  and  Active  Controls 
Daniel  R.  Morgenthaler 

An  Implicit  Fourier  Transform  Method  for  Nonlinear  Dynamic  Analysis  BCB 

with  Frequency  Dependent  Damping 

Prof.  F.  Venancio-Filho  and  A.  M.  Claret 

On  a  Linear  Property  of  Lightly  Damped  Systems  BCC 

Z.  Liang,  M.  Tong,  and  G.  C.  Lee 


SESSION  CA  -  Control  Structure 


Active  Vibration  Suppression  via  LQG/LTR:  Analytic  and  Experimental  CAA 

Results  for  the  PACOSS  Dynamic  Test  Article 
Russell  N.  Gehling 

Hoo  Control  for  the  PACOSS  DTA  CAB 

Christopher  T.  Voth  and  R.  Michael  Stoughton 

Active  Damping  of  a  Cantilever  Beam  CAC 

Dr.  Hung  V.  Vu,  Stein  Husher,  and  D.  E.  Zimmerman 

The  Investigation  of  Large  Space  Structure  Passive  Electrodynamic  CAD 

Dampers 

Dr.  Roger  Stettner  and  Dr.  Paul  Mlakar 


SESSION  CB  -  Damping  Material  and  Measurements 


A  Method  for  the  Measurement  of  the  Complex  Compressional  Modulus  CBA* 

of  Thin  Layers 

Dr.  Jonathan  D.  Rogers  and  Dr.  Daniel  J.  Segalman 


*Not  available  for  publication 


viii 


TABLE  OF  CONTENTS  (continued) 


Paper  No. 

The  Evaluation  of  Young’s  Complex  Modulus  of  Viscoelastic  CBB 

Materials 

Marc  Tardif  and  Prof.  Germain  Ostiguy 

Role  of  Morphology  in  Damping  Efficiency  CBC* 

Dr.  L.  H.  Sperling,  J.  J.  Fay,  and  Dr.  D.  A.  Thomas 

The  Thermorheologically  Complex  Material  CBD* 

Lt.  Col.  Ronald  L.  Bagley 


SESSION  CC  -  Analysis  and  Design  2 


Methods  of  Reduction  of  Wind  Induced  Dynamic  Response  in  CCA 

Solar  Concentrators  and  Other  Small  Lightvreight  Structures 
Monte  A.  McGlaun 

Analysis  of  a  Five-Layer,  Viscoelastic,  Constrained-Layer  Beam  CCB 

Michael  A.  Falugi 

Dynamics  of  a  Class  of  Viscously  Damped  Struts  CCC 

Dr.  Y.  C.  Yiu  and  Dr.  Steven  Ginter 

A  Study  of  a  Vibration  Absorber  to  Control  the  Vibration  of  a  Rectangu-  CCD 

lar  Plate 

Akio  Sugimoto,  Hideo  Utsuno,  and  Toshimitsu  Tanaka 


SESSION  DA  -  Analysis  and  Testing 


Impedance  Matched  Mass-Dampers:  A  New  Approach  for  Improving  DAA 

Structural  Damping 

Craig  Gardner  and  Prof.  Richard  H.  Lyon 

Analytical  and  Experimental  Modal  Analysis  of  a  Two-Tiered  Structure  DAB 

Dr.  Hung  V.  Vu,  William  C.  Flynn,  and  T.  K.  Vuong 


*Not  available  for  publication 


ix 


TABLE  OF  CONTENTS  (continued) 


EaperNo. 

Development  of  a  Magnetic  Suspension  System  for  Reliable  Vibration  DAC* 

Damping  Measurement 
Dr.  Dantam  K.  Rao 


SESSION  DB  -  Viscoelastic  Material 


VEM  Characterization  Program 
Bryce  L.  Fowler 

Data  Base  of  the  Dynamic  Properties  of  Materials  DBB 

Ahid  D.  Nashif  and  Thomas  M.  Lewis 

Establishing  the  Validity  of  the  Master  Curve  Technique  for  Complex  DBC 

Modulus  Data  Reduction 

Dr.  S.  O.  Oyadiji  and  F*rof.  G.  R.  Tomlinson 


SESSION  DC  -  Optimization 


Integrated  Optimization  of  Composite  Structures  for  Advanced  Damped  DCA 

Dynamic  Characteristics 

Dr.  Dimitris  A.  Saravanos  and  Christos  C.  Chamis 

An  Optimum  Design  Methodology  for  Passively  Damped  Truss  DCB 

Structures 

Dr.  Ray  Manning 

On  An  Application  of  Complex  Damping  Coefficients  DCC 

Z.  Liang,  M.  Tong  and  G.  C.  Lee 


SESSION  EA  -  DAMMPS  1 


Statistcal  and  Worst  Case  Evaluation  of  Orbital  Jitter  Reduction  Using  EAA 

Passive  Damping 

J.  Molnar,  Dennis  Hill,  and  Clyde  Stable 


*Not  available  for  publication 


X 


TABLE  OF  CONTENTS  (continued) 


P^per  No. 

LMSC  DAMMPS  Program  Status 

J.  Warren  Hoskins  and  Dr.  Y.  C.  Yiu 

Damping  of  Precision  Metal  Matrix  Trusses  EAC 

Dr.  Stepan  S.  Simonian 

Development  of  Low  Modulus  Damping  Material  for  Precision  Mounting  EAD 

Platforms 

Steven  Kirshenbaum,  Dennis  Hill,  and  Clyde  Stable 

Complex  Stiffness  Test  Data  for  Three  Viscoelastic  Materials  by  the  EAE 

Direct  Complex  Stiffness  Method 

Bradley  R.  Allen  and  Earl  Pinson 


SESSION  EB  -  Viscoelastic  Material  Measurements 


Direct  Measurement  of  the  Dynamic  Material  Properties  of  Polymers  EBA 

for  Low  Frequencies 

Ahid  D.  Nashif,  Thomas  M.  Lewis,  and  Paul  J.  Macioce 

Correlation  of  Complex  Modulus  Data  by  Direct  Stiffness  and  Indirect  EBB 

Resonant  Beam  Test  Techniques 

T.  Lewis,  Mona  P.  Khoury,  and  Dr.  David  I.  G.  Jones 

Constitutive  Modeling  of  Nonlinear  Damping  Materials  EBC 

Dr.  Jerome  Sackman,  Prof.  J.  M.  Kelly,  and  A.  E.  Javid 

Results  of  a  Round  Robin  Test  Series  to  Evaluate  Complex  Moduli  of  a  EBD 

Selected  Damping  Material 
Dr.  David  I.  G.  Jones 


SESSION  EC-  Analysis  and  Design  3 _ 

A  Mathematical  Framework  for  the  Study  of  Indirect  Damping  EGA* 

Mechanisms 

David  L.  Russell 


*Not  available  for  publication 


xi 


TABLE  OF  CONTENTS  (continued) 

Paper  No. 

Techniques  of  Design  and  Using  Viscoelastic  Dampers  ECB 

Z.  Liang,  M.  Tong,  and  G.  C.  Lee 

Modeling  of  Constrained  Layer  Damping  in  Trusses  ECC 

Dr.  Daniel  J.  Inman,  Joseph  C.  Slater,  and  W.  Keith  Belvin 

A  Strong  Criterion  for  Testing  Proportionally  Damped  Systems  ECD 

Z.  Liang,  M.  Tong,  and  G.  C.  Lee 

SESSION  ED  -  Applications 
Abbreviated  Papers 

The  PACOSS  Dynamic  Test  Article  EDA 

Russell  N.  Gehling 

Retrofitted  Damping  Treatment  for  a  Three  Stage  Booster  System  EDB* 

Dr.  Daniel  J.  Segalman  and  E.  L.  Marek 

Damping  Design  for  a  Disk  Drive  Head  Flexure  EDC 

Eric  M.  Austin,  James  C.  Goodding,  and  William  A.  Driscoll 

Damping  Jet  Engine  Front  Frame  Struts  EDD* 

Capt.  Vance  Johnson,  Kurt  Nichol,  and  Dennis  Murphy 

Isolation  Joint  for  Flexural  and  Compressional  Isolation  EDE 

A1  Wignall  and  J.  Aron 

Characterization  of  Viscoelastic  Damping  in  an  Antenna  Structure  EDF 

Dr.  Ephrahim  Garcia,  James  M.  Argento,  and  Robert  Alan  Carlin 

Laminar  Blade  Damper  EDG 

Michael  Koleda 

Experimental  Study  on  Noise  Reduction  due  to  Damping  Treatments  EDH* 

Ken  Okada  and  Junichi  Kanazawa 


♦Not  available  for  publication 


xii 


TABLE  OF  CONTENTS  (continued) 


Paper  No. 

SESSION  FA  -  DAMMPS  2 


Evaluation  of  Damping  Concepts  for  Precision  Mounting  Platforms  FAA 

Dennis  Hill,  Clyde  Stable,  and  James  Staley 

Synergistic  Design  of  Passive  Damping  and  Metal  Matrix  Composites  FAB 

Earl  D.  Pinson,  Eric  M.  Austin,  and  Michael  L.  Zeigler 

A  Three  Element  Viscoelastic  Isolator  FAC 

Dr.  Stepan  S.  Simonian 


SESSION  FB  -  Noise  and  Acoustics 


Integrally  Damped  Honeycomb  Structural  Concepts  to  Increase  Noise  FBA 

Transmission  Loss 

Jefferson  F.  Newton,  Dr.  Roy  Ikegami,  and  D.  J.  Carbery 

Reduction  of  Acoustic  Responses  Using  Viscoelastic  Damping  Materials 
Dr.  David  Chu,  C.  Stable,  J.  Staley,  J.  Peir,  and  M.  McMeekin 

Design  Method  of  Damping  Treatment  for  Structure-Borne  Noise  FBC* 

Reduction 

Iwao  Honda,  Tadao  Nakamura,  Yoshihiko  Me,  and  Kazuo  Yamamoto 


SESSION  FC  -  Civil  Structures 


Earthquake  Simulator  Testing  of  T wo  Damping  Systems  for  Multistory  FCA 

Structures 

Ian  D.  Aiken  and  James  M.  Kelly 

Correlation  of  Experimental  Results  with  Predictions  of  Viscoelastic  FCB 

Damping  for  a  Model  Structure 

T.  T.  Soong  and  Dr.  Ming  Lai 


*Not  available  for  publication 


xiii 


TABLE  OF  CONTENTS  (continued) 


Damping  Capacity  of  Reinforced  Concrete  External  Beam  Column 
Connections 

Dr.  Alexander  G.  Tsonos,  loannis  A.  Tegos,  and 
Prof.  Georgios  G.  Penelis 


SESSION  FD  -  Analysis  and  Damping  Mechanisms 
Abbreviated  Papers 


Eddy  Current-based  Vibration  Damping  for  Aerospace  Structures 
James  Goldie 

The  Absolute  Value  Modal  Strain  Energy  Method 
Daniel  R.  Morgenthaler 

An  Analytical  Model  for  the  Vibration  of  Viscoelastically  Damped 

Curved  Sandwich  Beams 

Dr.  Mohan  D.  Rao  and  Shulin  He 

Bibliography  of  Environmental  Data  Measured  In-Flight 
Lt.  Col.  Raymond  F.  Hain,  HI 

General  Motion  of  an  Inclined  Impact  Damper  with  Friction 
C.  N.  Bapat 

The  Shock  and  Vibration  Information  Analysis  Center  (SAVIAC) 
Harold  D.  Kohn 


SESSION  GA  -  Electro-Rheological  Fluids  and  Fluids 


The  Vibration  Damping  Effect  of  an  Electrorheological  Fluid 
Stephen  A.  Austin 

Modelling  of  Nonlinear  Dilatation  Response  of  Fluids  Containing 
Columns  Plastic  and  Shear  Relaxation  Considered 
Dr.  Bemd  Wendlandt 


xi  V 


Paper  Ng. 
FCC* 

FDA 

FDB 

FDC 

FDD 

FDE 

FDF 

GAB 

GAC 


♦Not  available  for  publication 


TABLE  OF  CONTENTS  (continued) 


Taper  Nq. 

Electro-Rheological  Fluids  Characterization  by  Dynamic  Mechanical  GAD* 

Thermal  Analysis  under  Applied  Fields 

Dr.  R.  E.  Wetton  and  Dr.  J.  C.  Duncan 


SESSION  GB  -  Control  Structure  Interaction  2 


On  Piezoelectric  Energy  Conversion  for  Electronic  Passive  Damping  GBA 

Enhancement 

Dr.  Donald  L.  Edberg,  Dr.  Andrew  S.  Bicos,  and  J.  S.  Fechter 

The  Need  for  Passive  Damping  in  Feedback  Controlled  Flexible  Struc-  GBB 

tures 

Dr.  Andreas  von  Flotow  and  D.  W.  Vos 

Passive  Control  of  a  Flexible  Planar  Truss  Using  A  Reaction  Mass  GBC 

Actuator 

Capt.  Steven  G.  Webb  and  Lt.  David  R.  Lee 


SESSION  GC  -  Damping  Indentification 


A  IdentiUcation  Technique  for  Damped  Distributed  Structural  Systems  GCA 

Using  the  Method  of  Collocation 

R.  Chander,  M.  Meyyappa,  and  S.  V.  Hanagud 

Correlation  Techniques  to  Determine  Model  Form  in  Robust  Nonlinear  GCB 

System  Realization/Identification 

Greselda  Stry  and  D.  Joseph  Mook 

System  Level  Design  and  Analysis  of  Truss  Structures  Damped  by  Vis-  GCC 

cous  Struts 

Dr.  Y.  C.  Yiu 

Damping  Ratio  Estimates  from  Autocorrelation  Functions  GCD 

Prof.  Luigi  Balis-Crema  and  Prof.  A.  Agneni 


*Not  available  for  publication 


TABLE  OF  CONTENTS  (continued) 


Dynamic  Moduli  of  Fluorocarbon  Compounds 
Dr.  Wayne  T.  Reader  and  Robert  W.  Megill 

Passive  Vibration  Damping  with  Noncohesive  Granular  Materials 
Dr.  Monen  Abdel-Gawad 

VEM  Database  Program 
Bryce  L.  Fowler 

Measurement  of  the  Mechanical  Properties  of  Viscoelastics  by  the  Direct 
Complex  Stiffness  Method 

Bradley  R.  Allen  and  Dr.  David  A.  Kienholz 

The  Effect  of  Porosity  on  the  Microstructural  Damping  Response  of  a 
6061  Aluminum  Alloy 

Jinmin  Zhang,  M.  N.  Gungor,  and  E.  J.  Lavernia 

Damping  Properties  of  Aliphatic  Polyurethanes  from 
4, 4'  -  Dicyclohexylmethane  Diisocyanate 

John  D.  Lee,  Gilbert  F.  Lee,  and  Bruce  Hartmann 

An  Apparatus  for  Measuring  the  Low  Frequency  Dynamic  Characteris¬ 
tics  of  Materials 

Mona  P.  Khoury  and  Francis  Olivier 


GDA* 

GDB 

GDC 

GDD 

GDE 

GDF 

GDG 


SESSION  HA  -  Composite  and  Metal  Matrix 


Controlling  the  Damping  Behavior  of  Pitch-based  Carbon  Fibers 
Andrew  J.  Eckel  and  Steven  P.  Jones 

Internal  Damping  of  Metal  Matrix  Composites:  A  Technical  Assessment 
Jacques  E.  Schoutens 

Vibration  Suppression  of  Thin-Walled  Composite  Tubes  Using 
Embeded  Viscoelastic  Layers 

F.  M.  Belknap  and  Professor  J.  B.  Kosmatka 

*Not  available  for  publication  . 


HAA 


HAB 

HAC 


TABLE  OF  CONTENTS  (continued) 


Paper  No. 

SESSION  HB  -  Tubes  and  Shells  ” 


Directional  Damping  of  the  Global  Vibration  Modes  of  Tubular  Struc-  HBA 

tures  by  Constrained-Layer  Treatments 
Stanley  S.  Sattinger 

Damped  Response  of  Viscoelastic  Thick  Cylinders  of  Infinite  Extent  jjBB 

Dr.  Hamid  Hamidzadeh,  D.  J.  Nunez,  and  D.  E.  Chandler 


SESSION  HC  -  Circular  Plates 


Dynamic  Analysis  of  Finite,  Three  Dimensional,  Linear,  Elastic  Solids  HCA 

with  Kelvin  Viscoelastic  Inclusions:  Theory  with  Applications  to  Asym¬ 
metrically  Damped  Circular  Plates 

Prof.  C.  D.  Mote,  Jr.  and  I.  Y.  Shen 

Modal  Analysis  of  Kelvin  Viscoelastic  Solids  Under  Arbitrary  Excitation:  HCB 

Circular  Plates  Under  Moving  Loads 

I.  Y.  Shen  and  Prof.  C.  D.  Mote,  Jr. 

Response  of  a  Circular  Plate  with  Patch  Damping  HCC 

Prof.  Douglas  Muster,  Mahmoud  Mezache,  and  G.  H.  Koopmann 


SESSION  lA  -  Viscous 


Development  of  the  PACOSS  D-Strut  lAA 

David  Cunningham 

Design,  Analysis,  and  Testing  of  the  PACOSS  D-Strut  Truss  lAB 

Daniel  R.  Morgenthaler 

An  Advanced  D-Strut  lAC 

L.  Porter  Davis  and  Dr.  Steve  Gin  ter 


*Not  available  for  publication 


xvii 


TABLE  OF  CONTENTS  (continued) 


PapenNQt 

Testing  of  a  Viscous  Damped  Isolator  lAD 

Bradley  R.  Allen  and  David  Cunningham 


SESSION  IB  -  Experimental  Measurements 


The  Effect  of  Source  Impedance  on  Damping  Measurements  Using  IB  A 

Resonance  Dwell  Testing 
Ralph  E.  Tate 

The  Dependency  of  Vibration  Energy  Dissipation  on  the  Amplitude  of  IBB* 

Structural  Motion 

Dale  L.  Jensen 

Low-deflection  Loss  and  Hysteresis  Measurements  on  a  Spacecraft  Test  IBC 

Joint 

Eric  M.  Austin,  James  C.  Goodding,  and  Timothy  L.  Flora 

Damping  Ratio  Measurements  in  Kevlar  Sandwich  Samples  IBD 

Prof.  Luigi  Balis-Crema,  Prof.  A.  Castellani,  and  ftof.  A.  Agneni 


SESSION  IC  -  Metals 


Characterization  of  the  Damping  Properties  of  High  Damping  Alloys  IC  A 

Dr.  Iain  G.  Ritchie  and  Z-L.  Pan 

Viscoelastic  and  Structural  Damping  Analysis  I^B 

Prof.  Harry  H.  Hilton 

Analysis  of  Strain  Dependent  Damping  in  Metals  via  Modeling  of  ICC 

Material  Point  Hysteresis 

Dr.  E.  J.  Graesser  and  C.  R.  Wong 

Non-Obstructive  Particle  Damping  Tests  on  Aluminum  Beams  ICD 

Dr.  Hagop  V.  Panossian 


*Not  available  for  publication 


xviii 


TABLE  OF  CONTENTS  (continued) 


Papgr  No. 

SESSION  JA  -  Experimental  Measurements  of  Damping  _ 

Complex  Dynamic  Modulus  of  Nitinal-reinforced  Composites  JAA* 

Dr.  Amr  M.  Baz,  R.  Deigan,  and  Dr.  J.  Gilheany 

Estimation  of  Nonproportional  Damping  from  Experimental 
Measurements 

Dr.  T.  K.  Hasselman  and  Jon  D.  Chrostowski 

Load  Unit  Deflection  Correction  for  Forced  Vibration  Test  System  JAC 

Kirk  R.  Biegler 

SESSION  JB  -  Friction 

An  Analytical  Approach  to  Designing  Friction  Dampers  in  JBA 

Turbomachinery  Blading 

Joe  Panovsky,  D.  Hendley,  and  R.  MacKay 

Micro  Slip  Damping  Mechanism  in  Bolted  Joints  JBB* 

Prof.  M.  Groper 

SESSION  JC  -  Analysis  and  Design  4 

On  a  Theory  of  Complex  Damping  JCA 

Z.  Liang,  M.  Tong,  and  G.  C.  Lee 

An  Iterative  Method  in  Dynamic  Structural  Analyses  with  JCB 

Nonproportional  Damping 

Dr.  Wan  T.  Tsai  and  J.T.  Leang 


*Not  available  for  publication 


xix 


<Damping  *91  CoTiference>  in  San  Diego 


The  'Society  of  Damping  Technology’ 

in  Japan  and  Activities 


with  the  trends  of  the  damping  materials  &  technology  in  Japan 


1991.2.13~15. 


Yasuo  Tokita 
Hiroshi  Okamura  ** 

Society  of  Damping  Technology,  in  Japan 

*1)  President,  SDT  in  Japan  ;  Derector,  Aircraft  Nuisance  Prevention  Assocation 
Reseach  Center. 

*2)  Memeber,  SDT  in  Japan  ;  Manager,  Component  Eng.  Dept.  Truck  &  Bus  Eng.  Center, 
Mitsubishi  Motors  Corporation. 


AAC-1 


The  ’Society -of  Damping  Technoiogy’  in  Japan  and  the  Activities 

with  the  trends  of  the  damping  materiais  &  technology  in  Japan 


Abstract 

The  development  activities  of  damping  materials  and  their  technologies  in 
Japan  have  been  given  an  active  life  speedily  in  the  past  several  years.  As  the 
examples,  the  application  of  damping  materials  to  the  floor  panel  of  motor 
vehicle  body  and  the  utilization  of  laminated  damping  steel  sheets  by  various 

industries  in  Japan  will  be  reviewed  in  this  report. 

Then,  a  report  will  be  made  on  the  activities  of  Society  of  Damping 
Technology  in  Japan,  a  society  which  was  inaugurated  with  the  background 
situation  as  indicated  in  the  above.  Among  various  activities  performed  by  the 
society,  a  report  will  be  made  particularly  on  the  outline  of  round  robin  test 
which  was  conducted  by  the  society.  The  report  will  be  concluded  by  a  summary 
of  the  future  trends  to  be  realized  in  Japan  and  the  role  of  the  society  to  be 
played  in  the  accomplishment  of  such  targets. 


1  Background 

1.1.  The  Trends  of  Damping  Materials  in  Japan 

Stimulated  by  the  enforcement  of  the  regulations  for  the  prevention  of 
environmental  pollution  by  the  Japanese  Government,  particularly  of  the  noise 
control  regulations  on  motor  vehicles,  the  application  of  damping  materials  has 
been  rapidly  and  widely  spread  among  various  industries  in  Japan.  This  trend 
has  been  further  enhanced  by  the  fact  that  the  industries  become  aware  that  the 
reduction  of  vibration  and  noise  in  products  will  heighten  the  value  of  their 
products  in  the  market. 

It  has  been  realized  that  an  appropriate  damping  effect  can  be  achieved  by 
an  addition  of  damping  material  (  such  as  free  layer  bonding  type  )  or  by 
replacement  (  such  as  laminated  damping  steel  sheet  )  without  altering  a 
structure  of  product  to  a  large  extent. 

Damping  mechanism  and  material  characteristics,  however,  are  not  known  well 
by  the  people  in  Japan  except  for  a  certain  number  of  technical  experts  and 
researchers.  When  an  application  of  damping  material  is  not  made  appropriately, 
the  damping  effect  could  be  reduced  drastically  or  sometimes  may  bring  an 
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?f<verse  effect*  and  ends  up  with  a  wrong  appraisal  being  cast  upon  it.  Having 
such  a  situation  in  the  background,  interests  in  damping  materials  among  the 
industries  in  Japan  had  been  increased  to  an  extent  that  Society  of  Damping 
Technology  in  Japan  was  inaugurated. 

In  the  following,  an  application  of  damping  material  to  the  floor  panel  of 
motor  vehicle  body  and  a  utilization  of  laminated  damping  steel  sheet  by 
various  industries  in  Japan  will  be  discussed. 

1.2.  Application  of  Damping  Material  to  Floor  Panel  of  Motor  Vehicle  Body 

The  historical  trend  of  patent  application  in  Japan  for  the  damping 
materials  for  a  use  of  damping  floor  panels  of  motor  vehicle  body  is  shown  in 
Fig.l.  Applications  for  materials  usod  for  sound  absorption,  sound 
insulation  and  damping  are  included  in  this  figure  and  the  hatched  portion  in 
it  corresponds  to  the  number  of  patent  application  for  the  damping  materials. 
It  is  obvious  that  the  number  of  patent  application  increased  quite  remarkably 
with  the  advent  ofl980.  As  stated  in  the  above,  the  trend  clearly  shows  the 
heightening  of  technical  interests  in  noise  reduction  obviously  as  the  result 
of  the  stimulation  given  by  the  enforcement  of  noise  control  regulation. 

Fig.  2  shows  the  historical  trend  of  noise  level  prevailing  in  the  interior 
of  passenger  cars  produced  and  marketed  in  Japan.  The  chart  shows  that  noise 
reduction  of  some  8  dB(A)  was  realized  in  the  past  10  years.  This  is  obviously 
the  result  of  the  application  of  noise  reduction  methods  stated  in  the  above. 

Fig.  3  shows  the  proportions  by  weight  of  noise  control  materials  used  in 
passenger  cars.  Approximately  half  of  the  weight  is  taken  by  the  damping 
materials.  Majority  of  the  damping  materials  indicated  in  this  diagram  are  of 
asphalt  materials  and  will  be  bonded  as  free  layers  type. 

While  damping  materials  are  used  widely  as  the  principal  means  for  noise 
control,  materials  having  much  better  damping  capabilities  and  lighter  weight 
are  being  sought  after  earnestly  with  an  aim  of  further  reduction  of  noise 
level  as  well  as  vehicle  weight.  In  order  to  achieve  such  purposes,  adoption 
of  composite  materials  and  constrained  layer  damping  system,  foaming  of  damping 
layer,  etc.  have  already  been  tried. 

1.3.  Laminated  Damping  Steel  Sheet 

Fig.  4  shows  the  transition  of  production  volume  of  laminated  damping  sheet 
in  Japan.  A  sudden  increase  in  production  is  seen  in  the  latter  half  of  80s. 
After  the  enforcement  of  Phase  II  of  the  noise  control  regulation  in  '83,  the 
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use  of  laminated  damping  steel  sheet  for  the  stamp  formed  engine  oil  pan 
was  commenced.  The  consumption  of  the  materia!  by  the  electric  home  appliance 
industry  was  increased  much  after  they  adopted  it  for  foaming  the  outer  panel 
of  home  washing  machine. 

Fig.  5  shows  the  breakdown  by  weight  of  the  application  of  this  material  for 
various  industries  in  Japan.  The  consumption  by  the  motor  and  electric 

appliance  industries  are  by  far  the  largest,  however,  the  app! icat ions  for 
building  materials  and  general  machineries  are  being  increase  gradually. 
Table  1  shows  examples  of  laminated  damping  steel  sheet  adpl icat ion  by  varidus 
industries.  Obviously  the  materials  are  used  for  noise  reduction  of  various 

products. 

2  Society  of  Damping  Technology  in  Japan 

2.1.  Inauguration  of  Society 

As  elaborated  in  the  above,  the  application  of  damping  materials  for  the 
purpose  of  vibration  and  noise  reduction  has  become  very  popular  in  Japdn  and 
the  market  segments  of  products  where  the  super  great  quality  is  given  by 
damping  materials  have  been  expanded.  But  there  are  many  subjects  left  unsolved 
in  the  technical  aspects  of  damping  materials.  Mutual  recognition  of  such 
problems,  efforts  in  exploring  their  solutions  and  deepening  people  s 
understanding  in  damping  materials  are  essential  for  their  popularization 
and  growth.  Society  of  Damping  Technology  in  Japan  was  inaugurated  for  the 
achievement  of  those  objectives. 

2.2.  General  Policies  of  Society’s  Activities 

The  general  policies  of  this  society’s  activities  shall  be; 

-Activities  will  be  centered  in  the  industries,  that  is,  the  various  seeds 
and  needs  for  damping  materials  and  technologies  present  in  the  industries 
would  be  picked  up  widely  and  discussed  in  various  aspects. 

•  Public  relations  activities  to  be  made  by  each  member  company  in  auxiliary 
to  the  above  activities  will  be  permitted. 

•  Exchange  of  informations  and  conversations  between  and  among  makers,  users 
and  neutral  organizations  (such  as  research  institutions,  universities, 
instrument  manufacturers,  etc.)  on  the  subject  of  damping  materials  will 
be  promoted. 

•  Research  and  study  will  be  made  jointly  on  the  subjects  relative  to  the 
damping.  Those  studies  will  be  made  principally  by  the  study  and  technical 
committees  and  working  groups  subordinate  to  those  committees. 
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•  Publicity-activities  on  damping  materials  and  technologies  in  such  forms 
as  lecture  class,  issuing  manuals  on  measuring  methods  and  utilization 
technologies. 

2.3.  Organization  of  Society 

The  society  was  inaugurated  in  July  1988  with  the  assistance  of  Tokyo 
Metropolitan  Industrial  Technology  Center.  The  society’s  secretariat  is  located 
in  that  center.  When  the  first  general  assembly  of  the  society  was  held  at  the 
time  of  inauguration,  there  were  39  corporate  members,  6  private  members  and 
3  special  members  making  the  total  of  48  members.  The  society  now  has  the  total 
of  145  members  which  consist  of  120  corporate,  22  private  and  3  special 

members.  The  number  is  still  being  increased  by  the  enrollment  of  several 

new  members  in  every  month. 

Fig.  6  shows  the  main  business  activities  and  involvement  in  damping 

materials  by  the  society  members.  About  a  half  of  the  members  are 

in  nonmetal  lie  industries  (  many  are  in  polymer  industries  )  and  belong  to 
the  maker’s  side  of  damping  materials.  About  35  %  are  on  the  user’s  side  coming 
from  fairly  wide  range  of  industries.  The  rest  are  from  the  neutral 

institutions  and  industries.  In  an  aspect  of  involvement  in  damping  materials, 
it  is  recognized  that  members  representing  many  sections  are  in  a  good 

harmonious  balance. 

Fig.  7  shows  the  organization  structure  and  activities  of  the  society.  Linder 
the  executive  committee  formed  by  President,  Vice  President  and  chairman  of 
each  committee,  there  are  a  secretariat  and  5  committees  (  2  in  business 

handling  and  3  in  research  and  study  ).  There  are  number  of  working  group 
under  the  supervision  of  each  research  and  study  committee  and  the  main 
activities  of  the  society  are  pursued  by  those  people. 

2.4.  Activities  of  Research  and  Study  Committees 

Researches  and  studies  in  various  subjects  related  to  the  damping  materials 
and  technologies  are  actually  carried  out  by  3  research  and  study  committees 
together  with  working  groups  (  W/G  )  placed  under  them  as  shown  in  Fig.  7. 

Domestic  and  international  literature  study  W/G  collects  the  literatures  and 
papers  on  the  damping  materials  and  technologies  issued  widely  in  Japan  and 
overseas  countries  mostly  supplied  by  the  members  and  put  them  in  a  data  base. 
Damping  ’89  W/G  was  formed  for  the  study  of  technical  reports  in  Proceedings  of 
Damping  ’89  Conference. 
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Round  robin-test  W/G  performed  in  the  last  year  a  round  robin  test  on  a  free 
layer  damping  material  bonded  to  steel  beam  test  piece  .  25  members  joined  in 

this  test.  The  details  of  the  test  result  will  be  discussed  later  in  this 
report.  Similar  test  is  being  performed  on  laminated  damping  steel  sheets,  now. 

Standard  study  W/G  collects  and  studies  the  standards  issued  for  the 
administration  of  damping  characteristic  measurement  methods  in  many  countries. 

It  will  also  be  issuing  a  measurement  manual  for  the  members  by  compiling  the 
results  of  their  study,  the  results  of  round  robin  tests  performed  in 
supplement.  Those  results  will  also  be  studies  for  reflecting  them  into  the 
official  standardization  of  damping  characteristic  measurements  in  Japan. 

Examples  of  damping  material  application  have  been  announced  to  and 
discussed  by  the  members.  Problems  in  the  utilization  technology  unique 
to  each  individual  section  will  be  studied  and  solved  by  such  method  as 
organizing  new  W/Gs  for  motor  vehicles  and  building  materials. 

3  Round  Robin  Test 

3.1.  Objective  and  Principal  Test  Conditions 

The  objective  of  this  test  is  to  have  each  member  get  mutually  acquainted 
with  other  member’s  technical  levels  in  the  measurement  method  and  to  make 
clear  the  subjects  and  problems  on  the  measurement  which  have  been  carried  by 
each  individual  member.  The  test  results  will  be  further  utilized  in  the 
comp i 1  at  ion  of  manual  on  the  measurement  guideline  to  be  issued  for  the 
distribution  to  all  members.  They  will  also  be  used  in  the  society’s 
cooperation  to  the  official  standardization  of  damping  characteristic 

measurements. 

The  principal  test  conditions  are; 

•  3  type  of  steel  beam  test  pieces  bonded  with  free  layer  damping  materials. 

{  damping  layer  :  2  types  of  PVC  plastic 

and  a  type  of  SBR(styrene-butad i ene  rubber)  } 

•  Testing  temperature  :  25  °C  (constant) 

•Measurement  method  and  data  process  method  can  be  determined  at  an  option 
of  each  member.  Table  2  shall  be  referred  to  the  details. 

The  test  results  of  cantilever  method  and  both  end  free  with  center 
excitation  method,  the  methods  which  attracted  many  part i ci pants,  wi 1 1  be 
discussed  in  the  following. 

3. 2.  Cant i lever  Method 
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Fig.  8  shows  all  measurement  data  obtained  by  the  cantilever  method.  As  the 
end  clamping  was  not  rigid  enough,  dispersal  of  damping  characteristic  in 
bending  mode  of  first  order,  where  the  influence  of  boundary  condition  is 
largest,  is  noted.  It  was  also  revealed  that  several  test  data  contained 
problems  due  to  data  analysis  by  FFT  (Fast  Fourier  Transform). 

Fig.  9  shows  a  graph  in  which  data  with  the  above  problems  are  all  omitted. 
The  dispersal  of  damping  characteristic  measurement  data  is  also  made  smaller. 
The  results  of  measurement  by  the  members,  except  for  data  B  of  an  original 
steel  beam  having  a  small  loss  factor  J? -value  ,  are  fundamentally  consistent 
even  though  somewhat  smaller  data  dispersal  is  still  evident.  Further  study  to 
explore  the  cause  of  such  dispersal  is  required. 

3.3.  Both  End  Free  with  Center  Excitation  Method 

All  measurement  data  obtained  by  both  end  free  with  center  excitation  method 
are  shown  in  Fig. 10.  An  impedance  head  is  installed  in  this  method  on  the 
center  portion  where  an  excitation  is  applied.  The  exciting  input  and  the 
vibration  response  are  measured  by  it.  Data  with  fairly  large  dispersal  are 
included  in  this  case,  too. 

Fig.  11  shows  the  excitation  structure  applied  in  the  test.  The  method  in 
which  a  nut  is  used  for  clamping  as  shown  in  the  figure  will  present  a  problem 
in  processing  the  damping  layer  at  the  portion  where  it  is  tightened  by  the 
nut,  for  example,  damping  layer  is  cut  or  tightened  together  with  steel  sheet. 
In  a  method  where  an  extension  rod  is  used,  it  is  noted  that  the  bending  mode 
of  Steel  beam,  the  main  target  of  measurement,  tends  to  be  mixed  with 
unnecessary  mode  because  the  excitation  structure  is  not  installed  accurately 
on  the  center  of  a  test  piece. 

Fig.  12  shows  the  graph  where  the  data  containing  problems  are  all  omitted. 
As  in  the  cantilever  method,  all  the  measurements  are  consistent  except  for 
data  B.  Further  exploration  is  also  necessary  to  the  cause  of  data  dispersal 
still  left  on  this  graph. 

3.  4.  Summary 

All  the  results  obtained  from  the  round  robin  test  performed  by  the  society 
this  time,  except  for  the  data  of  steel  beam  having  smaller  J7-value  (smaller 
than  0.01)  and  for  the  measurement  data  in  which  the  cause  of  large  dispersal 
is  clarified,  are  found  to  be  fundamentally  consistent  with  each  other.  It 
means  that  as  long  as  the  basic  rules  for  the  measurement  are  carefully 
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observed,  a  dispersal  of  measurement  can  be  minimized. 

The  values  shown  in  Fig.  9  to  12  are  consistent  with  each  other  and  the  fact 
suggests  that  the  variation  due  to  different  methods  of  measurement  can  also  be 

minimized. 

However,  some  significant  dispersal  of  data  is  still  present  even  after 

those  data  are  screened  and,  therefore,  further  exploration  is  still  required. 

It  is  intended  that  supplementary  tests  on  the  dispersal  of  data  on  steel  beam 
bonded  with  free  layer  damping  material  and  round  robin  on  laminated  damping 
steel  sheet  will  be  carried  out  in  this  year  for  the  clarification  of  the 
subjects  and  problems  associated  with  the  measurement  methods. 

4  Conclusion 

4.1.  Damping  Materials  and  Technologies  in  Japan 

(1)  The  product  value  of  damping  material  has  been  recognized  by  the  people 
quite  recently- 

©They  are  very  effective  means  for  the  reduction  of  noise  and  vibration. 

©The  spreading  of  use  has  been  expedited  by  turning  them  into  massproduct i on. 

(2)  New  problems  have  appeared,  on  the  contrary. 

©The  damping  method  alone  can  not,  in  many  cases,  insure  a  satisfactory 
results. 

Oluprovements  in  the  ratio  of  cost  and  weight  vs  >)-vaiue  and  in  the  totai 
performance  of  the  materials  are  required. 

(3)  Under  the  circumstances,  the  future  course  shall  be; 

©High  performance 

-High  7?-value  (loss  factor) 

Free  layer  damping  type  ->  Constrained  layer  damping  type, 

Material  improvements,  etc. 

•Multiple  functions  (multilayers,  composition) 

©Heightened  level  of  employment  technology 

•  Establishment  of  predicting  technique 

•  Optimum  design  (ratio  of  cost  and  weight  vs  7? -value) 

•Build  up  of  data  base 
4. 2.  Society’ s  Future  Role 
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(])  Contribution  to  new  developments  in  the  damping  by  the  study  and  research 
wqrks  to  be  made  on  this  subject. 

(2)  Engaging  in  the  publicity  activities  of  the  damping  materials  and 
technologies  to  expand  the  bottom  layer  of  the  needs. 

(3)  Grasping  the  needs  and  seeds  through  the  exchanges  of  information  and 
conversations  among  and  between  the  makers  and  users  of  damping  materials 
and  neutral  institutions  and  industries,  and  feeding  them  back  to  all 
members. 

4.3.  Final  Conclusion 

It  is  my  great  honor  and  pleasure  to  have  been  given  an  opportunity  of 
making  a  presentation  on  the  trend  of  the  study  in  damping  and  the 
activities  of  Society  of  Damping  Technology  in  Japan  to  this  conference  in  the 
presence  of  the  most  prominent  people  of  the  damping  technologies  in  the  world. 

It  is  my  strong  personal  belief  that  the  society  in  Japan  should  also  try  to 
enhance  their  international  activities  from  now  on.  I  believe  the  cooperation 
of  all  the  members  present  here  will  be  honored  and  appreciated  by  all  the 
members  of  the  society  in  Japan.  Thank  you  very  much. 
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Laminated  Damping  Steel  Sheets 
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by  Cantilever  Beam  Method 


with  Center  Excitation  Method  (Data  partially  omitted) 
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Integral  Damping  Treatment  for  Primary  Aircraft  Structures 

by 

Sal  Liguore^,  Marty  Ferman^,  Rudy  Yurkovich^ 

McDonnell  Aircraft  Company 
McDonnell  Douglas  Corporation 
St.  Louis,  Missouri 


ABSTRACT 


The  dynamic  response  of  primary  aircraft  structure  to  buffeting  flows, 
high  acoustic  levels,  and  shock  boundary  layer  interaction  has  led  to 
premature  structural  fatigue  failures  on  current  aircraft  and  is  anticipated 
to  be  a  continuing  problem  in  the  future.  Increasing  structural 
strength/stiffness  can  be  a  solution  but  this  approach  adds  weight  to  the 
aircraft.  Since  the  problem  is  dynamic  response,  increasing  the  amount  of 
damping  in  the  structure  can  also  be  a  solution.  If  integral  damping  is 
considered  as  a  part  of  the  original  design,  a  lighter  weight  design  can 
result.  The  application  of  integral  damping  to  primary  aircraft  structure  was 
investigated  and  its  effectiveness  in  controlling  the  primary  structural  modes 
was  assessed.  The  findings  show  the  approach  is  feasible.  A  simulated 
aircraft  structure  was  tested  with  damping  treatments  applied.  The  most 
promising  damping  concepts  were  then  analytically  evaluated  on  the  F/A-18 
vertical  tail. 
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BACKGROUND 


Adding  significant  damping  to  reduce  the  primary  structural  mode  response 
of  lifting  surfaces  on  aircraft  can  be  challenging.  The  damping  in  these 
modes  during  flight  can  be  high  due  to  the  aerodynamics  present.  For  example, 
a  10  percent  structural  damping  coefficient  in  the  wing  first  bending  mode  is 
typical.  Thus,  in  order  to  reduce  the  response  by  half,  this  aerodynamic 
damping  level  must  be  exceeded  if  the  damping  treatment  is  to  be  effective. 

In  1987  as  part  of  McDonnell  Aircraft  Company's  Internal  Research  and 
Development  (IRAD)  program,  a  combined  analytical  and  experimental  program  to 
explore  the  usage  of  viscoelastic  damping  in  primary  aircraft  structure  was 
initiated.  As  part  of  this  study,  the  F/A-18  horizontal  tail  was  selected  for 
a  primary  structure  damping  treatment,  Reference  1.  The  goal  was  to  cut  the 
stabilator  response  in  half.  The  damping  treatment  consisted  of  a  stiff 
graphite  epoxy  constraining  layer  adhesively  bonded  to  the  stabilator  by  3M 
ISD-113  viscoelastic  material.  Modal  loss  factors  as  a  function  of 
temperature,  as  predicted  by  analysis  and  as  measured  by  the  experiment,  are 
shown  in  Figure  1.  As  can  be  seen  from  the  figure,  the  measured  damping  is 
considerably  less  than  predicted  from  the  analysis.  The  discrepancy  between 
measured  and  predicted  values  was  attributed  to  only  having  a  60  percent  bond 
between  the  stabilator  and  patch.  The  difficulties  of  applying  a  stiff  sheet 
to  a  sculpted  surface  produced  poor  bonding,  thus  limiting  the  effectiveness 
of  the  treatment. 


Figure  1.  F/A-18  Horizontal  Tail  Constrained  Layer  Damping  Treatment 

Second  Bending  Mode 


During  1988,  as  part  of  the  above  research  program,  several  integral 
damping  treatment  concepts  for  the  F/A-18  vertical  tail  were  analyzed. 
Reference  2.  The  scope  of  the  study  was  expanded  to  include  not  only  the 
constrained- layer  damping  but  also  damped- link  and  tuned-mass  damper 
concepts.  In  general,  the  modal  strain  energy  (MSE),  other  than  that 
concentrated  at  the  root  support  was  evenly  distributed  throughout  the  skin 
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structure.  This  type  of  MSE  distribution  is  inhibitive  to  layered  damping 
treatments.  The  reason  is  that  a  constraining  layer  thickness  that 
effectively  extracts  MSE  from  the  first  bending  mode  is  unlikely  to  be 
successful  on  the  first  torsion  mode.  Also,  the  F/A-18's  tail  surface  is  not 
conducive  to  a  constrained- layer  damping  treatment  due  to  the  unevenness  of 
the  composite  skin.  The  conclusion  from  this  study  was  that  none  of  the 
constrained-layer  damping  treatments  produce  the  desired  levels  of  structural 
damping.  The  main  reason  cited  was  that  global  modes  require  a  global 
treatment  unless  concentrations  of  MSE  can  be  identified.  The  damped-link 
failed  to  produce  the  required  levels  of  damping  because  there  was  not  enough 
relative  motion  to  add  any  significant  damping.  Damped-links  are  analogous  to 
a  shock-absorber  and  require  that  their  end-points  have  large  relative 
displacements.  The  tuned-mass-dampers  (TMD)  did  offer  some  promise;  however, 
the  difficulty  in  practically  applying  this  technology  makes  it  the  least 
favorable  alternative.  Some  of  the  inherent  problems  in  the  construction  of 
the  TMD  are  creep  and  displacement  control.  For  the  F/A-18  vertical  tail 
application,  the  most  critical  parameters  are  the  control  of  modes  over  a  wide 
frequency  and  temperature  range.  TMD  designs  are  limited  to  one  condition  or 
one  modal  effect. 

In  a  parallel  effort  to  design  a  damping  treatment  for  the  F/A-18 
vertical  tail.  Reference  3,  a  scaled  test  article  was  developed  to  quickly  and 
economically  demonstrate  the  viability  of  an  add-on  damping  treatment  concept. 
Using  this  test  article,  viscoelastic  tuned  beam  damper  concepts  were 
demonstrated  in  controlling  the  primary  modes.  A  response  plot  with  and 
without  the  viscoelastic  tuned  beam  damper  is  shown  in  Figure  2.  There  is  a 
significant  reduction  in  the  response  of  the  second  mode  with  the  damper 
installed.  The  tuned  beam  damper  was  found  to  be  effective  in  controlling  the 
important  modes  of  the  beam  structure  within  the  weight  limitations. 


Frequency  -  Hz 
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Figure  2.  Response  Data  for  Cantilever  Beam  With  and  Without  TMD 
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SUBSCALE  STRUCTURE  STUDY 

The  previous  studies  had  identified  many  damping  concepts  and  provided 
data  on  the  damping  of  empennage  structural  response.  In  continuing  this 
research,  our  thrust  was  to  investigate,  in  a  more  controlled  manner,  the 
previously  identified  damping  concepts.  We  used  a  subscale  structure  that 
simulated  the  vibrational  characteristics  of  the  F/A-18  vertical  tail.  Two 
damping  treatments  were  tested  using  this  subscale  structure  which  is  a  simple 
box  beam  shown  in  Figure  3.  The  box  beam  was  of  a  single  cell  construction 
with  all  aluminum  structure.  The  box  beam  is  48  inches  long  (of  which  12 
inches  is  a  support  root)  by  18  inches  wide  and  3  inches  deep.  A  tip  mass 
was  added  to  simulate  the  lowest  frequencies  of  the  F/A-18  vertical  tail. 
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Figure  3.  Single  Cell  Box  Beam  Structural  Configuration 


Using  the  single  cell  box  beam  test  article,  two  damping  concepts  were 
evaluated:  a  partial  exterior  add-on  treatment  and  an  integrally  damped 
interface  treatment.  Modal  and  dynamic  response  tests  were  performed  to 
verify  increased  levels  of  damping  in  the  primary  (first  bending  and  first 
torsion)  and  secondary  (panel)  modes  of  the  box  beam. 

The  box  was  tested  in  a  cantilevered  configuration.  Figure  4.  A  complete 
baseline  modal  survey  was  conducted  to  establish  frequencies,  mode  shapes,  and 
damping  values  for  the  first  bending  and  torsion  modes  and  the  first  panel 
modes  of  the  skins.  The  mode  shapes,  frequencies,  and  damping  are  shown  in 
Figure  5.  Forced  vibration  tests  using  random  and  sine  excitation  were 
conducted.  During  these  tests  transfer  functions  were  measured  at  various 
locations  on  the  untreated  structure  to  provide  a  baseline  from  which  the 
response  of  the  damped  structure  could  be  compared. 
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Figure  4.  Box  Beam  Vibration  Test  Setup 


Frequency:  18.22  Hz 
Exciter  Location:  Station  37 
Damping  Ratio  (C/CC):  0.0281 
Exciter  Force  Level:  6  lb  RMS 


Frequency:  54.76  Hz 
Exciter  Location:  Station  37 
B  Damping  Ratio  (C/CC):  0.0075 

Exciter  Force  Level:  6  lb  RMS 


Frequency:  67.96  Hz 
Exciter  Location:  Station  37 
C  Damping  Ratio  (C/CC):  0.0051 

Exciter  Force  Level:  6  lb  RMS 


Frequency:  79.20  Hz 
Exciter  Location:  Station  37 


D  Damping  Ratio  (C/CC):  0.0066 
Exciter  Force  Level:  6  lb  RMS 


Figure  5.  Mode  Shape  Plots  of  the  Primary  Modes  of  the  Baseline  Box  Beam 


EAft-5 


The  damping  treatments  tested  consisted  of:  a  stand-off  damping  treatment 
applied  to  the  outer  skin,  and  an  adhesive  or  "interface"  damping  layer 
applied  between  the  skin  and  spar-caps.  The  stand-off  treatment  consisted  of 
an  0.080  inch  thick  syntactic  foam  layer  adhesively  applied  to  the  skin  with  a 
0.005  inch  thick  layer  of  3M  468  and  a  double  application  of  0.005  inch  thick 
3M  ISD-112  and  0.010  inch  thick  soft  aluminum  constraining  layer.  Figure  6. 

The  treatment  was  applied  in  12  by  15  inch  sized  patches  to  all  four  exposed 
panel  areas  (top  and  bottom)  on  the  box  beam.  Figure  7. 


Figure  6.  Stand-Off  Damping  Treatment  Design  Configuration 


Stand-Off  Damping 
Treatment  Top  and* 
Bottom  Skins 

A- 
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Figure  7.  Stand-Off  Damping  Treatment  on  the  Box  Beam 

For  the  "interface"  damping  treatment,  a  0.02  inch  thick  damping  layer  of 
3M  ISD-113  was  bonded  to  the  spar  caps  and  then  the  skins  were  fastened  in 
place  with  adhesive.  Figure  8.  The  previous  damping  treatment  of  the 
stand-off  material  was  not  removed  (the  effect  on  the  primary  mode  response 
was  minimal  and  the  accelerance  frequency  response  functions  were  less  noisy.) 
The  effects  of  the  two  treatments  were  assumed  to  be  additive,  with  the 
initial  effect  known. 
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Box  Beam  With  Top  Skin  Removed  to  Show  Adhesive 


Figure  8.  Spar/Skin  Joint  Damping  Treatment  on  the  Box  Beam 


The  vibration  test  results  are  summarized  in  Figure  9.  These  results 
indicate  that  the  exterior  damping  treatment  is  effective  in  reducing  the 
response  of  the  primary  structure,  but  it  is  even  more  effective  in  reducing 
response  in  the  local  panel  modes  of  vibration.  Figure  10.  An  increase  in 
damping  of  29  percent  in  the  first  bending  mode  was  observed.  This  is  a 
significant  increase  in  damping,  considering  that  the  baseline  first  bending 
modal  loss  factor  was  0.064.  A  94  percent  reduction  and  a  77  percent 
reduction  from  baseline  response  in  the  first  and  second  panel  modes  was 
measured. 


Mode 

Shape 

Baseline 

Stand-Off 

Interface 

Freq 

(Hz) 

Modal  Loss 
Factor 

Freq 

(Hz) 

Modal  Loss 
Factor 

Freq 

(Hz) 

Modal  Loss 
Factor 

First  Bending  Primary 

18.22 

0.056 

17.87 

0.092 

19.30 

0.103 

First  Torsion  Primary 

54.76 

0.015 

54.77 

0.026 

44.09 

0.082 

First  Panel  (Front  Panel) 

67.69 

0.010 

78.89 

0.163 

NotD 

etermlned 

Second  Panel  (Back  Panel) 

79.20 

0.013 

89.03 

0.052 

Not  Determined 

1 
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Figure  9.  Box  Beam  Damping  Test  Results  Summary 
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Config.:  Baseline  Box  Beam  Response:  Station  17 

Exc  Loc:  Station  37/6  lb  rms  Reference:  Force  @  Station  37 
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Figure  10.  Overlay  of  the  Box  Beam  Baseline  and  External 
Tape  Random  Response  Transfer  Function 


The  interface  damping  concept  increased  the  damping  in  the  first  bending  mode 
and  caused  an  additional  13  percent  reduction  in  response  or  a  39  percent 
reduction  overall  from  the  baseline  response.  The  damping  treatment  was  more 
effective  in  damping  the  first  torsion  mode.  The  combined  effects  of  the 
standoff  and  the  interface  damping  treatments  caused  an  82  percent  reduction 
from  the  baseline  torsion  mode  response.  A  decrease  in  stiffness  of  19.5 
percent  from  the  baseline  torsion  mode  frequency  was  observed  which  was 
observed  by  the  decrease  in  the  modal  frequency  from  54.77  Hz  to  44.09  Hz. 

F/A-18  VERTICAL  TAIL  APPLICATION 

For  the  major  case  of  interest  here,  the  F/A-18  vertical  tail  is 
subjected  to  severe  buffeting  forces  at  angles  of  attack  above  20  degrees. 
These  buffeting  forces  cause  very  high  dynamic  response  in  the  primary  modes 
of  the  tail;  i.e.,  zero  to  peak  amplitudes  in  excess  of  500g  have  been 
observed  in  flight.  If  the  objective  is  to  cut  the  buffet  response  in  half, 
then  the  level  of  structural  damping  in  the  vertical  tail  needs  to  be 
significantly  increased. 

In  order  to  investigate  the  effectiveness  of  damping  to  control  the 
vertical  tail  response  during  buffeting  flow  conditions,  buffet  response 
calculations  were  made  using  simulated  levels  of  structural  damping.  The 
simulated  damping  levels  are  assumed  to  come  from  the  inclusion  of  the  damping 
treatment  to  the  structure.  Unsteady  pressures  during  buffet  were  measured 
during  the  wind  tunnel  program  described  in  Reference  4.  These  pressures  were 
scaled  to  aircraft  size  and  were  used  as  the  forcing  function  in  the  response 
calculation.  The  scaling  method  and  calculation  approach  are  also  described 
in  Reference  4.  The  results  of  the  calculations  are  shown  in  Figure  11.  The 
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F/A-18  Vertical  Tail  Buffet  Response  Predictions 
With/Without  Damping 


Moment  PSD 


Inboard  Torsion  Moment 
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Frequency  -  Hz 

Outboard  Torsion  Moment 


data  are  presented  in  the  form  of  bending  and  torsion  moment  PSD's  for  a  14 
percent  and  66  percent  span  station.  For  the  condition  of  Angle  of  Attack  of 
32  degrees.  Dynamic  Pressure  of  347  psf  and  Mach  Number  of  0.6,  the  first 
bending  mode  dominates  inboard  bending  moment  responses,  and  the  second 
bending  mode  dominates  the  outboard  bending  moment  responses.  The  overall  RMS 
response  reductions,  (Figure  12),  suggest  that  50  percent  is  the  maximum  that 
can  be  obtained  from  a  damping  increase  alone. 

As  previously  mentioned,  analytical  studies  for  primary  structure 
damping  treatments  for  the  F/A-18  vertical  tail,  Reference  2,  had  concluded 
that  constrained-layer  damping  could  not  be  effectively  included  because  the 
structure  itself  was  well  designed  with  no  areas  of  major  strain  energy 
concentrations.  For  the  F/A-18  vertical  tail  application  two  treatments  were 
analyzed.  These  consisted  of  a  "hybrid"  design  of  the  solid  spacer  treatments 
identified  in  Reference  2  and  the  interface  concept  which  was  tested  using  the 
subscale  structure.  Analyses  of  these  two  treatments  required  extensive 
modification  of  the  existing  F/A-18  dynamic  finite  element  model,  shown  in 
Figure  13,  in  order  to  examine  the  damping  treatments.  The  damping  concepts 
were  each  individually  modeled  and  extensively  analyzed  using  the  MSE  Method, 
Reference  5,  for  various  damping  configurations. 
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Figure  12.  RMS  Damping  Response  Normalized  to  the  Baseline  RMS  Response 


Figure  13.  MSC/NASTRAN  Dynamics  Model  of  the 
F/A-18  Vertical  Tail 


INTERFACE  DAMPING  CONCEPT 

The  interface  damping  treatment  required  that  a  layer  of  shear  deformable 
elements  be  included  between  the  spar  cap  and  skin.  Hence,  an  extra  set  of 
nodes  was  placed  underneath  the  existing  spar  cap  nodes.  This  model  reflects 
the  detail  in  the  primary  load  path  (skin  through  fastener  to  spar)  needed  to 
analyze  the  problem  sufficiently.  In  this  concept.  Figure  14,  a  portion  of 
the  beam  shear  load  is  transferred  through  the  VEM  located  between  the 
moldline  skin  and  substructure.  The  remaining  load  is  carried  through  by  the 
fasteners.  In  the  study,  fasteners  were  assumed  to  be  either  widely  spaced  or 
were  excluded  from  the  model.  Both  variations  of  the  interface  concept  will 
be  discussed. 
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Figure  14.  A  Structurally  Integrated  Passive  Damping  Concept 


The  interface  layer  was  included  into  the  detailed  F/A-18  vertical  tail 
as  a  shear  panel  with  the  transverse  degree-of-freedom  (DOF)  rigidly 
constrained  between  the  spar  cap  and  skin  element  DOF.  When  the  fastener 
effects  were  included,  they  were  modeled  with  rigid  bar-type  elements  in  all 
DOF.  The  treated  areas  of  the  structure  are  shown  in  Figure  15.  With 
fasteners,  this  treatment  only  produced  1.5  percent  and  2.0  percent  MSE  in  the 
first  and  second  bending  modes  and  nearly  8  percent  MSE  in  the  first  torsion 
mode  of  the  vertical  tail.  Without  the  fasteners,  3  percent  and  4  percent  MSE 
were  produced  from  the  first  bending  and  second  bending  modes,  respectively. 
When  no  fasteners  were  assumed  to  be  in  place,  the  modal  strain  energy 
produced  in  the  first  torsion  mode  increased  to  a  peak  MSE  of  12  percent 
(Figure  16),  but  at  a  subsequent  loss  in  stiffness  of  the  structure  noticed  as 
a  decrease  in  frequency.  Figure  17. 

SOLID  SPACER  DAMPING  CONCEPT 

Previously,  this  concept  had  been  analyzed  in  two  solid  spacer 
arrangements.  Figure  18,  and  neither  concept  showed  any  significant  benefit 
for  further  evaluation.  However,  it  was  thought  that  a  combination  of  the  two 
concepts.  Figure  19,  would  show  the  necessary  levels  in  damping  that  would 
make  this  concept  a  candidate  for  future  design  application.  Thus,  the 
damping  treatment  was  evaluated. 

The  combination  of  the  three  damping  layers  allows  for  shear  deformation 
to  take  place  in  all  three  layers.  If  only  the  center-plane  layer  existed 
with  the  two  rigid  spacers  rigidly  attached  to  the  skins,  then  no  relative 
shearing  could  take  place  in  that  layer.  This  is  because  the  vertical  tail  is 
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Figure  17.  Interface  Damping  Treatment  With  No  Fasteners 
Modal  Frequency  Dependence  on  Shear  Modulus 
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Figure  18.  Solid  Spacer  Damping  Treatment  Concepts 
Reference  2 
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Figure  19.  Hybrid  Soiid  Spacer  Damping  Concepts 
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constructed  of  skin  and  multiple  spar  which  is  thus  quite  rigid  in  shear  with 
no  relative  shearing  motion  between  the  skins  of  the  tail.  When  two  skin 
damping  layers  are  held  by  one  solid  spacer,  only  a  minimal  amount  of  damping 
can  be  produced  from  these  layers.  This  is  similar  to  trying  to  damp  a  very 
thick  beam  with  two  very  thin  constrained-layer  damping  treatments  applied  to 
either  side.  But,  when  the  solid  spacers  are  decoupled  from  both  skins  and  at 
their  center  plane  by  a  soft  viscoelastic  layer,  dramatic  shear  relief  is 
exhibited  in  all  of  the  layers.  In  fact,  as  the  center  layer  becomes  weaker 
and  thicker,  the  damping  in  the  skin  layers  will  begin  to  maximize  shear 
effects  by  increasing  the  amount  of  relative  displacement  between  the  skin  and 
solid  spacer. 


This  treatment  was  applied  continuously  between  the  spars  over  the  shaded 
portions  of  Figure  15.  It  includes  an  integral  damping  treatment  for  the 
leading  edge  as  well  as  the  main  torque  box.  Sensitivity  studies  were 
performed  on  the  effect  of  the  shear  moduli  in  the  different  layers  including 
the  shear  stiffness  of  the  solid  spacers.  The  first  bending  mode  has  very 
little  dependence  on  any  of  the  parameters  considered.  Damping  of  this  mode 
is  heavily  dependent  on  the  stiffness  at  the  root  of  the  tail.  For  the  first 
torsion  and  second  bending  modes,  the  parameters  that  optimize  the  strain 
energy  in  these  modes  is  opposing.  For  instance,  the  torsion  mode  yields  9.2 
percent  modal  strain  energy  at  a  Gc|cjn/^core  “  psi/1000  psi,  where  Gs^in 

is  the  shear  modulus  of  the  skin  side  damping  layer  and  Gcore  shear 

modulus  for  the  damping  layer  at  the  center  plane,  and  the  second  bending  mode 
maximizes  at  7.7  percent  at  Gskin/Gcore  "  20  psi/100  psi.  Finally,  more 
strain  energy  can  be  produced  in  the  bending  modes  when  the  solid  spacer  is 
assumed  to  be  very  rigid.  The  above  studies  assumed  the  shear  modulus  of  the 
solid  spacer  to  be  Gspacer  =  500,000  psi.  As  an  upper  limit,  22.0  percent  MSE 
was  produced  in  the  VEM  for  the  second  bending  mode,  4.7  percent  MSE  for  the 
first  bending  mode  and  6.0  percent  MSE  for  the  torsion  mode  when  Gskin/^core  “ 
20  psi/100  psi  with  a  rigid  spacer,  Ggpacer  =  50  x  10°  psi. 


The  negative  aspect  of  this  treatment  is  that  it  adds  nearly  40  pounds 
per  tail.  This  does  not  reflect  any  optimization  by  placement  or  geometry  to 
reduce  the  weight  penalty.  The  weight  penalty  was  imposed  by  the  use  of  the 
spacers  which  accounted  for  85  percent  of  the  weight  increase.  These  spacers 
were  modeled  with  solid  finite  elements  which  were  assumed  to  represent  hollow 
tubes  made  of  composite  materials  and  very  stiff  in  shear.  The  overall  weight 
of  the  damping  treatment  could  be  reduced  by  removing  the  treatment  from 
certain  areas  of  the  structure  that  had  little  effect  on  the  modes  of 
interest.  For  instance  in  the  first  bending  mode,  the  leading  edge  and  lower 
to  mid  tail  regions  contribute  the  most  to  the  damping  increase.  In  the 
second  bending  mode,  the  mid  region  contributes  the  most  to  the  damping 
increase.  In  the  present  vertical  tail  structural  arrangement,  it  would  not 
be  practical  to  try  to  use  this  treatment  in  areas  obstructed  by  wire  bundles, 
hydraulics,  and  fuel  lines. 


CONCLUSIONS 

Viable  integral  damping  concept  have  been  shown  to  merit  further  full 
scale  evaluation.  The  analysis  of  the  interface  damping  concept  shows  that  it 
can  be  tailored  for  specific  damping,  strength  and  stiffness  requirements  by 
altering  the  structure  fastener  spacing.  Evidence  from  the  study  shows  that  a 
reduced  number  of  fasteners  is  required  for  the  interface  concept  because 
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aircraft  standards  for  fastener  spacing  along  a  spar  results  in  an  overly 
rigid  structure  which  inhibits  any  shear  relief  through  the  VEM.  The  analysis 
of  the  solid  spacer  concept  proved  the  proof-of-concept  and  showed  that  it 
would  be  a  candidate  for  future  aircraft.  However,  a  damping  concept  of  this 
sort  will  need  to  be  considered  in  the  initial  design  phase  in  order  to  make 
the  concept  more  weight  efficient. 
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ABSTRACT 


The  purpose  of  this  investigation  was  to  design,  fabricate, 
and  verify  candidate  add-on  damping  treatments  for  the  F-15 
upper-outer  wing  skin.  The  F-15  upper-outer  wing  skin  has 
experienced  high  cycle  fatigue  cracks  caused  by  separated  flow  on 
the  upper  wing  surface.  The  separated  flow  results  during  high 
load  factor  maneuvers  and  in  turn  induces  large  vibratory  loads 
on  the  upper  wing  skin  and  associated  substructure.  The 
capeibility  of  the  F-15  to  sustain  these  maneuvers  allows  the 
excitation  to  occur  for  sufficiently  long  periods  of  time  to 
result  in  deunage.  Damage  acciomulates  due  to  the  resonant 
vibration  of  local  skin/stiffener  modes.  The  cracks  initiate  at 
the  fastener  holes  adjacent  to  the  integrally  machined  "T" 
stiffeners  and  tend  to  propagate  parallel  to  the  stiffeners.  Two 
dcunping  treatments  resulted  from  the  investigation  and  were 
recommended  for  F-15  fleet  retrofit.  One  was  an  external 
constrained-layer  treatment  and  the  other  was  an  internal  "stand¬ 
off"  treatment.  Laboratory  vibration,  corrosion,  and  thermal 
aging  tests  were  conducted  as  part  of  the  development  of  the  add¬ 
on  damping  treatments.  Life  extension  factors  were  estimated  for 
both  dcunping  treatments . 


INTRODUCTION 


The  requirement  for  high  performance  fighter  aircraft  places 
tremendous  demands  on  the  components  and  materials  from  which 
these  aircraft  are  constructed.  Inherent  with  high  performance 
are  high  vibration  levels.  One  possible  cause  of  large  vibratory 
loads  is  separated  flow.  Separated  flow  presents  an 
unpredictable  and  complex  environment .  Within  this  environment 
it  is  often  impossible  to  estimate  the  precise  dynamic  flow 
characteristics  or  loading  conditions  aircraft  components  may 
experience  during  flight.  If  not  properly  accounted  for  in  the 
design  phase,  large  vibratory  loads  can  result  in  high  cycle 
fatigue  and  a  substantial  reduction  of  the  useful  service  life  of 
the  component.  Skin  type  components,  in  particular  outboard  wing 
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skins,  are  relatively  light  weight  structures  which  are  extremely 
susceptible  to  vibration  response  induced  by  separated  flow. 

F“15  upper  “Outer  wing  skin  (UOWS)  panel  has  experienced 
cracks  resulting  from  high  cycle  fatigue.  The  F-15  aircraft, 
shown  in  Figure  1,  has  sufficient  thrust  to  perform  sustained, 
high  load  factor  maneuvers.  Consequent  separated  flow  over  tne 
wing  panel  contains  high-level  broad  band  random 
fluctuations  and  induces  large  vibratory  response  in  the  UOWS 
panel  and  associated  wing  substructure.  The  resulting  elevated 
stresses  over  time  cause  high  cycle  fatigue  cracks  to  form  in  the 
wing  skin.  Historically,  UOWS  cracking  dates  to  the  late  1970  s 
and  early  1980' s.  At  that  time,  the  cracks  were  considered  to 
occur  only  over  a  small  portion  of  the  skin  closest  to  the  wing 
tip.  Subsequent  finding  show  that  the  entire  UOWS  is  prone  to 

cracking . 

The  UOWS  was  originally  designed  for  a  service  life  of  8000 
hours.  Unfortunately  the  initial  service  life  realized  was  only 
250  hours.  Several  modifications  were  incorporated  to  improve 
the  fatigue  life  of  the  skin,  including  fortifying  critical 
locations  on  the  wing  skin.  The  modifications  were  initially 
thought  to  have  resolved  the  fatigue  cracking  problem.  In 
reality  these  chemges  only  increased  the  life  of  the  skin  to 
approximately  1250  hours .  The  need  still  remained  to  increase 
the  service  life  to  the  original  design  value  of  8000  hours. 

The  purpose  of  this  investigation  was  to  design,  fabricate, 
and  verify  candidate  add-on  dzunping  treatments  for  the  F-15  UO 
which  would  alleviate  the  occurrence  of  fatigue  cracks  caused  by 
separated  flow  on  the  upper  wing  surface  and  increase  the  UOWS 
service  life  to  the  desired  8000  hours.  Two  candidate  damping 
treatments  resulted  from  the  investigation  and  were  recommended 
for  F-15  fleet  retrofit.  One  treatment  was  a  field  installable 
external  system  and  the  other  an  internal  depot  installable 
system.  Neither  system  required  modifications  to  the  existing 
wing  structure. 


BACaCGROUND 


The  F-15  UOWS  is  machined  from  a  single  block  of  2024 
Aliaminiam  (Al)  and  consist  of  the  skin,  integrally  machined  "T’ 
stiffeners,  and  chemically  milled  pockets  between  the  stiffeners. 
The  thickness  varies  from  location  to  location  on  the  panels 
however  assuming  a  constant  thickness  of  0.080"  is  sufficient  for 
understanding  the  problem.  Figure  2  shows  the  ma^or  si^structure 
for  the  left  wing.  The  UOWS  extends  from  rib  155  to  rib  224,  ana 
from  the  front  spar  to  the  rear  spar.  There  are  intermediate 
ribs  at  locations  172,  188,  and  206.  At  rib  188,  the  front, 
main,  and  rear  spars  are  at  10%,  45%,  and  65%  chord, 
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respectively.  Collectively,  the  above  mentioned  members 
constitute  the  outer  wing  torque  box.  The  wing  skin  measures 
approximately  5  feet  wide  by  7  feet  long  measuring  along  rib  188 
and  the  main  spar,  respectively.  Inboard  of  rib  155  the  wing  is 
"wet",  that  is,  the  vol\ame  is  used  for  fuel  storage.  The  outer 
torque  box  is  "dry" .  Blind  threaded,  flush  fasteners  are  used  to 
attach  the  skin  to  the  rib  and  spar  substructure .  A  scrapped 
right  hand  UOWS  is  shown  in  Figure  3.  Visible  in  Figure  3  are 
the  integral  stiffeners,  their  runouts,  spar  and  rib  fastener 
holes,  and  various  panel  access  holes.  Stiffeners  are  numbered 
consecutively  starting  at  the  UOWS  leading  edge.  The  stiffeners 
are  not  clipped  to  the  ribs  but  are  allowed  to  move  freely  within 
the  rib  notch.  The  cracks  develop  in  the  rib  fastener  holes 
adjacent  to  the  stiffeners.  Predominately,  the  cracks  initiate 
either  perpendicular  to  the  ribs  or  parallel  to  the  stiffeners. 

A  damaged  UOWS,  showing  the  crack  pattern,  is  presented  in  Figure 
4.  Figure  5  shows  close-ups  of  the  cracks.  Based  on  the  crack 
patterns  and  the  undipped  stiffener  design,  it  was  concluded 
that  the  UOWS  cracks  were  most  likely  induced  by  stiffener 
rotation.  Figure  6  gives  a  convenient  shorthand  designation  for 
the  spar-rib  bays  which  will  be  used  throughout  the  remainder  of 
this  paper  to  aid  the  reader  in  locating  specific  portions  of  the 
UOWS . 


The  UOWS  cracks  are  caused  by  high  cycle  fatigue.  Damage 
accximulates  due  to  resonant  vibration  of  local  skin/stiffener 
modes,  excited  by  external  oscillatory  pressure  resulting  from 
separated  flow.  The  excitation  occurs  during  high  load  factor 
maneuvers.  The  capability  of  the  F-15  to  sustain  these  maneuvers 
causes  the  excitation  to  occur  for  sufficiently  long  periods  of 
time  to  result  in  daunage.  Other  investigations  concerning  the 
aerodynaumic  characteristics  of  the  F-15  suggest  that  12® 
angle-of-attack  provides  the  most  severe  disturbances  and 
consequently  the  most  damage. 

The  location  of  UOWS  fatigue  cracks  evolved  during  the 
course  of  this  investigation.  Initially,  the  concern  was  for  the 
web  of  stiffener  4  in  bay  LI  (see  Figure  6)  and  over  rib  206 
between  bays  LI  and  L2.  Next,  it  was  observed  that  cracks  also 
occurred  over  rib  188  between  bays  L2  and  L3.  Finally,  it  was 
learned  that  cracks  occur  over  ribs  188  and  206  between  the  main 
and  rear  spars.  Ribs  188  and  206  themselves  crack,  but  were  not 
specifically  addressed  in  this  study.  The  numerous  access  holes 
in  bays  L4  and  R4  result  in  a  significantly  heavier  structure  and 
made  this  area  less  susceptible  to  fatigue  cracking.  Thus,  with 
the  exception  of  bays  L4  and  R4,  high  cycle  fatigue  cracks  were 
observed  over  the  entire  UOWS  panel. 
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FLIGHT  DATA 


Flight  data  were  gathered  to  obtain  UOWS  response 
information  during  high  load  factor  maneuvers  and  to  assess  the 
effectiveness  of  the  damping  system.  These  test  were  conducted 
by  McDonnell  Aircraft  Corporation,  St.  Louis  MO  (MCAIR) ,  at  the 
request  and  sponsorship  of  Warner-Robins  Air  Logistics  Center. 
Numerous  other  investigations  have  provided  some  flight  data 
along  with  data  reduction  and  analysis.  These  investigations 
showed  that  obtaining  accurate  UOWS  panel  response  data  was 
highly  dependent  on  whether  the  panel  had  been  installed  properly 
and  the  instrumentation  used  effectively.  Inconsistencies  in 
these  two  areas,  among  others,  can  easily  lead  the  investigator 
to  erroneous  results .  The  flight  test  data  collected  for  this 
investigation  included  the  baseline  response  of  the  F"15  UOWS  as 
well  as  the  UOWS  response  with  various  candidate  d2unping 
treatment  configurations.  Strain  gages  placed  on  internal  and 
external  surfaces  of  the  panel  were  used  to  record  the  bulk  of 
the  response  data.  In  some  cases  internal  accelerometers  were 
also  used.  Figure  7  shows  the  location  of  some  of  the  strain 
gages  used  to  obtain  flight  data.  The  strain  gages  were  mounted 
adjacent  to  stiffener  #4  at  rib  188.  One  was  positioned  between 
the  two  rows  of  rib  188  fastener  holes  and  the  other  was  located 
just  inboard  of  the  fastener  holes.  The  location  and  orientation 
of  these  strain  gages  were  such  that  the  strains  inducing  the 
fatigue  cracks  should  be  measured.  Historically,  many  cracks 
have  been  discovered  along  stringer  #4.  Based  on  past  analyses, 
it  was  observed  that  the  response  data  obtained  at  the 
intersection  of  stiffener  #4  and  rib  188  could  be  used  to 
represent  the  response  over  the  remaining  panel.  Thus,  the 
analyses  performed  centered  on  the  UOWS  response  measurements 
taken  at  this  location. 

A  plot  of  angle-of-attack  (AOA)  versus  dynamic  pressure  (q) 
is  given  in  Figrure  8  for  typical  flight  conditions  for  which  high 
load  factor  maneuver  data  was  gathered.  The  range  of  dynamic 
pressure,  350  psf  to  500  psf,  for  the  12®  AOA  shown  in  this  plot 
illustrates  the  difficulty,  if  not  impossibility,  of  duplicating 
the  service  conditions  for  which  damage  is  induced.  The  power 
spectral  density  (PSD) ,  shown  in  Figure  9,  is  typical  of  the  UOWS 
response  at  the  strain  gage  locations  shown  in  Figure  7  for  an 
undamped  panel.  The  flight  conditions  for  this  PSD  were:  11® 

AOA,  5.9g  load  factor,  0.80  Mach,  20,000  feet  altitude,  and  424 
psf  dynamic  pressure.  Figure  9  shows  high  strain  levels  occur  in 
the  300  to  400  Hertz  (Hz)  band.  It  is  obvious  that  this  peak 
makes  the  most  significant  contribution  to  cumulative  high  cycle 
fatigue  crack  damage. 

Several  damping  treatment  configurations  were  flight  tested. 
The  external  and  internal  treatments  which  were  recommended  for 
F-15  retrofit  were  included  in  the  flight  tested  damping 
treatments .  Unfortunately  detailed  data  is  not  yet  available  and 
will  not  be  available  before  printing  of  this  report;  thus  no 
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specific  flight  test  results  can  be  presented.  The  preliminary 
flight  test  results  received  from  MCAIR  are  very  promising  and 
appear  to  significantly  improve  the  UOWS  fatigue  life.  MCAIR 
will  release  the  final  report  near  the  end  of  calendar  year  1991. 
The  above  mentioned  dcuaping  treatments  will  be  discussed  in 
detail  in  the  next  section. 


DAMPING  TREATMENTS 


This  study  investigated  the  performance  of  13  different 
candidate  add-on  damping  treatment  configurations  under 
laboratory  conditions.  For  brevity  only  the  "1980  Damping 
Treatment"  and  the  two  new  damping  treatments  which  were 
recommended  to  Warner-Robins  Air  Logistics  Center  are  discussed 
in  this  section.  Past  damping  experience  suggested  that  a 
constrained-layer  type  damping  treatment  would  offer  the  most 
vicJole,  cost  effective  solution,  A  constrained-layer  damping 
system  consists  of  a  layer  of  viscoelastic  material  (VEM)  which 
is  constrained  by  a  metal  layer.  The  layers  of  viscoelastic 
material  and  metal  taken  together  are  called  a  constrained-layer . 
Often  these  types  of  damping  system  will  be  constructed  of 
multiple  constrained-layers  to  achieve  the  desired  level  of 
damping.  Whenever  the  structure  undergoes  bending,  the  metal 
layer  will  constrain  the  viscoelastic  material,  resulting  in 
shear  deformation  of  the  VEM.  Energy  is  dissipated  due  to  this 
shear  deformation. 

An  important  part  of  designing  a  damping  treatment  is 
determining  the  environmental  condition  to  which  the  treatment 
will  be  exposed  and  insuring  the  selected  treatment  will 
withstand  and  perform  properly  under  these  conditions .  Critical 
environmental  considerations  include  the  operational  temperature 
range  for  which  dcunping  is  desired,  the  effects  of  the  damping 
treatment  on  corrosion  of  the  structure,  and  the  effects  of 
thermal  aging  on  the  performance  of  the  deunping  treatment . 

Recent  laboratory  corrosion  testing  shows  no  degradation  in 
corrosion  resistance  caused  by  the  application  of  the  recommended 
dcunping  treatments .  The  corrosion  test  panels  were  exposed  to  a 
standard  30  day  hiamidity  corrosion  environment  in  the  laboratory 
consisting  of  120'’  F,  98%  relative  humidity  (RH)  ,  and  salt  spray. 
The  addition  of  the  damping  treatments  had  no  affect  on 
corrosion,  primarily  because  the  paint  was  not  disturbed  during 
installation.  Extensive  service  experience  with  similar  damping 
treatments  has  not  revealed  any  corrosion  problems.  For  example, 
the  "1980  Damping  Treatment"  hiis  flown  externally  on 
approximately  300  aircraft  for  10  years  with  no  adverse  affects 
on  corrosion.  Although  the  requirements  used  to  develop  the 
thermal  aging  tests  were  judged  to  be  excessive,  satisfactory 
thermal  aging  characteristics  have  been  demonstrated  in  the 
laboratory  for  all  materials  used  in  the  new  damping  treatments. 
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The  temperature  exposure  of  8  hours  at  T 

270°  F  was  intended  to  be  a  conservative  des  g  i-,«»iioved  to  be 

8000  hour  life,  however,  these  exposure  levels  are  ^elreved^to^be 

more  severe  than  necessary.  Thousands  o  ,toat1  exceeds 

data  establish  that  total  outside  air  temperature  (TOA  )  4.v,a4- 

F  leTs  than  1%  of  the  time.  Laboratory  tests  confr^ed  that 
thermal  aging  caused  the  damping  material  to  slightly  stiffen 
th!SS  tenSS^o  increase  damping  treatment  effectiveness  ^ 
addit-i  onal  issue  of  practicality  includes  being  able  to  inspect 
the  UOWS  for  structural  integrity  while  the  damping  ^reatmen  is 
installed.  The  damping  treatment  configurations 
instance  covered  up  fasteners  or  locations 

initiate  Therefore,  the  damping  treatments  will  not  hinder 
tSspectJon  S  Ihfoois  either%ilually  or 

tho^^treatments  also  will  not  impact  removal  or  installation  o 
the  UOWS  or  other  maintenance  functions.  A 

selection  of  the  damping  treatment  design  temperature  follows. 

A  clot  of  Mach  number  versus  altitude  is  presented  in  Figure 
10  fo^  ?ifF-15^?rcraft.  Included  on  the  plot  are  f  ^dard  day 
fsr.n<5+-ant-  value  curves  for  the  following  parameters:  dynamic 

if  -  ---  i“  to 

flight  conditions.  Because  the  ratio  of  oscillatory  pressure  t 

dynamic  pressure  tends  to  be  a  constant  in  the 

regime,  the  oscillatory  pressure  (thus  the  cumulative  ^ 

increases  as  Mach  1.0  at  sea  level  is 

left  on  the  graph.  The  structural  °5  ^7  ' 

Based  on  this,  a  temperature  range  from  SO  F  to  75  F  was 
selected  for  the  damping  design.^  No  cumulative  damag 
expected  below  0°  F  or  above  125  F. 

A  previous  attempt  by  MCAIR  to  correct  the  ^OWS  fatigue 

crackinrinc^Sed  the  application  of  a  multiple  constrained-layer 

^pi^g^tieSiSent  refer^Jd  to  as  the  ?hf  sWn  (see 

TVi«  t- reatment  was  applied  externally  over  bay  LI  of  the  skin  (se 
FilurrerbecauSe  af  the  time,  the  fatigue  cracbs  were  considered 
ti^ccur  only  in  this  outer  spar-rib  bay.  J  ISp. 

constrained-layers  each  of  which  contained  a  0.002  layer  of  ISD 
112  VEM  and  a  0.005"  layer  of  aluminum.  Figure  11  illustrates 
the  "1980  Damping  Treatment".  The  "1980  Doping 

installed  and  flown  on  numerous  operational  cracks 

proved  to  be  unsuccessful  in  eliminating  the  UOWS  fatigue  cracks. 

AS  previously  mentioned,  the  Flight  dynamics  Directorate 
developed  two  new  damping  treatments  which  were  recommended  t 
wTa^C  for  F-15  fleet  retrofit.  The  treatments  ®®^?;®ted  of  an 
Lternally  applied,  field  installable  system  and  an  jnternally 
applied,  depot  installable  system.  Figure  12  ^ 

recommended  external  treatment's  multiple  (4)  constrained  lay 
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configuration.  Two  different  constrained-layers  were  used  in  the 
design.  One  consisted  of  a  0.002"  layer  of  ISD-112  VEM  which  was 
constrained  by  0.005"  of  aluminum  and  the  other  was  mad®  of  a 
0.002"  layer  of  ISD-113  VEM  also  constrained  by  0.005"  of 
aluminum.  Two  each  of  these  different  constrained-layers  were 
used  to  build-up  the  total  of  four  constrained-layers  in  the 
external  treatment  design.  The  use  of  two  VEMs  broadened  the 
effective  temperature  range  relative  to  the  "1980  Damping 
Treatment".  The  six  outer  most  spar-rib  bays  were  covered  (Rl, 
R2,  R3,  LI,  L2,  and  L3)  by  the  external  treatment.  Figure  13  is 
a  photo  of  the  external  treatment  installed  on  an  F-15  wing. 

The  recommended  internal  treatment  is  summarized  in  Figure 
14.  Starting  at  the  wing  skin,  there  was  a  0.004”  layer  of 
pressure  sensitive  adhesive  (VEM).  Next  there  was  an  0.080" 
stand-off  layer  of  syntactic  foam  configured  to  maintain  high 
shear  stiffness  and  low  flexural  stiffness.  This  was  achieved  by 
cutting  a  checker  board  pattern  into  the  syntactic  foam. 

Finally,  three  constrained-layers  of  damping  material  were  placed 
on  top  of  the  stand-off  layer.  The  first  constrained- layer  (from 
the  bottom)  consisted  of  0.004"  of  VEM  and  0.005"  of  aluminum. 

The  other  2  constrained-layer  each  consisted  of  0.002"  of  VEM  and 
0.005"  of  aluminum.  For  all  layers  the  Hueston  Industries  F-440 
VEM  was  used.  The  internal  damping  treatment  was  applied  in  the 
chemically  milled  pockets  between  the  integral  stiffeners  for  all 
8  spar-rib  bays  shown  in  Figure  6.  Additionally,  there  were 
viscoelastic  links  (VELs)  placed  between  the  caps  of  the  integral 
stiffeners  and  the  notches  in  the  rib.  The  VELs  were  located  in 
all  rib  notch  locations.  The  VEL  material  was  slightly  tacky  at 
room  temperature.  A  VEL  thickness  of  0.50"  was  used  to  provide 
an  interference  fit.  The  purpose  of  the  VEL  was  to  provide  a 
link  (having  both  stiffness  and  damping)  from  the  stiffener  cap 
to  ground  (rib  notch)  thereby  reducing  stiffener  rotation. 

Figure  15  shows  the  stand-off  damping  treatment  applied  to  the 
internal  surface  of  the  wing  skin.  Figure  16  shows  the  VELs 
located  in  the  rib  notches . 

The  installation  of  the  damping  treatments  was  simple  and 
straight  forward.  First  the  UOWS  was  cleaned  to  remove  all  oil 
and  dirt.  Next,  the  external  damping  treatment  was  pre-cut  to 
fit  between  the  fastener  rows  for  each  spar-rib  bay.  The 
treatment  was  cut  to  insure  that  access  to  the  fasteners  was  not 
impaired.  A  small  amount  of  split  peel  ply  or  release  paper  was 
removed  from  the  bottom  of  the  damping  treatment,  exposing  the 
first  layer  of  VEM.  The  damping  treatment  was  then  carefully 
centered  onto  the  appropriate  spar-rib  bay.  Finally,  the 
procedure  was  to  gradually  remove  the  release  paper  from  under 
the  damping  treatment  while  simultaneously  adhering  the 
treatment .  Special  care  was  necessary  to  minimize  entrapped  air 
bubbles.  A  small,  flat  plastic  scraper  was  rubbed  over  the 
surface  of  the  external  treatment  as  it  was  applied  to  squeegee 
out  as  much  air  as  possible.  This  step  is  illustrated  in  Figure 
17.  A  nice  feature  of  the  external  damping  treatment  was  that 
small  amounts  of  compound  curvature  could  be  accommodated  without 
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adversely  affecting  the  quality  of  the  application. 

The  internal  stand-off  treatment  was  applied  in  a  similar 
manner^except  additional  effort  was  required  to  avoid  damaging 
♦■he  brittle  stand-off  layer.  The  pieces  of  internal  damping 
treatment  were  much  smaller  than  the 
therefore  air  entrapment  was  not  a  problem.  Hand 
sufficient  to  apply  the  internal  treatment  so  the  plastic  scrape 
was  not  used.  The  VELs  were  provided  with  release 
surfacL  which  were  to  adhere  to  the  skin  ^^iffener  and  the  rib 
notch.  During  installation,  the  release  paper  on  the 
side  is  removed  and  the  VEL  is  positioned  in  the  rib  notch.  Ju 
be^Sr^inl^alJing  the  skin,  the  second  release  paper  rs  removed. 
$he  ^hicHness  of  the  VEL  was  ^v'h.that  an  interfer^ce  fit 

however,  the  force  required  to  install  the  UOWS  tight  y 
irthe  tibstructure  was  nominal  and  easily  provided  by  advancing 
the  fasteners . 


Life  Extension 

A  comparison  between  the  response  of  ^he  baseline  UOWS  and 
the  UOWS  with  the  external  damping  treatment  installed  i 
oresented  in  Figure  18.  The  frequency  response  functions  (FRFs) 
!re  Jh^accelerSicn  FEES  which 

the  compliance  (displacement)  FRFs;  the  compliance  F^s  were 
assumed  to  be  proportional  to  strain,  figure  19  makes  a  similar 
comparison  for  the  internal  damping  co'^^^^uration.  Notice  t 
dramatic,  beneficial  reduction  in  response.  The  comparisons 
this  report  were  made  on  the  basis  of  RMS  stress  ^®ther  tha 
comparing  peaks.  Figure  20  presents  the  d  to 

calculate  a  life  extension  factor.  The  ratio  4-0  crive 

the  baseline  response  is  raised  to  the  ^ 

the  life  extension  (ie,  ratio  of  life) .  The  RMS  of  ^he 
compliance  FRF  between  300  and  400  Hz  was  the  ^®®^®  .^^®  ^  the 

calculation.  Calculations  made  in  this  manner  revealed  that  the 
UOWS  with  the  "1980  Damping  Treatment"  would  last  4  time  9 

TLrbLSLe  UOWS  (bLe  UOWS) ,  thus  the  life  ®-tension  was  a 
?Ltor  of  4  The  life  of  the  baseline  UOWS  is  approximately  1250 
hlu«^  ?L«fore  the  prcjected  life  with  the  1980 

Treatment  is  5000  hours.  Obviously,  this  ^®  ® ®^^”®tm4nt ' s 

however,  it  does  provide  a  measure  of  the  damping  treatment  s 
p2rlo?i^mce.  Similar  estimatea  gave  life  f^'tenarcn  factcrs  fcr 

the  new  recommended  external  and  internal  oriS^fry  ' 

respectively.  The  internal  treatment  is  considered  the  primary 
solution  to^resolve  the  UOWS  high  cycle  fatigue  cracking.  Th 

Js  because  of  the  dramatic  reduction  in  ^®®P®^®®  ^^^iH^fsera 

installed  Its  large  life  extension  factor  should  offset  a 
variSf  of  uncertaintiel  not  accounted  for  by  ^^is  investigation^ 
sSS  as  precise  temperature  at  which  damage  accumulates,  the  fact 
that  RMS  stresses  were  used  instead  of  peak  stresses, 
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potential  changes  in  future  operational  usage. 


CONCLUSIONS 


The  Fight  Dyneunics  Directorate,  at  the  request  and 
sponsorship  of  Warner-Robins  Air  Logistic  Center  tested  13 
candidate  add-on  damping  treatments  for  the  F-15  UOWS.  Of  those 
tested,  two  damping  treatments  were  recommended  for  F-15  fleet 
retrofit.  One  treatment  was  an  externally  applied  constrained- 
layer  treatment  and  the  other  was  an  internally  applied  stand-off 
treatment  with  viscoelastic  links  in  the  rib  notches.  The 
external  and  internal  treatments  resulted  in  life  extension 
factors  of  5  and  34,  respectively.  Thermal  aging  and  corrosion 
tests  were  performed  on  the  damping  treatments  with  no  adverse 
effects  noted.  At  this  time,  there  is  no  evidence  to  indicate 
that  the  recommended  daunping  treatments  should  not  be  used  to 
alleviate  the  UOWS  fatigue  cracking.  Three  hundred  F-15  aircraft 
have  accumulated  ten  years  of  service  experience  with  the  "1980 
Damping  Treatment"  and  to  the  authors  knowledge  there  have  been 
jjQ  j~0pQrts  of  concerns  or  adverse  effects  associated  with  add-on 
damping  treatments.  It  is  projected  that  retrofit  of  the  F-15 
fleet  with  UOWS  containing  the  internal  treatment  will  result  in 
a  net  savings  of  $100M  in  maintenance  and  repair  costs  over  the 
next  25  years.  The  recommended  damping  treatments  are  fully 
qualified  for  F-15  fleet  retrofit  and  represent  a  viable,  cost 
effective  solution  which  will  siabstantially  improve  the  F-15  UOWS 
service  life. 
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F-15  WING  STRUCTURE 
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SPAR-RIB  BAY  DESIGNATION 

TOP  VIEW  OF  LEFT  WING 


BAB-16 


Figure  6.  F-15  UOWS  Spar-Rib  Bay  Designation 
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Figure  8.  AOA  vs  Dynamic  Pressure  for  F-15  Flight  Conditions 
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Figure  9.  PSD  of  Strain  Gage  Flight  Data 


Figure  10.  F-15  Flight  Characteristics 


F-15  UPPER  OUTER  WING  SKIN 

TEST  CONFIGURATION  1 
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Figure  11.  1980  Damping  Treatment 


External  Damping  Treatment 
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DAMPING  TREATMENT  TEST 
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Figure  18.  Comparison  of  Baseline  UOWS  and  Externally  Damped  UOWS 


DAMPING  TREATMENT  TEST 


Figure  19.  Comparison  of  Baseline  UOWS  and  Internally  Damped  UOWS 


F-15  UPPER  OUTER  WING  SKIN  LIFE  EXTENSION 
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Figure  20.  Equation  for  Life  Extension  Calculation 


DAMPING  TREATMENTS  FOR  AIRCRAFT 
HARDMOUNTED  ANTENNAE 
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Dallas,  TX 

Carl  L.  Rupert 

LTV  Aircraft  Products  Group  (Ret.) 

Dallas,  TX 

ABSTRACT 

The  Air  Force  Wright  Research  and  Development  Center’s  Aircraft  Integral  Damp¬ 
ing  Demonstration  Program  is  being  conducted  by  LTV  to  illustrate  the  advantages 
of  incorporating  damping  into  aircraft  structure  during  the  design  phase  of  develop¬ 
ment.  The  present  study  deals  with  the  important  Band  6,  7,  8  antennae  packages 
on  the  B-IB  Aft  Equipment  Bay,  where  equipment  failures  are  routinely  occurring 
during  take-off  maneuvers  at  maximum  afterburner  throttle  settings.  That  damage 
results  from  the  intense  vibroacoustical  environment  generated  by  the  four  three- 
stage  afterburning  engines.  Failure  rates  have  been  sufficiently  high  to  warrant  a 
departure  from  the  basic  study  to  develop  a  “quick  fix”  solution  involving  add-on 
damping  treatments,  that  can  be  installed  in  a  short  time  with  minimal  modification 
to  the  existing  structme. 

The  approach  used  in  this  program  was  to  analyze  operating  groimd  test  data 
that  were  generated  on  the  antennae  components,  in  conjunction  with  analytical 
models.  Modal  testing  identified  areas  where  damping  treatments  could  be  applied 
to  reduce  the  resonant  effects  of  the  local  system.  Various  treatments  were  de¬ 
veloped,  analyzed,  and  tested  in  situ  on  the  aircraft.  Thus,  a  cost  effective  and 
technically  viable  solution  to  acoustically  induced  failures  was  achieved. 
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ABSTRACT  ' 

The  purpose  of  sixth-order  beam  theory  is  to  include  the 
effects  of  core  shearing  due  to  extentional  deformation  in 
terms  of  the  transverse  displacements.  The  constraint  to 
eliminate  the  extentional  motion  reduces  a  twelfth-order 
system  of  equations  into  a  single  sixth-order  equation. 

Since  boundary  conditions  are  necessary  to  completely 
specify  the  solution  of  partial  differential  equations, 
the  author  purposes  to  use  this  forum  to  present  a 
detailed  derivation  of  the  sixth-order  equation  of  motion 
using  energy  method  techniques.  The  boundary  conditions 
follow  naturally  as  a  consequence  of  the  energy  method 
formulation.  The  author  show  how  two  "natural"  boundary 
conditions  are  lost,  and  must  be  replaced  by  two  "kine¬ 
matic"  boundary  conditions.  The  author  interprets  the 
boundary  conditions  and  their  consequences  in  the  analysis 
of  damped  beams. 
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1.0  IMTROPPCTiaf 


Usage  of  constrained-layer  damping  composites  for  sound  and  vibration 
suppression  originated  in  the  1950' s,  perhaps  earlier [kj;  however,  the  un¬ 
derlying  theory  was  based  on  4^*‘-order  beam  theory  and  presumed  no  extension- 
al  deformation  of  the  laminate.  In  order  to  include  the  extensional  flexib¬ 
ility,  several  authors  developed  6’^**-order  beam  and  plate  theories  to  de¬ 
scribe  the  dynamic  behavior  of  damped  composite  laminates  [a,b,c,g,h,i] .  The 
purpose  of  the  6***-'order  theories  is  to  include  the  effects  of  core  shearing 
due  to  the  extension  of  the  face  sheets,  in  terms  of  the  transverse  bending 
displacements.  The  constraint  to  eliminate  the  extensional  motion  causes  the 
equations  of  motion  to  be  of  S^^'-order. 

Dowell [h]  and  Miles [c]  derive  the  laminate  equations  using  an  energy 
method  approach  to  obtain  the  equations  of  motion.  Dowell  then  retains  terms 
only  to  4*^^-order,  since  the  adhesive  shear  layer  is  assumed  stiff.  The 
resulting  boundary  conditions  are  those  found  for  4^^-order  beam  and  plate 
theory.  Dowell's  formulation  is  useful  in  evaluating  the  interlaminar  shear 
in  fiber  composites.  Miles'  obtains  the  6^^-order  equations  as  a  side  dis¬ 
cussion  to  validate  his  model;  he  does  not  elaborate  on  the  boundary  con¬ 
ditions  recpaired  for  solution  for  the  6^**-order  system.  Miles  study  pro¬ 
ceeds  to  thickness  effects  on  damping. 

Mead[a,b]  and  Abdulhadi[g]  derive  the  equations  of  motion  from  a  stan¬ 
dard  strength  of  materials  perspective.  This  approach  does  not  directly 
yield  the  boundary  conditions  as  part  of  the  formulation.  Abdulhadi  also 
does  not  articulate  the  boundary  conditions  necessary  for  solution:  simply 
supported  boundary  conditions  are  presumed.  Mead  develops  the  boundary 
conditions  and  discusses  the  solutions  for  various  boundary  conditions. 
Maynor  [j]  numerically  evaluated  the  effect  of  Mead's  boundary  conditions  on 
loss  factor  estimates.  He  also  observed  that  Abdulhadi  deleted  two  boundary 
conditions  in  obtaining  his  solution.  Essentially,  Abdulhadi' s  equations  of 
motion  are  equivalent  to  the  4^^-order  RKU  equations  [k] .  Maynor  delineated 
the  difficulties  and  limitations  in  using  the  6^^-order  equations. 

I 
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In  the  attached  paragraphs,  the  6^^-order  partial  ditfetehtlai  equ^tidh 
is  obtained  using  energy  rtiethods.  Subsequehtly,  tfee  bohiidaty  eohditidns  are 
obtained.  The  limiting  procedure  shows  how  two  "natural"  boundary  cdiiditidns 
are  lost.  Thus,  two  "kinematic"  boundary  eonditidns  inust  b%  sjpecifidd,  that 
further  reduce  the  generality  df  the  6^*‘-di:der  fequatioh.  fhd  basic  dbtlihe  dt 
the  paper  begins  with  the  derivation  Of  the  feqfuatiohs  df  indtidhs  following 
Miles'  assumptions,  then  validating  the  requited  bd'uhdary  Cdriditions  used  by 
Mead.  The  ramifications  of  those  boundary  cdhditidhs  are  diieu§sed. 


2.0  vanTaTiomii  FOBMPIATIOI  OF  TBOB  SlMB-ditiDE^  iBijM 


The  sixth-order  differential  equatidh  govetniii^  the  tibratidh  df  a  three 
layer  sandwich  beam  will  be  derived  using  a  vatiatiohai  approach.  The  beam 
geometry  is  depicted  in  the  preceedihg  Figure ^ 


The  kinetic  energy  Of  a  the  vibrating  beam  is  given  by: 

T  *  1/2  J  jm^[(Wj^)^  + 


(2-1) 


Similarly  the  elastic  energy  due  to  deflection  o£  thd  constraining  skin  mat¬ 
erials  is  given  by: 

1/2  [(EI)^{W^")^  +  (ED^IW^")^  +  (EA)^(u^')^  +  (EA)2{U2/)^]  dx.  (2-2) 

The  strain  energy  due  to  shearing  of  the  adhesive  core  material  is[d]: 

V  =  1/2  f  Gb  f  ^  dt  dx,  where  y=  (2-3) 

•  I  3x  3z 

•^0  •'0 


The  shear  traction  at  the  upper  and  lower  surfaces  of  the  adhesive  id  found 
to  be: 


(2-4a) 

(2-4b) 


=  Wj^'  + 

+ 

«2' 

+ 

*  w„'  + 

2 

”2' 

+ 

L2t3J 

W/ 

+ 

<^3 

K- 

l2t3J 

l2t3J 

> 

The  distributed  shear  strain  throughout  the  adhesive  thickness  is: 
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Y  =  Yi  +  t  Hy^  -  Y2)'|  • 


(2-5) 


After  substitution  and  integration  over  the  thickness,  the  strain  energy  due 
to  shearing  of  the  adhesive  is  found  to  be: 


r  L 


V  =1/2 


Gbt. 


Y^Yj  +  (Y2  ■  Yj)' 


dx 


(2-6) 


In  order  to  apply  Hamilton's  Principle,  the  total  energy  in  the  vibrating 


beam  is  given  as  Q=T-V  -V  +W  ,  where 

8  Z1 0 


F(Ui,U2,Wi,*2/Ui,U2,Wi,W2,u^',U2',Wi',W2',Wi",W2";x,t)  dx.  (2-7) 


Applying  Hamilton's  Principle,  the  variational  of  the  energy  is  minimized, 
that  is: 

*  2 

5J  =  8  Q(.)  dt  =  0. 

•*  1 

Hence,  the  differential  of  J(.)  is: 

]]dx) 

After  integration  by  parts,  the  integral  appears  as: 

j;  ( ^  fA  ■  -  ^tA’)h 


I 


8u  +  5u  +1^ 
du„  2  3u.  2  du 

2  2  2 


*-  7 


2  dw^'  ~"2 
2  2 


(2-8) 


(2-8) 


( 

( 


d 

dw  dt 
2 


.  T  isu  + 

3u  '  1  1  3u 

L  1  Jx-L  •-  2 


fdF 

dfaF  'I 

dw 
^  2 

dx^aw^-J 

2 

«L 


(2-9) 
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Equating  each  variational  term  to  zero  then  yields  the  equations  of  motion 
and  the  required  "natural"  (or  force-type)^  boundary  conditions.  ThuS;^  the 
con^lete  system  of  equations  is  found  to  be: 


The  system  is  subject  to  the  following  boundary  conditions: 


The  system  is  comprised  of  two  fourth-order  equations  and  two  second-order 
equations.  The  twelve  "natural"  boundary  conditions  completely  specify  the 
solution.  Hence,  this  set  of  differential  equations  is  well-posed,  as  should 
be  expected. 


Next,  the  various  partial  derivatives  of  F(.)  are  derived: 


Is  -  If  -  i "A'  If  -  If  ■- 

1  2  1  2  1  ^ 


If  ,--(EA)^u/,  If 


=  -(l/2)Gb  |(l+2o^)w^'  +  (l+2a2) 


•  '(¥•)> 

Gb  |^(l+2a^)w^'  H 


=  (l/2)Gb  ](l+2a^)w^'  +  (l+2a2) 


■■■  •  -fe)} 
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il 

3w 


,  and 


”2*2  ^  '*'>2"2 


(l/2)Gbt3m/3+2o^(l+a^)]v«^'  +  [-2/3+(H-Oj)  (i+o^j+a^a^lw^' 

— (l/2)Gbt3|^[>2/3+(l+a^)  (l+a2)+a^a2]w^'  +  [2/3+2<x^{l+a^)]v^' 

+  (l+2a.) 

After  substitution  into  the  (2-10)  and  (2-11) ,  the  equations  of  motion  for 
the  system  are  obtained: 

”i*2  ♦ 

-(l/2)Gbt3|^[2/3+2a^  (l+ttj^)  ]w^"  +  [-2/3+ (l+a^^)  (l+a^)  ) w^"  (2-12a) 

+  {l+2a^)  -  P^(x,t), 

-(l/2)Gbt3n-2/3+(l+a^)  {l+a2)+a^a2]w^"  +  t2/3+2a3  (l+a^)  Jw^"  (2-12b) 

+  (l+2«3)jW^jJ  =  P^(x,t), 

’  (EA)^U3''  -  (l/2)Gb  |^(l+2a^)w^'  +  (l+2a3)W3'  +  ^  J  “  0,  (2-12c) 

m^u^  -  (EA)3U3"  +  (l/2)Gb  |^(l+2a^)w^'  +  (l+2a3)w3'  +  2  jJV^j J  =  0.(2-12d) 
Correspondingly,  the  boundary  conditions  become:  ^ 

-  (l/2)Gbt3|^[2/3+2a^(l+a^)]w^'  +  [-2/3+(l+a^)  (l+a3)+a^a3]w3' 

-  (l/2)Gbt3^[2/3+2a^(l+a^)]w^'  +  [-2/3+(l+a^)  (l+a3)+a^a2]w, 

(ED^w^^®^  -  (l/2)Gbt3^[-2/3+(l+a^)  (l+a3)+a^a3]w^'  +  [2/3+2a3  (l+a^) 


(2-13a) 


(2-13b) 


+  (l+2a3) 


V^3.  (2-130 


(El) 


V  -3  'x-L 

-  (l/2)Gbt3^[-2/3+(l+aJ  (l+a3)+a^a3]w^^  +  [2/3+2a3  (l+o^)  ] 


+  (l+2a.) 


-V^3  (2-13d) 


x-O 
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(EI)^w^"  -  »0  (2-13e), 

(El)  w  •  +  M_  *  0  {2-13g), 

x-O 

(EA)^Uj'  -  -  0  (2-13i), 


0  (2-13f), 


0  (2-13h), 


(EA)2U2'  -  ^  0  (2-13j), 

X«"Ii  • 


(EA)  u/  +  T  -  0  (2-13k),  and 


(EW,»/  +  I, 


0  (2-131) 


The  procedure  of  Miles  and  Reinhall [c]  will  be  followed  to  reduce  the 
system  of  equations  to  sixth-order.  First,  the  two  bending  equations  are 
added,  then  the  two  longitudinal  equations  are  subtracted,  respectively: 


■i®i  *  V2  *  *  <“>2*2'*’ 


-(l/2)Gbt,f[2/3+2a  (l+a  )]w  "  +  (-2/3+(i+flt^) 

^  rii  '-U  O') 

+  (lt2oc^)  -2 

V  ^si  yy 


-(l/2)Gbt3f[-2/3+(l+aj)  (l+a^) +a^a2]w^'»  +  J2/3+2a^  (1+a^)  ]  w^" 


E,(2ft)  +  "  P(x)f  attd 


Vl  ■  ”2“2  ■  *  <“»2“2' 

-  (l/2)Gb  ^{l+2a^)w^'  +  (l+2a2)w2'  +  2|^V"2^j^ 

-  (l/2)Gb  r(l+2a^)w^'  +  (l+2a2)w2'  +  2 


(¥^)) 


Now  allowing  w^^  “  the  equations  reduce  to: 


D  w^^^  -  Gbt,(l+a  +a,)  w'^’  -  Gb(l+a +a  )  (u/-u  ' )  =  P' (x)  ,and  (2-14a) 

t  312  Xa  .x^ 


-  (EA), 


(2-14b) 


PMx)-P(x)  -  (m^  +  m^)  w.  The  effect  of  longitudinal  inertia  is  also  neglec¬ 
ted.  Since  the  each  cross-section  must  remain  balanced  in  tension,  (EA)j^Uj^'  = 
-(EA)2U2'.  Using  this  relation  and  after  substituting  (2-14b)  into  (2-14a) 
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the  former,  the  following  equations  are  obtained: 


w‘'’-Gbt,(l+o.+a.)^»*^’-Gb(l+a.+a.)  ("  1  +  1  'I  (EA) .u. '  -  f' (x) , 

‘  '  llEA);  ‘  '  (2-15a) 

and 

-  t3(EA)^(l+a^+a2)u^^^’  »  PMx)  .  (2-15b) 

The  equations  can  be  greatly  simplified  using  two  scale  factors [b,c] ; 


G'  =  Gb 

f  ^  ^ 

i.  2 

1  and  y=  ^3 

"  (EA)^(EA)3 

^3 

l(EA)  j 

(EA)^  ) 

(EA)^  +  (EA)^  J 

w<4)  -  G'Yw<2>  -  (G'tg/D^)  (l+a^+a^)  u^'  =  PMx)/D^  ,  and 

w<^>  -  [t3(EA)^/DJ  d+a^+a^lu^^^’  =PMx)/D^. 


(2-16) 

(2-17a) 

(2-17b) 


The  final  step  is  to  eliminate  u^^  from  the  equations.  This  is  accomplished 
by  taking  the  second  partial  with  respect  to  "x"  of  the  first  equation  and 
multiplying  the  second  equation  by  G',  then  subtracting: 


The  corresponding  reduction  in  the  boundary  conditions  follows  in  the  follow¬ 
ing  section. 
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3.0  BOOKDARY  OOHDITIONS  FOR  THE  SIXTH-ORDER  BKftM  EQPATIOSS 

The  procedure  for  reducing  combining  the  boundary  conditions  follows  the 
same  prescription  as  above.  After  adding  the  shear  terms  together,  the 
boundary  equations  become  : 


w<®’  -  Gbt3(l+a>a2)^w'  -  Gbd+a^+a^)  (u^  -  u^) 
-  Gbt3(l+aj+a2)^w'  -  Gbd+a^+a^)  (u^  -  u^) 


V_  -  V_.  +  V^3,  and,^. 


x-L 


R1 


-V  «  -V  -  V  , 
^  L  LI  L2 

X"0 


(3-1) 

(3-2) 


The  following  equation  is  valid  throughtout  the  beam  and  can  be  shown  to  be 
equivalent  to  the  extentional  boundary  conditions  (after  a  lot  of  worlc) : 


(3-3) 


L 

»  -(1+a  +a  )w'  + 

"(EA)^U^"  -  (EA)2U2"'| 

U,  J 

1  2 

0 

2Gb  J 

Since  the  procedure  is  identical  for  both  equations,  the  derivation  will  pro¬ 
ceed  using  only  the  first  equation.  After  direct  substitution  of  the  exten¬ 
tional  terms,  the  boundary  condition  becomes: 


w<^’  -  [t3d+a^+a3)/D^]  (EA)^u^" 
Ta)cing  the  second  derivative  of  (3-1)  yields: 


-  V”.- 

x-L 


(3-4) 


-  G'Yw^^*  -  [G't3 (l+a^+a2)/D^] (EA)^u^' 
Eliminating  the  u^^  from  the  preceeding  equation: 


=  0. 

x-L 


-w^®^  +  (1+Y)G'  w^®^ 


x-L 


(G'/D^)  V^. 


Thus,  the  set  "natural"  boundary  conditions  become [a, b]: 
-w*®*  +  (1+Y)G'  w* 


(3) 

-  (G'/D^) 

Vr- 

x-L 

(5) 

+  (1+Y)G' 

w<®> 

'1 

-0  (3-7c), 

and 

=  -  (G'/D^) 

x-0 


x-L 


0  (3-7d). 


x-O 


(3-5) 


(3-6) 


(3-7a) 

(3-7b) 
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Analogously,  the  moment  boundaries  are  evaluated.  Again,  right  hand 
boundary  alone  will  be  evaluated,  since  the  process  for  the  left  hand  is 
identical.  Thus,  the  moment  equation  equation  becomes: 


t3  {l+«,+a^) 


0. 


(3-10) 


x-L 


After  substituting  for  and  T^,  the  resulting  equation  is: 

*  0  ,  or  (3-lla) 

'x-L 

since  (EA)j^u^'=  -(EA)^!:^'  throughout  the  beam,  the  equation  reduces  to, 


D^w"  [  (EA)^u^'  -  (EAj^u^'  ]  t3  (l+a^+a^) 

2 


D^w"  -  -  (EA)^u^'  [  t3  (l+a^+a^)  ] 


=  0. 

x-L 


(3-llb) 


Taking  the  second  partial  derivative  with  respect  to  "x"  of  (3-lla)  yields: 

_  M  _  r  /ci«\  ..  (3)  _  /ip]v\  ,,  (3) 


2 


Substituting  (3-3),  this  equation  becomes: 

/^wi-  ,1  I*.  I .  2_ 


0  .  (3-12) 


x-L 


Gbt3(l+a^+a2)"w"  -  Gbd+a^+a^)  (u^'  -  u^^) 
This  can  be  re-written  as: 


“0. 

x-L 


(3-13) 


-0.  (3-14) 

x-L 


D  w‘'’-Gbt  (l+a  +oi.)^w"-Gb(l+a +a.)  f  '  +  ^  l(EA).u.' 

‘  '  Iw;  •(EAi;J  '  * 

After  applying  the  scale  factors, 

D^w^^>  -  G'Y  w<^>  -  [  G't3  (l+o^+a2)/D^]  (EA)^u^'  -  0.  (3-15) 

Eliminating  u^^  using  (3-llb),  the  moment  boundary  condition  reduces  to: 


M  =  ^ 

^  — 


-w^^’  +  d+G')  w^^’ 


(3-16) 


x-L 
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Thus,  the  set  of  "natural"  boundary  conditions  become: 


,w(5)  +  (i+y)G'  w‘^’ 

-  (G'/D^)  V^, 

x-L 

(3-17a) 

(5) 

-w 

+  (1+Y)G'  w^^^ 

-  -(G'/D^)  V^, 

x-0 

{3-17b) 

+  (1+G')  w^^^j 

,  and 

X»L 

(3-17C) 

M  - 

> 

I 

Q 

1 

+  a+G')  w^^’  . 

(3-17d) 

L 

G'  1, 

J  lx«0 

These  force-type  boundary  conditions  agree  with  those  obtained  by  Mead 
and  Markus  [a,b].  Only  four  "natural"  boundary  conditions  now  remain  to 
specify  the  sixth-order  equation.  Thus,  it  is  necessary  to  specify  two  addi¬ 
tion  "kinematic"  constraints;  otherwise,  the  problem  is  not  well-posed. 
Representative  "kinematic"  constraints  are: 


w  =w  '=*0  or  w,*w, '*0, 

R  R  L  L 


w  “W  '  *  0  or  w  '“w,  =  0,  and 

R  L  R  L 


(3-18a) 

(3-18b) 

(3-18C) 


no  rotation- 

^  fm  0.  (3“18d) 

R  L 

Mead  [a]  discusses  other  exotic  boundary  conditions  that  are  permutations  of 
the  above  "natural"  and  "kinematic"  end  conditions  through  relaxing  the  vari¬ 
ous  boundary  tractions. 


4.0  DISCUSSIOW/OBSERVaTIOii 


The  equations  of  motion  and  associated  boundary  conditions  for  a  three- 
layer  con?)Osite  laminate  were  derived  in  Section  2.0  (Eqns.  2-12a  thru 
2-131) .  The  "natural"  or  force  type  boundary  conditions  are  a  consequence  of 
the  energy  method  formulation  [e,l].  That  system  of  equations  is  of  twelfth- 
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order  and  the  solution  is  completely  specified  by  the  "natural"  boundary 
conditions;  thus,  the  equations  of  motion  are  well-posed.  Consequently, 
since  the  system  solution  is  completely  specified  by  its  "natural"  boundary 
conditions,  the  formulation  can  be  employed  in  the  analysis  of  built-up 
structures  (eg.  a  finite  element  analysis),  albeit  cumbersome.  The  exist¬ 
ence  of  all  "natural"  boundary  conditions  permits  the  universal  satisfaction 
of  internal  compatibility  conditions  required  in  a  finite  element  type  solu¬ 
tion.  Miles  and  Reinhall  [c]  proceed  to  perform  an  assumed  modes  solution  to 
examine  the  thickness  deformations  in  a  three-layer  composite.  Their  studies 
showed  that  thickness  deformation  is  an  important  damping  mechanism  ,  espec¬ 
ially  in  higher  order  modes. 

The  twelfth-order  system  was  reduced  to  a  single  sixth-order  partial 
differential  equation  (2-18),  as  shown  in  Section  2.0.  By  a  similar  process, 
the  "natural"  boundary  conditions  are  reduced  to  four  in  number  (3-17a  thru 
3-17d) .  Both  the  boundary  conditions  and  the  sixth-order  equations  agree 
with  those  derived  by  Mead  [a,b] . 

The  point  to  be  observed  here  is  that  only  four  "natural"  boundary  condi¬ 
tions  remain  to  specify  the  solution  of  a  sixth-order  differential  equations; 
that  is,  a  deficit  of  two  differential  equations.  By  constraining  the 
extentional  degrees  of  freedom  (3-3),  two  boundary  conditions  are  lost. 
Thus,  two  geometric  or  "kinematic"  boundary  conditions  must  be  specified  for 
the  solution  to  be  well-posed.  Several  possible  "kinematic"  boundary  condi¬ 
tions  are  provided  in  Section  3.0  (3-18a  thru  3-18d)  to  augment  the  "natural" 
boundary  conditions.  Mead  discusses  other  admissible  boundary  conditions  [a, 
b]. 

Since  the  sixth-order  partial  differential  equation  cannot  be  completely 
specified  by  the  "natural"  boundary  conditions,  a  complex  built-up  structure 
cannot  be  modelled.  Only  simple  structures  (eg.  single  span  beams  and 
plates)  can  be  evaluated.  For  example,  element  compatibility  conditions  in  a 
finite  element  formulation  cannot  be  universally  satisfied  without  the  impo¬ 
sition  of  a  "kinematic"  constraint;  thus,  the  type  of  structure  evaluated  is 
limited,  that  is  a  general  sixth-order  beam  or  plate  finite  element  cannot  be 
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formulated. 


Further,  Mead  demonstrated  that  all  solutions  to  the  sixth-order  equation 
are  complex-valued  functions,  with  the  sole  exception  of  the  case  with  simply 
supported  boundaries.  (The  solution  to  the  simply  supported  case  is  a  real¬ 
valued  function.  This  case  can  be  further  reduced  to  the  standard  RKU  equa¬ 
tions  [c,  k].)  Thus,  computationally,  the  sixth-order  equation  is  effective¬ 
ly  a  twelfth-order  system.  No  gain  in  computational  effeciency  is  obtained. 

The  principal  benefit  derived  from  the  sixth-order  equation  is  when  the 
relative  extentional  motion  of  the  face  sheets  becomes  significant,  that  is 
when  one  or  both  of  the  face  sheets  possess  a  low  stiffness  relative  to  the 
core  shear  stiffness.  In  this  case,  Maynor  [j]  has  shown  that  numerical 
solution  is  neither  particularly  easy  nor  necessarily  guaranteed.  For  the 
majority  of  engineering  applications,  a  fourth-order  (RKU)  formulation  is 
adequate  to  describe  the  dynamic  behavior  of  damped  laminate  beams  and  plates 

[j]. 

5.0  SUtBftRY 


The  author  has  presented  a  detailed  derivation  of  the  sixth-order  beam 
equation  and  attendant  boundary  conditions.  The  author  has  shown  how  these 
boundary  conditions  naturally  arise  as  a  consequence  of  the  variational 
energy  method  approach.  The  author  shows  how  the  boundary  conditions  vanish 
as  a  result  of  constraining  the  extentional  motion  of  the  face  sheets,  there¬ 
by  requiring  the  imposition  of  "kinematic"  constraints  for  a  well-posed  solu¬ 
tion.  These  additional  restraints  restrict  the  types  of  structures  which  can 
be  evaluated  using  the  sixth-order  equation.  A  useful  modification  to  these 
boundary  conditions  is  the  inclusion  of  damping  into  the  boundary  conditions 
[m] .  Inman  has  observed  that  such  terms  in  the  boundary  conditions  are 
in^ortant  in  the  mechanics  of  line-of-sight/slewing  or  pointing/control 
applications  of  articulating  structures. 
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ABSTRACT 

This  paper  reports  the  results  of  an  analytical  investigation  into  the 
effects  of  compliant  layering  on  damped  beams.  The  beams  consist  of 
laminated  face  sheets  sandwiching  a  single  damping  layer.  Compliant 
layering  is  introduced  into  this  construction  by  making  the  extensional 
modulus  of  the  inner  layers  of  the  face  sheets  substantially  less  than  that 
of  the  outer  layers.  The  analytical  model,  that  is  used  to  determine  the 
mechanical  response  of  this  type  of  structure,  is  based  upon  a  generali¬ 
zation  of  constrained  layer  theory.  The  analysis  predicts  that  compliant 
layering  can  be  used  to  reduce  the  forced  response  and  improve  the 
modal  damping. 
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1.0  INTRODUCTION 

Damping  treatments  for  bending  components  typically  consist  of  adjacent  layers 
of  stiffness  and  damping  materials.  In  these  components  the  damping  layers  are 
sandwiched  by  the  stiffness  layers  so  that,  when  the  stiffness  layers  defom  under 
transverse  loads,  their  bending  will  shear  the  damping  layers.  Because  of  their  viscos¬ 
ity,  the  damping  layers  convert  part  of  the  strain  energy  of  shearing  into  heat  and 
thereby  provide  a  means  for  dissipating  the  energies  of  shock  and  vibration  [1,  2]. 

Any  design  approach  that  increases  the  rate  or  amount  of  shearing  in  the  damping 
layers  has  the  potential  of  improving  the  structural  damping.  Compliant  layering, 
which  in  a  layered  design  is  the  direct  substitution  of  compliant  material  for  stiffness 
material,  offers  such  a  possibility.  The  stiffness  layers  of  conventional  damping  treat¬ 
ments  consist  of  either  monolithic  isotropic,  laminated  quasi-isotropic  or  laminated  uni¬ 
directional  materials.  This  design  practice  results  in  in-plane  moduli  that  are  essen¬ 
tially  constant  over  the  depth  of  the  stiffness  layer.  In  these  designs  compliant  layenng 
would  replace  that  part  of  the  stiffness  material  that  is  adjacent  to  the  damping  layer 
with  a  material  of  lesser  modulus.  The  in-plane  modulus  would  no  longer  be  constant 
over  the  stiffness  layer  and  the  in-plane  extensional  stiffness  would  be  reduced.  The 
hypothesis  to  be  examined  in  this  paper  is  that,  under  cyclic  vibration,  the  use  of  com¬ 
pliant  layers  to  reduce  the  in-plane  extensional  stiffness  of  damped  treatments  allows 
the  stiffness  layers  on  either  side  of  the  damping  layer  to  undergo  greater  in-plane 
translations.  This  increases  the  rate  of  core  shearing  and  thereby  leads  to  higher  levels 
of  energy  dissipation. 

In  a  previous  work  [3,  4]  a  lamination  theory  was  formulated  that  is  applicable  to 
a  general  class  of  damped  bending  structures,  including  structures  with  compliant 
layering.  The  lamination  theory  was  used  to  examine  the  effects  of  stress  coupling, 
lamination  and  compliant  layering  on  damped  plates.  Here  the  original  analytical 
theory  is  reduced  for  application  to  damped  beams.  Relevant  parts  of  the  previous 
analytical  results  are  repeated  and  expanded  here  for  the  study  of  compliant  layering  in 
damped  beams. 


2.0  OUTLINE  OF  THE  FORMULATION 

The  analytical  model  is  a  damped  beam  consisting  of  top  and  bottom  face  sheets 
sandwiching  a  single  damping  layer  (see  Figure  1).  The  face  sheets  are  layered  with  a 
total  of  layers  in  the  top  face  sheet  and  layers  in  the  bottom  face  sheet.  The 
thicknesses  of  the  individual  layers  are  designated  by  rj  for  the  top  layers,  for  the 
bottom  layers  and  for  the  damping  layer.  (Here  the  subscript  n  identifies  individual 
stiffness  layers  while  the  superscripts  T  (top),  D  (damping),  and  B  (tottom)  refer  to 
specific  parts  of  the  structure).  The  global  coordinate  system  shown  in  Figure  1  and 
used  in  the  development  consists  of  the  axial  coordinate  Xi  which  is  located  in  the 
mid-surface  of  the  damping  layer  (the  reference  surface),  and  the  transverse  coordinate 

^3- 
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To  analytically  model  this  structure  the  following  assumptions  are  made: 

1.  The  in-plane  deformations  of  the  face  sheets  vary  linearly  through  the  face  sheet 
thickness; 

2.  The  in-plane  deformations  of  the  damping  layer  vary  linearly  through  it’s  thick¬ 
ness; 

3.  The  in-plane  displacement  fields  are  continuous  across  the  interfaces  (perfect 
bonding); 

4.  The  transverse  displacement  is  the  same  for  all  parts  of  the  cross  section. 

5.  The  moduli  of  all  of  the  materials  of  constmction  can  be  treated  by  the  Complex 
Modulus  model; 

6.  The  material  model  for  the  stiffness  layers  is  transversely  isotropic  but  neglects 
the  thickness  normal  stresses.  The  axis  of  isotropy  is  parallel  to  the  mid-surface; 

7.  The  material  model  for  the  damping  layer  is  isotropic  but  neglects  all  of  the  nor¬ 
mal  stresses. 

Using  assumptions  1  through  4,  the  motion  of  the  structure  can  be  expressed  in 
terms  of  five  displacement  degrees  of  freedom  (see  Figure  2).  These  degrees  of  free¬ 
dom  are  the  reference  surface  displacements  (wf  and  w® ),  the  rotation  of  the  damping 
layer  about  the  reference  surface  (af),  and  the  rotations  of  the  top  and  bottom  face 
sheets  (a[  and  af).  The  degrees  of  freedom  of  this  structural  model  are  therefore  a 
generalization  of  those  found  in  constrained  layer  theory  in  that  the  top  and  bottom 
face  sheets  are  allowed  to  rotate  independently. 

The  displacements  in  terms  of  the  degrees  of  freedom  are 
Top  Face  Sheet 


M 1  =  M  f  (x  1,  x)  +  y  af  (x  1,  X)  (X3  -  y  )  af (x  1,  x) 

(1) 

Damping  Layer 

M 1  M  ®  (x  1,  x)  -1-X3  af  (x  1,  x) 

(2) 

Bottom  Face  Sheet 

M 1  =  u  f  (x  1,  X)  -  y  r®  af  (x  1,  x)  -1-  (X3  -1-  y  )  af  (x  1,  x) 

(3) 

Complete  Construction 

W3  =  M3  (Xi,X2,X) 

(4) 

where  the  symbol  x  is  used  to  refer  to  the  time  variable.  From  these  assumed  dis¬ 
placements,  the  strain  fields  are  computed  using  the  strain-displacement  equations.  The 
stress  fields  are  then  found  by  applying  the  constitutive  laws. 

The  equations  of  motion  for  the  damped  beam  structure  are  derived  using 
Hamilton’s  Principle  in  conjunction  with  Reissner’s  Variational  Theorem.  Since 
Hamilton’s  Principle  is  only  applicable  to  conservative  systems,  the  material  properties 
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are  initially  treated  as  being  purely  elastic  without  any  damping.  The  energy  integrals, 
the  integrands  of  which  are  formed  from  the  field  variables,  are  then  minimized  for 
this  provisional,  fully  elastic  system.  The  stress  resultants  are  included  by  performing 
the  thickness  integration  of  these  integrals.  Taking  the  variation  of  the  integrals  with 
respect  to  the  generalized  displacements  and  forces  and  setting  the  coefficients  of  like 
variations  to  zero  yields  the  governing  system  of  differential  equations.  These  equa¬ 
tions  include  the  force-displacement  relations,  the  boundary  conditions  and  the  follow¬ 


ing  equations  of  motion 

-Fi-i-Mm?  +/f  df +/f  df =0 
-^[3.1  -^13.1  -^B.i  +  =0 

V (_F[i^ +Ffi.i  )+F?3 -h/fu? +/?df -t-Zld/'+Z? df =0 
F\i  i  +FI3  -Mil  l  +I1U1  +/2«f  -(-/s  df =0 
Ffi  1  +Ff3  -Mfi^i  -!-/?«?  +/f  df -h/f  df  =  0 


(5) 

(6) 

(7) 

(8) 
(9) 


in  which  the  Fj,  Ff ,  F^j,  ,  Mfi  and  Mfi  are  the  face  sheet  and  damping^  layer 
force  and  moment  stress  resultants,  the  F,-  are  the  applied  tractions  and  the  M ,  /  ^  ,  etc. 


are  inertial  constants. 

At  this  point  the  force-displacement  relations  are  substituted  into  the  equations  of 
motion.  This  yields  a  set  of  five  displacement-equilibrium  equations  the  unknowns  of 
which  are  the  five  functional  displacement  degrees  of  freedom.  Solutions  to  specific 
problems  are  found  by  applying  the  appropriate  set  of  boundary  conditions  and  solving 
these  equations.  In  matrix  notation  these  equations  take  the  form 

[M][u]  +  [D][u]  =  [P]  W 

where  [M]  is  the  mass  matrix,  [D]  is  a  differential  operator  matrix,  [m]  is  a  vector  of 
unknown  displacement  functions  and  [F  ]  is  a  load  vector. 

Once  an  elastic  solution  is  obtained,  damping  can  be  introduced  by  invoking  the 
Correspondence  Principle  in  which  the  elastic  moduli  are  replaced  by  the  complex 
viscoelastic  moduli  of  the  Complex  Modulus  model.  Application  of  the  damped  beam 
model  is  therefore  limited  to  steady  state  harmonic  vibrations. 


3.0  SOLUTION  FOR  SIMPLY  SUPPORTED  BEAMS 

Consider  a  beam  of  length  a  in  the  Xi  direction.  On  the  j£:i=0  and  Xi  =  a  edges 
the  beam  is  simply  supported.  For  these  boundary  conditions  the  Fourier  series 
method  can  be  applied  to  solve  equation  (10)  using  the  following  series  expansions  for 
the  displacement  degrees  of  freedom 


„  00  niTUCi 

cos( - 

Id 


(11) 


mwci^i^ 


sin(— -)e 


m=l 


a 


(12) 
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„  oo  ^  WlTCXi 

af=^Af^cos( - -)e^^  (13) 

m=l  ^ 

^  _  mKX\ 

af  =  X  ^ f  cos( - -)e^^  (14) 

m=l  ^ 

„  _  mTCXi 

af=X^i^cos( - )e‘^  (15) 

m=l  ^ 

In  these  equations  the  superscripted  constants  are  Fourier  coefficients  and  Q  is  the  fre¬ 
quency  of  the  steady  state  excitation. 

The  harmonically  varying  excitations  (with  respect  to  time)  are  also  expressed  in 
terms  of  Fourier  series  expansions 

~  WTCCi 

Pi(xi,x)=  XPTcosi - -)e^^  (16) 

m=l  ^ 

mwci 

P3(xi,x)=  EF^sin( - -)e^^  (17) 

m=l  ^ 

where  the  P/”  are  the  Fourier  coefficients  determined  from  the  Fourier  formulaes. 

Substituting  the  above  expansions  into  equation  (10)  results  in  an  infinite  number 
of  uncoupled  equations  that  can  be  grouped  into  sets  by  common  indicial  values.  Thus 
a  set  of  five  equations  and  five  unknowns  is  obtained  for  each  indicial  value  where  the 
unknowns  of  these  equations  are  the  Fourier  coefficients  of  the  displacement  series. 
Expressing  these  equations  in  matrix  form  leads  to  the  following  general  expression  for 
each  indicial  value 

-Q2[M]  [f/'”]  =  [P'”]  (18) 

where  [C/'”]  is  a  vector  of  Fourier  displacement  coefficients,  [B^]  is  a  modal  stiffness 
matrix  whose  elements  are  determined  by  the  material  and  geometric  properties  of  the 
structure,  and  [P"*]  is  a  vector  of  the  Fourier  loading  coefficients. 

The  analysis  can  be  completed  in  several  ways  depending  upon  the  type  of  infor¬ 
mation  desired.  For  instance,  the  dynamic  response  of  a  damped  beam  to  a  specific 
excitation  can  be  found  through  the  direct  solution  of  equation  (18).  If  however,  the 
modal  loss  factors  are  to  be  determined  then  the  Forced  Mode  Method  [5]  is  applied. 

4.0  APPLICATIONS 
4.1  STRUCTURAL  DESCRIPTION 

The  beam  examined  in  this  analytical  study  has  a  length  of  25.4  cm.  The  top  and 
bottom  face  sheets  of  the  beam  consist  of  6  stiffness  layers  with  each  layer  having  a 
thickness  of  0.1725  mm.  The  damping  layer  has  a  thickness  of  .0965  mm.  The 
stiffness  layers  consist  of  IM6/3501-6  carbon-epoxy  with  a  fiber  volume  fraction  of 
60%.  The  properties  of  this  material  are  shown  in  Table  1  where  the  disparity  in  the 
axial  and  transverse  extensional  moduli  should  be  noted.  The  damping  layer  consists 
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of  ISD  112  Scotchdamp  SJ2015x.  The  frequency  dependence  of  the  storage  and  loss 
moduli  of  this  material  are  accounted  for  in  the  analysis.  The  mass  density  of  the 
damping  material  is  .98  gm/cc. 

To  study  the  effects  of  compliant  layering  on  structural  damping,  the  fiber  rein¬ 
forced  layers  adjacent  to  the  damping  layer  are  given  a  90  degree  off-axis  orientation 
with  respect  to  the  Xi  coordinate  direction.  The  off-axis  orientation  of  the  inner  layers 
makes  these  layers  compliant  with  respect  to  the  x  j  coordinate  direction.  Therefore  this 
particular  type  of  lamination  serves  as  a  compliant  layer  design. 

The  notation  used  to  specify  the  structural  arrangement  of  the  damped  beams  is 
identical  to  that  used  for  laminations  of  advanced  composites  except  for  the  addition  of 
the  symbol  d  which  will  indicate  the  presence  of  a  damping  layer.  For  instance,  the 
baseline  structure  for  this  study,  so  called  because  it  does  not  include  compliant  layer¬ 
ing  effects,  is  designated  0^/d  /Og. 

4.2  NUMERICAL  RESULTS 

Figure  3  shows  the  loss  factors  of  four  different  damped  beams  for  the  first  five 
bending  modes  of  vibration  (Figures  3  to  6  repeat  results  that  can  be  found  in  Refer¬ 
ences  3  and  4).  Here  it  is  seen  that  there  is  little  or  no  gain  in  damping  for  the  funda¬ 
mental  mode  but  that  in  the  higher  modes  the  compliant  layered  laminates  have 
significantly  greater  loss  factors.  (The  matching  of  natural  frequencies  of  the  beams 
indicates  that  the  gain  in  damping  is  not  due  to  changing  material  properties.) 

The  goal  of  a  damping  design  is  to  reduce  resonant  stresses  and  displacements. 
This  is  achieved  by  increasing  the  structural  loss  factor  which  in  a  compliant  layer 
design  is  accomplished  by  sacrificing  static  stiffness  (i.e.  through  the  use  of  90  degree 
layer  orientations).  It  is  necessary  then  to  verify  that  the  structural  response  actually 
decreases  in  the  highly  damped  but  more  flexible  compliant  layer  designs.  To  analyti¬ 
cally  test  the  response,  the  structures  are  subjected  to  forcing  functions  that  approxi¬ 
mately  excite  the  resonant  response  (the  approximation  is  introduced  by  not  accounting 
for  the  negligible  moment  and  in-plane  components  of  the  load  vector  that  are  required 
by  the  Forced  Mode  method  for  a  strict  proportionality  to  the  inertia  loading).  Figure  4 
shows  the  result  of  this  computation  where  the  amplitude  of  the  transverse  displace¬ 
ments  have  been  normalized  with  respect  to  the  modal  response  of  the  baseline  beam. 
Except  for  the  fundamental  mode  where  virtually  no  improvement  is  achieved,  the 
analysis  predicts  reduced  resonant  responses.  (The  failure  of  complaint  layering  to  aid 
in  controlling  the  response  of  the  fundamental  mode  is  attributed  to  the  dimensions  of 
the  particular  configuration  being  examined.) 

The  controlling  parameter  in  increasing  the  damping  in  the  compliant  layered 
designs  is  the  extensional  modulus  of  the  compliant  layers.  This  is  seen  in  Figure  5 
where  the  modulus  of  the  inner  layers  is  varied  parametrically  as  a  percentage  of  the 
modulus  of  the  outer  layers.  The  loss  factor  directly  increases  with  decreasing 
modulus.  This  modulus  also  controls  the  phase  lag  between  the  damping  layer  rotation 
(af)  and  the  other  displacement  degrees  of  freedom  (which  respond  approximately 
in-phase).  Figure  6  shows  that  this  phase  lag  increases  with  decreasing  modulus. 
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To  test  the  hypothesis  that  complaint  layering  leads  to  higher  energy  dissipation 
through  greater  in-plane  translations  of  the  face  sheets,  the  following  ratios  are  formed 
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in  which  the  subscript  i  is  used  to  refer  to  a  particular  design  and  the  vertical  bars 
indicate  the  amplitude  of  the  listed  degree  of  freedom.  The  ratio  is  a  measure  of 
the  amount  of  core  rotation  (shearing)  that  occurs  per  transverse  displacement.  The 
ratio  /?,  is  a  relative  measure  of  the  resonant  response.  For  the  first  four  modes  of 
response  Table  2  shows  these  ratios  and  the  corresponding  loss  factors  for  the  baseline 
beam  and  three  compliant  layer  designs.  In  each  mode  it  is  seen  that  the  design  that 
leads  to  the  highest  also  has  the  lowest  resonant  response  and  the  highest  loss  fac¬ 
tor.  This  indicates  that  compliant  layering  affects  the  response  by  increasing  the  rate  of 
core  shearing. 

It  can  be  argued  that  the  relationship  between  the  material  properties,  the  struc¬ 
tural  configuration  and  the  dynamic  response  is  very  complex  and  that  the  benefits  in 
mechanical  behavior  obtained  in  the  compliant  layer  design  can  be  attributed  to  reach¬ 
ing  an  optimum  balance  of  conventional  design  parameters  rather  than  to  the  compliant 
layering.  Since  in  the  previous  analysis  the  thicknesses  of  the  stiffness  and  damping 
layers  were  restricted  to  commercially  available  sizes  this  may  very  well  be  the  case. 
To  examine  this  issue  an  additional  analytical  test  is  performed.  For  an  excitation  that 
excites  specific  modes  of  response,  fix  the  thicknesses  of  the  face  sheets  and  vary  the 
thickness  of  the  damping  layer  until  the  response  is  minimized  The  result  is  an  optim¬ 
ized  damping  design  for  that  specific  excitation  using  conventional  design  practice.  At 
this  point  compliant  layering  is  introduced  to  see  if  a  further  reduction  in  response  can 
be  achieved.  Table  3  shows  the  results  of  such  an  analysis  for  each  of  the  first  four 
modes  of  response.  In  each  mode  the  compliant  layering  design  yields  an  improvement 
over  the  optimized  conventional  design.  Figures  7  and  8,  which  show  this  information 
plotted  against  the  resonant  frequency,  indicate  that  the  improvements  are  not  due  to 
changes  in  the  amplitude  of  the  forcing  function  or  to  changes  in  the  frequency  depen¬ 
dent  material  properties. 

5.0  CONCLUSIONS 

In  order  to  examine  the  use  of  compliant  layering  in  damped  structures  a  struc¬ 
tural  theory  was  developed  and  applied  to  a  simple  but  representative  structural  sys¬ 
tem.  The  analytical  study  revealed  that  compliant  layering  can  increase  the  efficiency 
of  damping  designs  by  increasing  the  modal  damping  and  reducing  the  forced 
response.  The  work  presented  here  supports  the  following  conclusions  that  were  previ¬ 
ously  reported  in  References  3  and  4. 

Compliant  layering,  which  is  the  replacement  of  face  sheet  material  with  a  less 
stiff  material  at  the  interface  of  the  face  sheets  and  the  damping  layer,  affects  the 
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dynamic  response  of  the  beam  through  the  alteration  of  in-plane  extensional  stiffness 
properties.  This  creates  a  mechanism  for  increasing  the  rate  of  shearing  in  the  damping 
material  by  increasing  the  relative  in-plane  displacements  of  the  face  sheets.  The  rate 
of  shearing  and  the  associated  energy  dissipation  were  found  to  increase  as  the 
modulus  of  the  compliant  layer  was  reduced.  However,  there  is  a  limitation  to  this  pro¬ 
cess  since  the  moduli  of  the  compliant  layer  must  be  high  enough  to  confine  the  shear 
deformation  to  the  damping  layer. 

Compliant  layering  can  also  be  used  to  reduce  the  weight  of  damped  structures 
since  compliant  materials  are  generally  less  massive  than  stiff  materials.  For  instance, 
metallic  face  sheets  that  incorporate  a  glass-epoxy  compliant  layer  can  have  improved 
dynamic  resistance  at  a  reduction  in  weight.  This  same  effect  can  be  achieved  by 
merely  removing  some  of  the  material  on  the  inner  side  of  the  face  sheets  through 
grooving,  waffling  or  scoring  this  surface. 

Compliant  layering  introduces  challenges  to  the  fabrication  process  since  it 
involves  either  the  mating  of  dissimilar  materials  [6]  or  the  unbalancing  of  quasi¬ 
isotropic  laminates.  Also,  there  will  be  additional  steps  in  the  laminate  fabrication 
which  will  add  to  the  cost  of  building  these  components.  Nevertheless,  depending  upon 
the  total  cost  of  construction,  compliant  layering  offers  an  important  design  option  in 
the  use  of  damped  bending  stractures. 
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Axial  Extensional  Modulus 

148.  GPa 

Transverse  Extensional  Modulus 

8.96  GPa 

Axial  Poisson’s  Ratio 

.35 

Axial  Shear  Modulus 

4.48  GPa 

Transverse  Shear  Modulus 

2.07  GPa 

Axial  Lx)ss  Factor 

.00128 

Transverse  Loss  Factor 

.0110 

Shear  Loss  Factor 

.0110 

Mass  Density 

1.52  gm/cc 

Table  1  Material  Properties  of  IM6/3501-6  Carbon-Epoxy 
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Beam  Structure 

Mode  1 

Mode  2 

Design  i 

Lay-Up  Specifications 

mm 

n 

TI5 

19 

% 

1 

OfJdlQf,  {Baseline  ) 

1.00 

1.00 

.26 

1.00 

1.00 

.33 

2 

05/90/^/90/05 

1.04 

0.94 

.28 

1.08 

0.88 

.39 

3 

04/902/^/902/04 

1.02 

0.98 

.26 

1.10 

0.85 

.40 

4 

03/903/^/903/03 

0.92 

1.18 

.23 

1.06 

0.92 

.37 

Beam  Stmcture 

Mode  3 

Mode  4 

Design  i 

Lay-Up  Specifications 

WBKSm 

m 

ns 

mm 

m 

ns 

1 

%ldl%  {Baseline) 

1.00 

1.00 

.34 

1.00 

1.00 

.30 

2 

05/90/^/90/05 

1.11 

0.85 

.43 

1.12 

0.83 

.42 

3 

04/902/^/902/04 

1.17 

0.78 

.48 

1.21 

0.73 

.50 

4 

03/903/tf/903/03 

1.16 

0.79 

.46 

1.24 

0.70 

.52 

Measure  of  the  Rate  of  Core  Rotation 


1/ 

Measure  of  the  Relative  Resonant  Response  /?,•  =  - — - 

'^3  'Baseline 


The  Modal  Structural  Loss  Factor  TI5 


Table  2  Core  Rotation  per  Transverse  Deflection  for  Four  Damping  Designs 
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Mode 

Design  (1) 

Displacement  (2) 

mm 

mm 

mm 

1 

B 

.000 

1.035 

.185 

.36 

1.00 

C 

.310 

.725 

.185 

.42 

.86 

2 

B 

.000 

1.035 

.085 

.32 

1.00 

C 

.290 

.745 

.085 

.37 

.87 

3 

B 

.000 

1.035 

.050 

.29 

1.00 

C 

.270 

.765 

.050 

.34 

.88 

4 

B 

.000 

1.035 

.035 

.28 

1.00 

C 

.290 

.745 

.035 

.33 

.87 

Notation: 

f*  The  total  thickness  of  the  layers  with  a  90  degree  orientation  (Compliant  Layer). 
The  total  thickness  of  the  layers  with  a  0  degree  orientation. 

The  thickness  of  the  viscoelastic  layer. 

(1)  Structural  design; 

B  =  Optimized  design  using  conventional  design  practice. 

C  =  Optimized  design  using  compliant  layering. 

(2)  The  amplitude  of  the  transverse  displacement  is  normalized  with  respect  to  the 
response  found  for  the  conventional  design. 


Table  3  Optimized  Designs 
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Top  Layered  Face  Sheet 
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Figure  1  Damped  Sandwich  Beam 


X 


BBB-14 


Figure  2  The  Displacement  Degrees  of  Freedom 
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IM6/3501-6  Beam  with  ISO  112  Core 
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Figure  7  Modal  Damping  for  Optimized  Designs 


IM6/3501-6  Beam  with  ISD  112  Core 
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<Dainping  ’91  Confer ence>  in  San  Diego 


The  Damping  Property  of  Laminated 

Damping  Steel  Sheet  after  Deep  Drawing 
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The  Damping  Property  of  Laminated  Damping  Steel  Sheet  after  Deep  Drawing 


Abstract 


The  damping  property  of  laminated  damping  steel  sheet  is  affected  by  shear 
deformation  of  viscoelastic  layer,  a  constraint  produced  by  the  mutual  slip 
between  two  steel  sheets  under  a  bending  vibration  mode.  So,  the  bonding  of  the 
viscoelastic  layer  to  steel  sheets  is  critical  to  the  damping  property. 

Sometimes,  laminated  damping  steel  sheet  becomes  unbonded  locally  from  the 
viscoelastic  layer  because  of  an  excessive  relative  slip  between  two  steel 
sheets  caused  by  a  deep  drawing. 

It  was  found  that  by  using  the  transmittance  of  ultrasonic  wave,  the 
unbonded  area  of  laminated  damping  steel  sheet  can  be  detected  without  cutting 
it  off.  The  validity  of  this  method  was  confirmed  by  the  T-Peel  test  which 
was  conducted  after  the  sheet  was  cut  off. 

The  damping  property  measured  at  the  wall  of  a  deep  drawn  oil  pan,  was 
compared  with  a  one  for  a  laminated  damping  steel  sheet  not  drawn  yet. 

It  was  found  that  the  damping  property  and  the  noise  reduction  effect  of 
a  sheet  after  deep  drawing  were  reduced  in  reverse  proportion  to  the  widening 
unbonded  area. 


1  Introduction 

Steel  sheet  panels  used  for  main  components  of  a  structure  induce,  in  many 
cases,  vibrations  of  bending  modes  and  become  a  source  of  big  noises. 

The  laminated  damping  steel  sheet  is  incorporated  not  only  with  a  normal 
function  of  steel  sheet  but  also  with  a  damping  characteristic  and,  therefore, 
a  substantial  degree  of  reduction  in  vibration  and  noise  can  be  achieved  when 
it  replaces  an  original  steel  sheet.  This  is  an  attractive  feature  from  the 

design  point  of  view  since  a  basic  structure  of  design  can  be  retained  as  it  is 

without  making  any  modifications  or  alterations.  The  range  of  application  for 

the  material  of  this  type  has  been  expanded  remarkably  after  an  application  to 

a  deep  drawn  component  part  was  made  feasible  by  great  improvements  achieved  in 
the  sheet  formability. 

There  are  many  covers  attached  to  the  exterior  of  reciprocating  engines  used 
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in  tha  motor  vehicles.  They  are  the  major  sources  of  noises  and,  in  particular, 
an  oil  pan  has  been  known  as  being  one  of  the  big  noise  sources. 

An  example  of  noise  contribution  ratio  of  various  engine  components  is  shown 
in  Fig.  1.  A  press  formed  steel  sheet  oil  pans  are  generally  used  by  the 
Japanese  motor  industries.  Since  a  press  die  used  for  forming  an  oil  pan  of 
original  steel  sheet  can  be  used  without  supplementing  a  major  modification  and 
also  assisted  by  improvements  achieved  in  the  formability  as  mentioned  above, 
the  use  of  laminated  damping  steel  sheet  for  the  oil  pan  production  was  spread 
quite  rapidly. 

Stimulated  by  such  application  in  massproduction  system  of  the  motor 
industries,  applications  by  other  industries  were  commenced  and  grew  in  a  short 
period  of  time.  The  consumption  of  such  materials,  therefore,  has  grown  in  an 
amazing  speed  in  Japan  for  the  last  few  years. 

The  laminated  damping  steel  sheet,  however,  has  problems  still  to  be  solved. 

f- 

They  are  weldabi I ity,  formability,  bolt  loosening,  loss  of  bending  stiffness, 
etc.  Those  problems  can  be  solved  not  only  by  the  improvement  in  steel  sheets 
and  damping  films  but  also  by  the  special  design  considerations  given  to  a 
portion  of  structure  where  such  a  material  is  used.  In  order  to  acquire 
satisfactory  solutions  to  such  problems,  it  is  essential  to  get  a  full 
knowledge  of  the  nature  of  problem. 

In  this  paper,  a  consideration  will  be  given  to  the  effect  of  deep  drawing 
to  the  damping  characteristic  of  the  sheet.  This  is  a  critical  problem  as  it  is 
closely  associated  with  a  loss  of  fundamental  mechanism  of  the  damping  effect. 
An  oil  pan  is  typically  a  deep  drawn  component  part  and  can  be  a  good  example 
representing  an  involvement  with  this  problem.  It  was  quite  incidental  that  the 
first  full  scale  use  of  this  material  in  Japan  was  directly  involved  with  one 
of  the  most  difficult  problems. 

2  Shear  Deformation  of  Damping  Layer 

When  a  bending  deformation  is  brought  to  a  laminated  damping  steel  sheet  in 
a  press  operation,  the  deformations  as  shown  in  Fig.  2  takes  place  in  the 
damping  layer  due  to  the  tensile  or  compression  deformation  similar  to  the  ones 
given  to  two  steel  sheet  and  the  shear  deformation  caused  by  the  mutual  slip 
appeared  between  those  two  sheets. 

The  damping  layer  is  a  film  of  high  polymer  resin  and,  therefore,  is  able  to 
withstand  substantially  layer  deformation  than  steel  sheets.  The  tensile  and 
compression  deformations  on  high  polymer  resin  are  in  the  same  magnitude  as 
those  on  surrounding  steel  sheets  and  will  not  create  any  problems  by 
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themselves,  however,  since  the  shear  deformation  of  damping  layer  is  formed  by 
a  force  generated  by  the  mutual  slip  two  of  steel  sheets  and  the  magnitude  is 
considerably  larger,  it  is  sometimes  brought  into  a  zone  where  some  problems 
may  start  to  appear. 

As  obvious  in  Fig.  3,  damping  layer’s  shear  curve  has  a  linear  elasticity 
zone  and  a  plastic  deformation  zone  even  though  they  are  not  defined  as 
distinctively  as  a  metal.  The  curve  goes  through  the  maximum  shear  stress  point 
and  is  terminated  by  a  rupture  of  layer,  that  is,  a  separation.  Maximum  slip 
5  max  prevailing  in  such  an  instance  will  be  in  a  magnitude  inherent  to  the 
material  and  proportional  to  the  thickness  of  damping  layer. 

Fig.  4  shows  the  distribution  of  mutual  slip  appeared  between  two  steel 
sheets  of  laminated  damping  steel  sheet  when  it  was  bent  to  most  fundamental 
V  form  by  a  press.  Slits  were  provided  on  the  side  of  rectangular  piece  of 
laminated  damping  steel  sheet  and  the  rate  of  slippage  between  two  steel  sheets 
was  measured  after  the  piece  was  bent  by  a  press.  Obviously  in  the  figure,  the 
slip  becomes  largest  in  the  border  zone  between  circular  arc  and  flat  flange 

areas. 

Fig.  5  shows  the  distribution  of  mutual  slip  between  two  steel  sheets  when  a 
test  strip  piece  is  drawn  into  a  channel  form.  The  cross  section  of  the 
piece  is  resembled  to  that  of  an  oil  pan.  Since  the  flange  zone  C~D  was  held 
firmly  to  prevent  wrinkling  during  the  formation  and  the  bottom  line  A~B  has  a 
symmetry  against  the  center  line  which  passes  through  point  A,  the  mutual  slips 
between  two  steel  sheets  in  those  two  zones  are  virtually  nil.  A  large  mutual 
slip  appear  on  the  side  portion  B~C,  a  portion  located  between  the  said  two 
portions,  simply  because  of  the  right  angle  bendings  provided  at  both  ends  of 
this  portion.  The  magnitude  of  mutual  slip  movement  varies  extensively  and 
complexly  whi le  the  piece  is  formed  in  a  press.  Details  of  mechanism, 
therefore,  have  not  been  clarified  yet. 

When  a  laminated  damping  steel  sheet  is  used  for  an  oil  pan  having  a  cross 
section  in  a  form  as  shown  in  Fig. 5,  therefore,  the  damping  layer  in  the  side 
wall  will  be  subjected  to  a  large  shear  deformation.  Fig.  5  (b)  shows  that  as  a 
die  corner  radius  is  increased,  the  maximum  mutual  slip  becomes  smaller.  This 
shows  that  a  shear  deformation  of  damping  layer  can  be  reduced  by  a 
modification  of  pressing  die.  However  it  results  in  restricting  die  radius  Rd 
necessary  for  securing  the  width  of  flat  range  portion. 

As  shown  in  Fig.  6,  the  damping  effect  demonstrated  by  the  laminated  damping 
steel  sheet  in  bending  vibration  mode  is  brought  forth  by  the  shear  deformation 
of  high  polymer  resin  layer  sandwitched  between  two  steel  sheets.  Under  such 
circumstance,  therefore,  if  an  excessive  shear  deformation  is  loaded  on  a 
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damping  layer  by  a  press  operation  and  the  layer  is  separated  from  the  steel 
sheet,  the  basic  function  of  the  damping  layer  is  lost. 

3  Ultrasonic  Transmittance  Measurement  of  Adhesion  of  Damping  Layer 

The  measurement  of  adhesion  of  damping  layer  by  an  ultrasonic  transmittance 
method  is  shown  in  Fig.  7.  Since  the  condition  of  adhesion  can  be  checked  by 
this  method  without  destroying  a  product,  it  becomes  much  easier  to  check  for  a 
damage  of  damping  layer  caused  by  a  press  operation  as  shown  in  the  above  the 
method  can  also  be  applied  to  an  evaluation  of  laminated  damping  steel  sheet  in 
the  development  stage  as  well  as  to  an  conditioning  made  in  a  production  line. 

The  gain  of  ultrasonic  transmittance  indication  should  be  adjusted  to  a  full 
scale  ’10’  on  a  sheet  having  a  good  adhesion  before  it  is  formed  by  a  press 
machine.  The  evaluation  criteria  for  a  good  adhesion  should  be  scale  8  or 
above,  no  good  adhesion  scale  2  or  below  and  uncertain  and  unreliable  adhesion 
scale  between  2  to  8. 

Those  criteria  are  compared  with  T-Peel  strength  in  Fig.  8  (2).  Though  they 
do  not  match  perfectly,  the  correlation  between  two  systems  verifies  the 
sufficient  practicability  of  such  evaluation. 

Fig.  9  shows  the  result  of  ultrasonic  transmittance  test  performed  by  the 
method  shown  in  Fig.  7  on  the  adhesion  of  damping  layer  of  an  engine  oil  pan  as 
an  example  of  laminated  damping  steel  sheet  with  a  major  press  formation.  It 
indicates  that  separations  of  damping  layer  took  place  locally.  The  evaluation 
was  verified  by  a  T-Peel  strength  test  which  was  performed  later  on  the  same 
specimen.  The  result,  meanwhile,  indicates  that  an  application  in  a  deep  drawn 
oil  pan  gives  a  laminated  damping  steel  sheet  a  very  harsh  processing. 

Shear  deformation  caused  on  the  damping  layer  is  large  on  the  side  wall  as 
shown  in  Fig.  5  and,  therefore,  this  area  is  more  susceptible  to  an  incomplete 
adhesio:)  which  means  separation.  The  possibility  of  separation  is  reduced  on 
the  right  wall  because  of  a  local  protrusion  provided  on  it.  Some  separation 
is  noted  on  the  bottom  surface  due  to  nonsymmetry  of  the  left  and  the  right  as 
well  as  the  front  and  the  rear  walls.  It  is  a  very  complicated  phenomenon. 

Fig.  10  shows  the  result  of  vibration  test  performed  on  pieces  of  laminated 
damping  steel  sheet  derived  from  the  side  and  the  bottom  walls  of  oil  pan  as 
shown  in  Fig.  9.  It  is  indicated  that  the  piece  retain  good  damping  property 
from  the  bottom  wall  and  no  good  one  from  the  side  wall.  The  evaluation, 
meanwhile,  obtained  by  the  ultrasonic  transmittance  test  was  found  no  good  on 
the  side  wall  and  good  for  the  bottom.  So,  reduction  of  damping  characteristic 
due  to  partial  separations  of  damping  layer  can  be  seen  in  the  graph. 
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4  Structure  Damping  in  Complex  Structure  and  V  Value 

Required  for  Damping  Treatment 

Fig. 11  shows  an  example  of  structure  damping  measured  on  a  reciprocating 
engine.  The  basic  structure  of  an  engine  is  constituted  by  cast  iron  cylinder 
block,  cylinder  head,  etc.  and  V  value  of  those  component  materials  is 
approximately  0.001.  According  to  Fig. 11,  V  value  for  engine  structure  is 
between  0.01  and  0.04,  about  10  times  as  large  as  V  of  materials. 

This  is  due  to  the  structure  damping,  a  combination  of  friction  damping 
produced  by  each  bolt  joint  face,  etc.  and  oil  damping  produced  by  an  oil  film 
formed  on  the  bearings  of  various  rotating  shafts.  Larger  V  values,  shown 
there  while  the  engine  is  in  a  running  condition,  are  realized  by  the  damping 
effect  of  oil  films  formed  on  the  bearings  by  the  rotation  of  shafts. 

For  the  purpose  of  an  accomplishment  of  damping  treatment  for  the  reduction 
of  vibration  and  noise  on  a  very  complicated  structure  as  engine,  a  target 
to  be  set  is  recommended  to  be  larger  than  0.1  by  the  past  experiences  because 
the  effect  of  original  structure  damping  is  quite  large. 

5  7j  Value  of  Pressed  Laminated  Damping  Steel  Sheet  Component  and  its  Effect 

Fig. 12  shows  the  cantilever  beam  measurement  method  of  loss  factor  V  for  a 
laminated  damping  steel  sheet.  A  steel  spacer  is  inserted  between  two  steel 
sheets  in  lieu  of  a  damping  resin  layer  in  the  portion  where  the  beam  is  fixed 
to  the  clamping  block  to  accommodate  an  adaptability  to  boundary  condition. 

7?  of  laminated  damping  steel  sheet  measured  by  the  method  shown  in  Fig. 12 
before  it  is  formed  by  a  press  is  shown  in  Fig. 13.  Nomogram  and  shift  factor 
calculated  by  the  data  in  Fig.13  are  shown  in  Fig.l4.  Fig. 15  shows  the 

temperature  and  frequency  characteristic  of  viscoelastic  material  itself. 

In  consideration  of  the  structure  damping  in  a  bolted  condition,  the  method 
of  7?  measurement,  on  an  oil  pan  made  of  laminated  damping  steel  sheet  and 
installed  on  an  engine,  is  shown  in  Fig. 16.  The  temperature  of  oil  in  the  oil 
pan  is  constantly  regulated  to  a  certain  level  because  the  damping 
characteristic  of  laminated  damping  steel  sheet  is  greatly  influenced  by  the 
temperature.  Fig. 17  shows  the  result  of  test  in  Fig. 16. 

The  solid  line  in  Fig.l7  is  the  damping  characteristic  derived  from  the 

calculation  of  viscoelastic  data  shown  in  Fig. 15.  The  line  indicates  V  which 
is  the  same  as  the  one  for  the  laminated  damping  steel  sheet  not  processed  by  a 

press,  obviously  clear  of  mutual  slip  of  steel  sheets,  and  subjected  to  the 

same  vibration  mode.  This  sheet  is  a  high  temperature  type  which  delivers  the 
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maximum  V  value  at  around  70  ' C,  a  temperature  at  which  an  oil  pan  is  usually 
kept  while  an  engine  is  in  operation.  It  has  ^  value  exceeding  0.1  in  a  wider 
range. 

In  comparison  to  this  solid  line,  there  is  a  substantial  reduction  of  V 
value  on  a  laminated  damping  steel  sheet  after  it  is  formed  into  an  oil  pan.  As 
shown  in  Fig. 9,  separation  of  damping  layer  takes  place  more  often  on  the  left 
side  wall  of  oil  pan.  For  this  reason,  the  reduction  of  on  the  left  side 
wall  becomes  larger  to  an  extent  that  it  goes  under  0.1,  the  value  which  is  put 
up  as  the  target  for  V  by  the  past  experiences. 

Fig. 18  shows  the  effect  of  laminated  damping  steel  sheet  realized  on  sound 
power  level  at  various  points  on  an  outer  surface  of  oil  pan  while  an  engine  is 
in  operation.  It  is  noted  that  a  close  correlation  exists  between  this  effect 
and  the  adhesion  of  damping  layer  shown  in  Fig. 9  as  we  1 1  as  V  value  shown  in 
Fig.l7. 

Fig. 19  shows  sound  pressure  measured  on  the  left  side  wall  and  the  bottom  of 
oil  pan.  The  plots  show  that  a  noise  reduction  ranging  from  1  to  2  dB(A)  was 
accomplished  on  the  left  side  wall  and  2  to  3  dB(A)  on  the  bottom.  Both 
indicate  that  substantial  damping  was  accomplished.  Even  though  an  accurate 
comparison  was  not  made  in  this  case,  60  Z  to  80  sound  power  of  the  oil  pan 
is  normally  supplied  by  the  resonant  peak  of  an  outer  panel  which  yields  to  a 
damping  effectively.  And,  therefore,  if  a  large  V  value  is  made  available, 
much  larger  noise  reduction  will  become  feasible. 

6  Summary 

From  the  above,  it  can  be  said  that  a  laminated  damping  steel  sheet  before 
it  undergoes  a  press  forming  operation  will  have  a  substantially  large  V  value 
than  those  of  general  structured  components  but  if  a  separation  of  damping 
layer  from  steel  sheets  are  caused  by  the  bending  operation  of  press,  there 
could  be  a  large  reduction  of  V  value  to  an  extent  that  sometimes  it  goes 
under  the  expected  value  though  all  the  damping  effect  is  not  necessarily  lost. 
For  the  compensation  of  such  reduction,  an  increase  of  maximum  permissible 
mutual  slip  ,  6  max,  of  damping  layer  by  material  improvement,  review  of  press 
operation  conditions,  increase  of  layer  thickness,  etc.  are  being  studied, 
however,  a  modification  in  pressed  form  where  the  mutual  slip  can  further  be 
restrained  should  be  explored,  too.  Increasing  the  thickness  of  damping  layer 
is  relatively  simple  method  but  it  may  create  new  problems  in  bolt  loosening  or 
press  formability  of  steel  sheet  and,  therefore,  its  application  is  rather 
limited  .  '">• 
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Under  the  circumstances,  diversified  studies  in  applied  engineerings  in  the 
fields  of  materials,  production  engineering,  designs,  etc.  as  mentioned  above 
should  be  carried  out  for  an  accomplishment  of  noise  reduction  in  a  deep  drawn 
product  such  as  an  engine  oil  pan  as  it  was  discussed  in  this  paper. 
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Mutual  Slip  between  Two  Steel  Sheets  of  Laminated 
Damping  Steel  Sheet  after  V-Press  Bending 
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Material  (Damping  Layer  of  Laminated  Sheet) 


PRACTICAL  DESIGN  AND  ANALYSIS  OF  SYSTEMS  WITH  FRACTIONAL 
DERIVATIVE  MATERIALS  AND  ACTIVE  CONTROLS 


Daniel  R.  Morgenthaler  * 
Martin  Marietta  Astronautics  Group 
Denver,  CO 


ABSTRACT 

The  fractional  derivative  model  of  viscoelasticity  is  considered  to  be  the  most 
exact  representation  of  viscoelastic  material  behavior,  as  it  is  based  on  the  molecular 
theory  of  polymers.  The  classical  fractional  derivative  expanded  equations  of  motion, 
however,  result  in  extremely  large  eigenproblems  which  are  intractable  for  typical 
damped  structural  systems. 

This  paper  discusses  a  procedure  and  numerical  algorithms  which  can  be  used 
in  the  design  and  analysis  of  structures  incorporating  viscoelastic  materials.  Modal 
strain  energy  methods  are  used  during  the  preliminary  design  phases,  permitting 
inexpensive  design  iterations  and  structural  modifications.  After  a  satisfactory  design 
is  achieved,  the  solution  to  the  problem  is  then  generated  using  the  frequency- 
dependent  complex  impedance  matrix  implied  by  the  fractional  derivative  model.  The 
eigensolution  is  generated  using  an  accelerated  complex  subspace  iteration 
procedure  with  spectral  shifting.  This  technique  provides  the  accurate  solution  to  the 
fractional  derivative  eigenproblem  with  minimal  computational  requirements.  When 
the  complex  open-loop  modes  are  placed  in  an  appropriate  state-space  form,  active 
controls  can  then  be  directly  applied  to  the  reduced-order  model. 

The  application  of  the  method  to  an  example  problem  with  many  degrees  of 
freedom  demonstrates  that  the  method  provides  accurate  closed-loop  results,  and  can 
be  implemented  inexpensively  on  large-scale  structural  systems.  Most  importantly,  the 
results  show  that  the  technique  will  be  required  for  the  application  of  sophisticated 
modern  control  algorithms  to  damped  systems,  and  that  the  use  of  the  modal  strain 
energy  technique  to  generate  the  open-loop  system  model  for  use  in  closed-loop 
analyses  can  provide  results  which  are  significantly  in  error. 


*  Maii  Stop  H4330 
P.  O.  Box  179 
Denver,  CO  80201 
(303)-971-9387 
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Vibration  control  through  the  combined  use  of  passive  and  active  means  has 
become  an  accepted  method  of  performance  enhancement  for  space  systems  with 
requirements  for  dimensional  precision  and  stability.  The  Passive  and  Active  Control 
of  Space  Structures  (PACOSS)  Program  has  shown  that  very  accurate  models  of 
damped  or  undamped  structures  are  required  for  successful  implementation  of 
modern  control  strategies.  The  Modal  Strain  Energy  (MSE)  method  is  a  well  known 
analytic  method  of  approximating  the  behavior  of  damped  systems  with  viscoelastic 
damping  treatments,  and  this  method  serves  as  an  outstanding  tool  for  the  design  of 
complex  structural  systems  with  damping.  As  the  MSE  method  is  an  approximation  of 
the  behavior  of  the  damped  system,  the  results  of  analyses  using  the  MSE  solution 
must  be  used  cautiously. 

The  representation  of  the  behavior  of  viscoelastic  materials  is  most  accurately 
described  using  fractional  derivative  models  [1-5].  These  models  have  their  origin  in 
the  molecular  behavior  of  polymers,  and  have  been  shown  to  accurately  describe  the 
behavior  of  many  materials  which  lose  energy  in  cyclic  vibration.  However,  the 
fractional  derivative  representation  of  material  behavior  in  the  modeling  of  large-scaie 
structural  systems  has  generally  been  disregarded,  due  to  the  absence  of  numerical 
procedures  which  solve  the  equations  of  motion  in  an  efficient  manner. 

This  paper  discusses  a  procedure  which  has  been  developed  to  efficiently 
design  and  analyze  structural  systems  with  materials  which  can  be  described  by 
fractional  derivative  models,  and  provides  an  accurate  reduced-order  state-space  form 
which  can  be  used  to  design  high-authority  modern  control  systems  and  predict 
system  performance.  This  method  relies  on  an  iterative  solution  of  the  differential 
equations  of  motion  in  the  Laplace  domain,  which  is  termed  spectral  iteration.  This 
method  is  used  in  conjunction  with  the  subspace  iteration  eigensolution  procedure  to 
develop  an  efficient  numerical  algorithm  for  the  solution  of  large  fractional  derivative 
eigenproblems  typical  of  those  which  may  be  encountered  in  realistic  structural 
applications. 

The  MSE  method  is  the  first  step  in  this  Iterative  process.  Therefore,  the  new 
technique  can  b©  incorporated  into  an  efficient  design  and  analysis  methodology 
which  uses  the  MSE  approximation  during  preliminary  design  stages,  and  improves 
the  accuracy  of  the  analysis  as  the  design  matures. 

Through  a  sufficiently  complex  example  problem,  the  new  technique  is  shown 
to  provide  a  system  representation  which  may  be  used  in  the  design  of  high-authority 
control  systems,  and  to  predict  the  closed-loop  performance  of  passive/active  systems. 
The  number  of  the  degrees  of  freedom  of  the  example  problem  is  large  enough  to 
demonstrate  that  the  procedure  can  be  used  for  the  solution  of  realistic  problems  with 
viscoelastic  damping  treatments.  It  is  also  shown,  however,  that  control  designs  which 
are  generated  based  on  a  MSE  plant  model  and  exercised  on  the  fractional  derivative 
plant  may  have  performance  which  is  seriously  degraded  when  compared  with 
analytic  predictions,  and  may  even  be  unstable. 


The  new  technique  can  be  successfully  used  for  materials  represented  using 
any  order  fractional  derivative  constitutive  model,  and  indeed  for  any  representation  of 
the  material  behavior  in  the  Laplace  domain.  The  procedure  may  even  prove  to  be 
more  efficient  in  the  eigensolution  of  large-scale  problems  which  incorporate  classical 
viscous  damping  than  those  which  are  presently  available  in  many  finite  element 
codes.  Further  development  of  this  and  similar  methods  should  result  in  techniques 
which  can  be  effectively  used  on  large-scale  systems  of  the  future  with  vibration 
control  requirements. 

2.0  The  Fractional  Derivative  Representation  of  Material  Behavior 

The  fractional  derivative  model  of  viscoelasticity  is  developed,  based  on  a 
fractional  derivative  representation  of  the  relationship  between  stress  and  strain  within 
a  viscoelastic  material  [1 ,2]. 

X  b„D^'"{T|t|}  +  T|t)  =  GoY(t)+XG„D“"{Y(t)} 

ni“1  n*1  (1) 

where  x  (t)  is  the  material  stress,  Y(t)  is  the  material  strain,  the  bm  and  Gn  are  real 
constants,  and  is  the  fractional  derivative  operator  of  order  k. 

A  5-parameter  model  can  be  developed  which  includes  a  single  fractional 
derivative  of  both  stress  and  strain.  In  the  Laplace  domain,  this  provides  a  Young’s 
modulus  and  shear  modulus  which  are  the  ratios  of  the  Laplace  transforms  of  stress 
and  strain,  and  depend  on  the  Laplace  variable  (frequency).  Using  the  5-parameter 
model,  the  shear  modulus  can  be  expressed: 


G*(s)  -  Q 1  ^ 

1+bs^ 


(2) 


An  additional  constraint  on  the  representation  in  equation  (2)  is  that  the  values 
of  the  powers  a  and  p  must  be  equal  to  be  consistent  with  thermodynamic 
considerations  [3].  This  representation  of  material  behavior  is  consistent  with  the 
macroscopic  behavior  of  many  rubbery  and  glassy  materials,  and  is  based  on  the 
molecular  theory  of  polymers.  Experimental  data  of  the  frequency-dependent 
behavior  of  a  material  can  be  fit  using  the  fractional  derivative  model  to  allow  the 
description  of  the  material  behavior  in  the  frequency  domain. 

As  an  example,  consider  the  viscoelastic  material  DYAD-606  from  Soundcoat. 
Experimental  data  previously  gathered  for  use  on  the  PACOSS  program  was 
available  for  this  material  at  68°F  in  the  frequency  range  from  1  to  46  Hz.  This  raw 
experimental  data  was  fit  using  the  5-parameter  model  and  a  nonlinear  error-norm 
minimization  process.  Using  this  technique,  the  five  parameters  of  the  model  which 
best  fit  the  data  were: 
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0  7049 

Go  =  246.45  psi,Gi  =  534.22  psi,  b  =  0.1 043 (sec)  '  ,a  =  0.7049,  p  =  0.4885 


Graphs  of  the  experimental  data  and  the  resulting  fractional  derivative 
representation  of  the  frequency-dependent  shear  modulus  and  material  loss  factor  are 
given  in  Figures  1  and  2.  Notice  that  the  agreement  between  the  experimental  data 
and  the  fractional  derivative  model  are  exceptional  for  this  material.  However,  the  two 
fractional  powers  (a  and  p)  differ  for  this  fit  of  the  material  properties.  The  cause  of  this 
anomaly  is  unknown,  and  a  higher-order  fractional  derivative  model  may  be  required. 
The  above  parameters  were  used  in  the  subsequent  example  problem  which  included 
this  viscoelastic. 

A  similar  fit  was  performed  for  the  viscoelastic  material  3M-966,  and  68°F 
experimental  data  was  also  available  for  this  material  from  previous  PACOSS  work. 
The  optimum  model  parameters  for  this  material  were: 


Go  =  7.9856  psi,  =  7.6992  psi,  b  =  5.29  x  1  o“*(sec)°'®°^^,  a  =  0.6053,  p  =  0.6053 


Th©  agreement  between  the  experimental  data  and  the  fractional  derivative 
model  were  equivalent  to  those  found  for  DYAD-606.  In  this  case,  however,  even 
though  no  constraints  were  imposed  on  the  model  parameters,  the  optimum  values  of 
the  fractional  derivative  orders  were  the  same.  This  is  consistent  with  the 
thermodynamic  requirements  of  the  5-parameter  model.  For  both  of  these  materials, 
an  outstanding  representation  of  the  frequency-dependent  material  properties  was 
achieved  using  the  5-parameter  model.  This  agreement  demonstrates  the 
applicability  of  the  fractional  derivative  model  to  many  viscoelastic  materials. 

3.0  Th©  nodal  Strain  Energy  Method  in  the  Approximate  Solution 

Of  the  Open-Loop  System 

Th®  MSE  method  is  a  well  known  method  of  approximating  the  eigenvalues 
and  eigenvectors  of  a  dynamic  system  which  includes  viscoelastic  material  damping 
treatments.  This  method  assumes  that  the  real  modes  associated  with  the  real  part  of 
the  system  stiffness  matrix  evaluated  in  the  neighborhood  of  the  eigenvalue  are  a 
sufficiently  accurate  approximation  to  the  complex  system  eigenvectors.  The 
importance  of  the  MSE  method  as  a  design  tool  cannot  be  overemphasized,  and  the 
method  allows  the  economical  design  of  damping  treatments  for  complex  structures. 
This  method  approximates  the  solution  to  the  frequency-dependent  complex 
eigenvalue  problem,  and  provides  insight  to  facilitate  effective  structural  modifications. 

In  general,  the  frequency-dependent  complex  stiffness  matrix  (complex 
impedance  matrix)  of  a  system  which  includes  fractional  derivative  materials  can  be 
written  as  a  sum  of  contributions  from  elastic  elements  and  from  each  type  of 
viscoelastic  material.  If  the  Poisson's  ratio  of  the  material  is  frequency  independent, 
the  total  stiffness  matrix  can  be  written: 
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Loss  Factor  ^  Real  Part  of  the  Shear  Modulus  (psi) 


DYAD  606  Shear  Modulus  -  Measured  and  FD  Fit 


Experimental  DYAD  •  606  Shear  Modulus  and  Fractional  Derivative  FS 


DYAD  606  Loss  Factor  -  Measured  and  FD  Fit 


Figure  2  -  Experimental  DYAD  •  606  Loss  Factor  and  Fractional  Derivative  Fit 
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(3) 


nvm  ♦ 

K(s)  =  K„+  5;<3|(s)-Kv| 


U1 


where: 

K  (s)  =  the  complex  impedance  matrix  as 
a  function  of  the  Laplace  variable 
K«i  =  the  frequency  independent  stiffness 
matrix  associated  with  all  elastic 
elements 

G*i  (s)  =  the  frequency-dependent  complex  shear 
modulus  of  the  i*"  viscoelastic  material 
Kvi  =  the  stiffness  matrix  associated  with 
all  elements  made  of  the  i'^ 
viscoelastic  material,  assembled  with 
a  unit  shear  modulus 

nvm  =  the  number  of  viscoelastic  material 
types  in  the  system 


The  MSE  method  then  assumes  that  if  the  modes  of  the  system  are  found  using 
the  real  part  of  the  complex  stiffness  matrix  which  is  assembled  using  viscoelastic 
material  properties  on  the  imaginary  axis  (at  s  =  iw),  that  these  vectors  are  sufficiently 
"close"  to  the  actual  system  eigenvectors,  and  that  these  approximate  vectors  are 
uncoupled  through  both  the  real  and  imaginary  parts  of  the  stiffness  matrix. 

Therefore,  the  typical  sequence  of  steps  in  an  MSE  analysis  are: 

1 )  Form  the  real  part  of  K(s)  using  an  appropriate  approximate  value  of  the 
eigenvalue  taken  along  the  imaginary  axis. 

2)  Using  the  real  part  of  K(s)  and  the  system  mass  matrix,  calculate  the  real 
eigenvalues  and  eigenvectors. 

3)  Store  those  eigenvectors  which  are  in  the  neighborhood  of  the  approximate 
frequency  value  assumed  in  step  1. 

4)  Repeat  steps  1  through  3  until  all  approximate  eigenvectors  in  the  frequency 
range  of  interest  have  been  found. 

5)  Determine  the  approximate  modal  damping  ratios  using  the  MSE 
distribution. 

6)  Construct  the  state-space  form  of  the  MSE  model  of  the  plant. 

This  procedures  provides  a  set  of  q  approximate  mode  shapes,  frequencies, 
and  damping  ratios  found  using  the  MSE  analysis  procedure.  The  damping  ratios  of 
the  system  are  usually  computed  using  the  formula: 


C,  =  jISEii-n, 

I.1 


(4) 
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where: 


Q  =  the  approximate  modal  damping  ratio 
of  the  mode 

SE|j  =  the  percentage  of  modal  strain  energy 
In  the  i*  element  in  the  mode 

111  =  the  loss  factor  of  the  1*^  element  in  the 
neighborhood  of  the  modal  frequency 
NE  =  the  number  of  system  finite  elements 


This  MSE  procedure  is  equivalent  to  the  following  matrix  operations: 

1 )  Using  an  approximate  eigenvalue  on  the  imaginary  axis,  construct  the 
stiffness  matrix  K(s)  using  equation  (3)  and  the  system  mass  matrix. 

2)  Decompose  the  stiffness  matrix  into  its  real  and  imaginary  parts,  K| 
and  Kr. 

3)  Solve  the  real  eigenvalue  problem  (Kr  -  •  M)  O  =  0  for  the  q  lowest 

eigenvalues  and  eigenvectors. 

4)  Mass  normalize  the  eigenvectors  from  step  3. 

5)  Using  the  modes  which  are  near  the  approximate  frequency,  construct 
the  matrix  products: 

<DT .  M  •  <D  =  I 

OT  .  Kr  •  O  =  0)2 

OT  .  K,  .  <D  =  Kmi  (5) 

6)  Form  the  second-order  modal  equations: 

2  T 

P  +  l  ‘p  +  o)  ‘p  =  O  *1 

7)  Assume  that  the  generalized  velocities  are  equal  to  io)  times  the 
generalized  displacements,  and  neglect  the  off-diagonal  terms  in  Kmj: 

.2  T 

p  +  Dvi*p  +  o)  ‘p  =  O  •! 

where: 

Dvi(j,i)=Km,(i,j)/0)(j,i) 

8)  Under  the  above  assumptions,  the  terms  in  the  diagonal  matrix  Dvi  are 
2*Cj*o)j. 

9)  Construct  the  state-space  form  of  the  plant  using  an  assemblage  of  the 
appropriate  modes,  natural  frequencies,  and  damping  ratios: 
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X  =  A*x  +  B*u 
y  =  C  ‘X 


P 

P 


(8) 

This  state-space  form  of  the  open-loop  system  can  be  used  to  design  a  control 
system  to  provide  desired  closed-loop  performance  characteristics  of  the  MSE  plant. 
However,  as  numerous  assumptions  are  used  in  the  computation  of  the  open-loop 
plant,  the  quality  of  the  state-space  model  cannot  be  assessed.  It  will  be  demonstrated 
through  an  example  problem  that  the  effects  of  these  assumptions  can  result  in 
significant  errors  in  the  behavior  of  the  closed-loop  system,  if  the  MSE  plant  Is  used  in 
control  design  and  performance  evaluation. 

4.0  The  Eigenstructure  of  the  Fractional  Derivative  Eigenvalue  Problem 

It  is  necessary  to  develop  the  definition  of  the  eigenvalues  and  eigenvectors  of 
systems  which  include  viscoelastics  modeled  using  fractional  derivatives,  to  allow  a 
comparison  with  the  approximate  values  derived  from  the  MSE  method  and  their 
improvement.  The  transformed  equations  of  motion  for  the  system  can,  In  general,  be 
written  in  the  Laplace  domain  as: 

[M*s^+K(s)]*X(s)  =  F(s)  (9) 

where: 

M  =  the  system  mass  matrix 
K(s)  =  the  complex  frequency-dependent  impedance 
matrix  of  equation  (3) 

X(s)  =  the  Laplace  transform  of  the  system  displacements 
F(s)  =  the  Laplace  transform  of  the  applied  forces 

The  system  dynamical  matrix  can  now  be  defined  as  a  function  of  the  Laplace 
variable.  This  matrix  is: 


T 


0 


or: 


-<o 

I  0 


oo 

• 

p 

oo 

p. 

Z(s)  =  M*s^+K(s)  (10) 

For  non-trivial  solutions  of  the  homogeneous  differential  equations,  the 
dynamical  matrix  must  become  singular.  Therefore,  similar  to  the  definition  for 
classical  undamped  or  viscously  damped  systems,  the  definition  of  an  eigenvalue  x  of 
the  system  with  fractional  derivative  materials  is: 
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Ms^+K(s)|*.;,=0 

The  eigenvalues  can  be  determined  by  expanding  the  determinant  of  the 
dynamical  matrix  and  finding  zeros  of  the  characteristic  polynomial.  However,  the 
matrix  K(s)  involves  the  Laplace  variable  raised  to  fractional  powers.  Therefore,  the 
roots  of  this  complex  fractional-order  characteristic  equation  are  generally  difficult  to 
obtain.  A  surprising  result  of  this  development  is  that  there  are,  in  general,  infinitely 
many  roots  to  this  equation  for  a  finite  number  of  degrees  of  freedom,  if  the  fractional 
powers  cannot  be  expressed  as  a  rational  fraction.  If  the  fractional  powers  can  be 
expressed  as  a  rational  fraction  r/m,  then  there  are  M(2m+r)  eigenvalues  where  N  is 
the  number  of  system  degrees  of  freedom.  The  additional  eigenvalues  are  located  on 
branches  of  the  multi-valued  fractional  power  function  and  contribute  to  response  of 
the  system  by  an  integral  term  along  a  branch  cut  [3]. 

All  the  eigenvalues  of  the  system  can  be  found  by  expanding  the  equations  of 
motion  to  clear  the  fractional  powers  [3,4,5],  if  the  powers  are  expressible  as  rational 
fractions  and  all  viscoelastic  materials  in  the  system  have  the  same  denominator  m.  A 
state-space  model  of  the  expanded  system  equations  of  motion  may  then  be 
constructed  in  either  physical  or  generalized  coordinates  [6]. 

The  associated  eigenvector  for  any  known  eigenvalue  can  be  found  by  solving 
the  homogeneous  form  of  equation  (9)  for  the  mode  shapes.  To  find  a  selected 
eigenvalue  and  eigenvector,  a  procedure  which  will  be  termed  spectral  iteration  may 
be  used.  In  this  procedure,  an  approximate  value  for  an  eigenvalue  is  used  to 
construct  the  complex  impedance  matrix,  and  a  complex  eigenvalue  problem  is 
solved.  This  procedure  is  given  in  equation  (12). 

Solve  equation  (7)  for  O  and  Xnaw  using  an  assumed  value  of  X: 


®<I>  =  0 


(12) 


A  simple  method  of  obtaining  a  selected  eigenpair  is  to  iterate  using  equation 
(12).  Usinj^  an  approximate  eigenvalue  x,  the  matrix  function  K(x)  is  evaluated,  and 
the  eigenvalues  using  this  complex  matrix  are  found.  If  X  is  a  good  approximate  value, 
then  one  of  the  eigenvalues  found  will  be  "close"  to  the  Initial  guess.  This  new  guess 
is  then  used  to  recalculate  the  complex  stiffness  matrix.  By  performing  this  process 
iteratively,  the  procedure  will  converge  to  an  exact  eigenvalue  and  eigenvector  of  the 
system. 


This  is  similar  to  the  inverse  power  method  developed  in  [7]  for  the  solution  of 
the  fractional  derivative  eigenproblem,  where  a  solution  procedure  based  on  the 
inverse  power  method  with  spectral  shifting  is  used  to  evaluate  the  eigenpairs  of  the 
system.  This  procedure  of  spectral  iteration  can  be  further  developed  and  improved  to 
provide  computationally  inexpensive  solutions.  It  will  be  shown  that  the  MSE  method 
is  a  form  of  the  spectral  iteration  procedure,  and  further  improvements  to  the  MSE 
solution  are  possible  at  minimal  computational  expense. 
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For  th®  solution  of  large-scale  dynamic  systems  with  fractional  derivative 
materials,  th©  major  objective  is  to  construct  a  reduced-order  state-space  model  of  the 
structure  from  its  finite  element  representation.  Typically,  only  a  small  subset  of  the 
system  eigenvalues  and  eigenvectors  will  be  required;  and  the  solution  of  the 
expanded  fractional  derivative  equations  of  motion  for  a  system  with  many  degrees  of 
freedom  would  be  computationally  infeasible  or  even  impossible  If  several  materials 
are  used.  Therefore,  for  a  typical  structural  application,  the  concern  Is  to  locate 
eigenvalues  and  eigenvectors  of  the  system  within  a  selected  spectral  radius  from  the 
origin  of  the  Laplace  domain  (i.e.,  the  q  smallest  eigenvalues).  Expansion  of  the  ideas 
of  th©  MSE  method  and  spectral  iteration  into  a  procedure  consistent  with  subspace 
iteration  allows  the  evaluation  of  the  desired  eigenpairs  in  an  efficient  manner. 

5.0  Th@  MSE  Method  and  Standard  Subspace  Iteration 

Th©  MSE  method  provides  an  approximation  to  the  q  lowest  eigenvalues  of  a 
damped  system.  In  the  solution  of  the  fractional  derivative  equations,  it  is 
advantageous  to  consider  the  mathematical  basis  of  the  MSE  method  and  means  to 
improve  the  accuracy  of  the  approximations.  Therefore,  consider  the  form  of  the 
stiffness  matrix  developed  In  equation  (3),  and  the  reduction  of  the  mass  and  stiffness 
matrices  in  equation  (5)  using  a  set  of  q  MSE  approximate  vectors  as  a  vector  basis 
(subspace): 


T  2  T 

O  ♦M'O'S  +0  •  K(s)  •  O 
These  reduced  equations  can  be  written: 

R  9  R  HX."'  *  R 

M  -s  +k;,+  X  G,(s)-K,, 
1-1 


where  the  reduced  matrices  are  of  size  q  x  q  and  are  formed  by  matrix  triple  products, 
and  the  forcing  vector  is  a  q  x  1  generalized  forcing  vector: 

M”  =  a>^*M*<D 
k",  =  o^*K,ra) 
k"  =  <!>  •K,,-® 

T 

f"{s)  =  ®  •F(s)  (15) 

It  is  obvious  that  since  the  eigenvectors  computed  using  the  MSE  method  will 
generally  be  computed  using  several  real  stiffness  matrices,  th©  reduced  mass  matrix 
will  not  be  an  identity  matrix,  and  the  real  part  of  the  reduced  stiffness  matrix  will  not  be 


P(s)  =  F  (s) 


(14) 


•  P(s)  =  O  •  F(s) 


(13) 
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diagonal.  However,  these  matrix  equations  are  similar  in  form  to  those  in  equation 
(12)  and  can  be  solved  using  spectral  iteration  in  a  similar  manner, 

i.e.,  solve: 


M  •^new+KlX) 


•'F  =  0 


(16) 


for  the  solution  vectors  W  and  the  eigenvalues  \  using  spectral  iteration. 

This  iteration  process  is  a  Ritz  analysis  with  the  MSE  method  approximate  MSE 
vectors  4>mse  as  the  solution  space  [8].  The  approximate  eigenvalues  of  the  full  system 
are  the  eigenvalues  x  of  the  reduced  system,  and  the  approximate  eigenvectors  are 
the  complex  vectors: 


*^0  =  ^RflSE*^  (17) 

If  the  range  of  the  approximate  MSE  vectors  spans  the  solution  space  of  the 
exact  eigenvectors,  the  eigenpairs  generated  in  this  manner  are  exact  solutions  for  the 
system.  Notable  cases  where  this  will  occur  are  when  the  damping  in  the  modes  is 
negligible,  or  if  the  entire  system  is  composed  of  damped  elements  with  an  identical 
fractional  derivative  representation  (i.e.,  proportional  damping).  In  these  cases,  a  set 
of  real  vectors  can  be  found  which  provides  an  invariant  subspace  of  the  fractional 
derivative  eigenvalue  problem.  The  MSE  approximation  for  the  natural  frequency  and 
damping  will  be  in  error,  however,  even  for  a  system  of  all  damped  elements. 

In  this  manner,  the  MSE  method  can  be  shown  to  be  an  uncoupled  Ritz  analysis 
with  the  MSE  vectors  as  a  subspace.  In  fact,  it  is  a  Ritz  analysis  using  uncoupled 
vectors  (the  Rayleigh  Quotient)  which  was  first  used  to  derive  the  modal  strain  energy 
method  [9].  It  is  assumed  in  the  MSE  method  that  these  vectors  are  uncoupled  in 
equation  (16);  therefore,  the  assumed  reduced  basis  eigenvectors  form  an  identity 
matrix. 


The  improved  solution  of  the  eigenvalue  problem  with  a  single  spectra!  iteration 
is  an  inexpensive  means  of  improving  the  quality  of  the  solution,  as  it  merely  requires 
the  generation  of  a  real  reduced  mass  matrix,  a  real  reduced  elastic  stiffness  matrix, 
and  as  many  real  reduced  viscoelastic  matrices  as  there  are  types  of  viscoelastic 
materials.  The  reduced  complex  impedance  matrix  is  then  formed  by  simply  adding 
the  reduced  elastic  stiffness  matrix  and  the  reduced  viscoelastic  matrices  multiplied  by 
their  respective  complex  shear  moduli.  Therefore,  to  generate  the  initial  reduced 
problem,  products  which  involve  only  real  matrices  and  real  vectors  must  be  formed. 

The  solution  of  the  q  x  q  reduced-order  problem  by  spectral  iteration  will  be 
inexpensive  due  to  the  small  order  of  the  system. 

In  general,  the  real  MSE  vectors  will  not  provide  an  invariant  subspace  of  the 
fractional  derivative  problem.  Therefore,  a  method  is  required  to  improve  the 
subspace  and  allow  a  more  accurate  representation  of  the  solution.  To  examine 

PLEASE  RETUm  ID; 
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methods  of  subspace  improvement,  consider  the  subspace  iteration  eigensolution 
method  for  real,  constant  stiffness  and  mass  matrices. 


Subspace  Iteration  Steps: 

1 )  Select  an  initial  subspace  of  vectors  Ok  of  size  N  x  p  where  N  is  the 
system  order,  and  p  is  larger  than  the  number  of  desired  vectors,  q. 

2)  Decompose  the  stiffness  matrix  into  its  L  D  factorization 

3)  Perform  a  simultaneous  power  iteration  on  the  approximate  vectors 
using  forward  elimination  and  back  substitution, 

i.e.,  solve  for  Ok+i  using: 

4)  Create  reduced  mass  and  stiffness  matrices: 


=  ^LrK*<I»k.i 


(19) 


5)  Solve  the  reduced  eigenproblem  for  X,k+i  and  'Pk+i- 


Mk+I*^k+I'''*^k+1 


=  0 


(20) 


6)  Orthogonalize  the  current  subspace: 


^k+1  “  ^k+1*^k+1 


(21) 


7)  Return  to  step  3  with  Ok+i  as  new  subspace,  and  iterate  until  convergence. 

8)  Perform  a  Sturm  sequence  check  to  determine  if  all  desired  eigenvalues 
and  eigenvectors  have  been  found. 

This  procedure  may  be  used  for  the  fractional  derivative  eigenvalue  problem, 
with  spectral  iteration  performed  at  step  5  for  each  major  iteration.  The  greatest 
expense  of  this  procedure,  however,  would  be  the  computation  which  improves  the 
subspace  at  step  3.  For  the  fractional  derivative  eigenvalue  problem,  the  "stiffness" 
matrix  is  complex  and  a  function  of  the  eigenvalue:  and  it  is  infeasible  to  factor  the  full- 
system  size  complex  matrix  and  perform  several  complex  matrix/complex  vector 
products  at  each  iteration.  This  is  the  major  deficiency  of  the  inverse  power  method 
with  spectral  shifting  presented  in  [7],  as  a  complex  factorization  was  used  for  each 
power  iteration. 


To  alleviate  these  difficulties,  a  method  of  accelerated  subspace  iteration  which 
does  not  include  the  inversion  of  a  matrix  was  developed  for  use  in  the  solution  of  the 
fractional  derivative  eigenvalue  problem.  This  procedure  allows  the  improvement  of 
the  subspace  with  a  minimum  computational  burden,  and  rapid  convergence  to  the  c| 
smallest  system  eigenvalues. 

5.0  Accelerated  Subspace  Iteration  for  the  Solution  of  the  Open-Loop 

Eigenvalue  Problem 

Subspace  iteration  was  first  developed  by  Bathe  in  the  early  1970s  [10]. 
Further  advances  in  the  technique  were  subsequently  developed  and  were 
designated  accelerated  subspace  iteration  [11].  In  this  procedure,  Lanczos  vectors 
are  used  to  generate  the  initial  subspace,  and  spectral  shifting  during  the  power 
iterations  is  performed  using  the  approximate  inversion  method  of  successive 
overrelaxation.  This  method  allows  fewer  than  q  vectors  to  be  used  as  the  p  size 
subspace,  while  in  the  standard  subspace  iteration  method  usually  the  minimum  of 
2<>q  orq+8  vectors  are  selected  as  a  subspace.  Using  several  of  the  ideas  of  the 
accelerated  subspace  iteration,  along  with  the  spectral  iteration  technique  and  several 
new  developments,  an  accelerated  subspace  iteration  procedure  for  the  fractional 
derivative  eigenvalue  problem  was  developed. 

The  basis  of  this  technique  is  a  preconditioned  conjugate  gradient  procedure 
developed  specifically  to  allow  the  iterative  solution  of  linear  equations  with  a 
symmetric  coefficient  matrix  which  is  complex, 

i.e.,  the  solution  technique  was  developed  to  solve  the  linear  equations: 


where  the  matrix  A  is  an  N  x  N  symmetric  complex  matrix,  and  the  complex  vectors  x 
and  b  are  of  size  N.  The  derivation  and  the  numerical  algorithm  will  not  be  discussed 
here,  however,  the  use  of  the  technique  will  be  described.  The  technique  splits  a 
shifted  dynamical  matrix  into  two  components:  Kq  and  AK-e-(2a^+^2)M,  where  ix  is  an 
appropriate  spectral  shift  at  each  step  selected  to  allow  rapid  convergence  to  a 
particular  eigenvalue,  and  a  is  a  shift  used  in  the  generation  of  the  matrix  Kq.  The 
updating  psooedure  which  is  used  to  replace  step  3  in  the  standard  subspace  iteration 
is  then  the  formula: 


2 

Ko-®,.,  =  -  (AK  +  2a|j.j!\/l  +  PjM)  •  Oj 
where  the  residual  error  after  j  iterations  is  defined  as: 


(23) 


2 

>■]  =  Ko •  +  (AK  +  ^24) 

The  search  directions  are  generated  by  conjugate  gradients,  and  are  selected 
to  minimize  the  residual  while  being  orthogonal  through  the  dynamical  matrix  to  all 
previous  residuals  and  approximate  modal  vectors.  This  method  is,  therefore,  similar 
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to  tha  preconditioned  method  of  conjugate  gradients  [12].;  however,  it  was  designed  to 
allow  complex  matrices.  The  search  vectors  can  be  interpreted  as  Lanczos  vectors 
selected  to  provide  the  greatest  reduction  in  the  norm  of  the  residual  vector  on  each 
step.  With  a  proper  selection  of  the  matrix  Ko,  this  procedure  will  converge  in  few 
iterations  to  an  eigenvector  which  is  closest  to  the  shift  point  a+^i.  An  excellent 
selection  of  the  preconditioner  is  the  shifted  real  stiffness  matrix  (shifted  by  a  value  of 
a)  computed  during  the  modal  strain  energy  procedure  (it  can  be  assumed  that  a 
shifted  real  stiffness  matrix  (Kmse  +  a  M)  was  factored  during  the  solution  of  the  MSE 
real  eigenvalue  problem): 


Kq  =  (Km8e  + a  •  lyi)  ^25) 

This  selection  results  in  low  rank  of  the  aK  matrix,  as  this  matrix  contains  only 
terms  from  viscoelastic  elements  and,  therefore,  has  many  zero  rows  and  columns. 
The  eigenvalues  of  the  matrix  Ko'"*  •  aK  will  be  small,  as  the  MSE  stiffness  matrix  is 
"close"  to  K(s).  These  properties  of  aK  and  Kq-''  •  aK  provide  rapid  convergence  of 

the  iterations  [12]. 

Convargance  of  this  conjugate  gradient  procedure  results  in  an  eigenvector/ 
eigenvalue  of  the  system.  Very  importantly,  the  iterations  need  not  be  performed  until 
convergence  in  the  accelerated  subspace  procedure,  as  the  objective  of  step  3  in  the 
standard  method  is  simply  to  improve  the  subspace.  The  linear  combination  of 
Lanczos  vectors  generated  as  search  vectors  provide  a  good  set  of  basis  vectors  with 
which  the  subspace  can  be  improved,  even  though  the  iterations  have  not  converged. 
Therefore,  in  the  accelerated  subspace  procedure,  the  iterations  implied  by  equation 
(23)  are  only  performed  once,  and  these  vectors  are  used  as  a  new  vector  basis.  After 
oilhogonalization,  a  further  basis  improvement  is  performed. 

In  summary,  the  steps  which  comprise  the  accelerated  subspace  iteration 
procedure  for  systems  which  include  materials  modeled  with  fractional  derivatives  are: 

1 )  Select  the  MSE  solution  vectors  as  the  initial  subspace. 

2)  Create  the  reduced  mass,  elastic  stiffness,  and  viscoelastic  stiffness  matrices 
as  per  equation  (15).  Store  all  matrix/vector  products  such  as  Kei  •  <i>k+i. 

3)  Perform  spectral  iteration  within  the  subspace  to  compute  new  approximate 
eigenvalues  and  eigenvectors. 

4)  Update  matrix  products  using  reduced  basis  modal  transformation. 

5)  Improve  the  basis  vectors,  and  update  matrix/vector  products  using  the 
complex  conjugate  gradient  procedure. 

6)  Return  to  step  3  using  new  basis  vectors  and  updated  matrix/vector 

products. 

7)  Iterate  from  steps  3  to  6  until  convergence  of  the  subspace. 

Notice  that  the  only  matrix/vector  products  required  in  the  solution  procedure 
are  contained  in  the  conjugate  gradient  algorithm,  with  two  plus  the  number  of 
viscoelastic  materials  matrix/vector  multiplications  required  for  each  basis  vector  per 
conjugate  gradient  iteration.  Also,  the  total  solution  subspace  need  not  be  updated  on 
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every  iteration;  and  only  the  vectors  which  correspond  to  the  eigenvalues  which  have 
not  yet  converged  need  be  updated  each  time. 


The  above  procedure  can  be  considered  a  hybrid  of  several  highly  successful 
eigenvalue  extraction  methods:  the  power  method  with  spectral  shifting;  Ritz  analysis; 
and  Lanczos  methods,  which  are  combined  with  spectral  iteration  to  allow  for  the 
frequency  dependence  of  the  stiffness  matrix.  Experience  on  example  problems 
shows  that  this  method  is  very  effective  for  solving  the  fractional  derivative  eigenvalue 
equations  for  the  invariant  subspace  corresponding  to  the  lowest  system  eigenvalues. 
A  complex  Sturm  sequence  check  can  be  used  to  verify  that  all  eigenvaiuesArectors 
within  a  given  spectral  radius  from  the  origin  have  been  found  by  factoring  a  shifted 
impedance  matrix;  however,  it  may  be  assumed  that  the  initial  MSE  solution  provided 
approximations  to  all  eigenvalues  within  the  search  region. 

7.0  Generation  of  the  State-Space  Plant  Model 


After  a  selected  number  of  modes  of  the  open-loop  system  have  been 
generated  by  the  above  procedure,  an  appropriate  state-space  description  of  the  plant 
is  required  for  performance  evaluation  and  the  generation  of  vibration  control  systems, 
if  needed.  This  state-space  model  should  allow  the  use  of  available  modern  control 
algorithms  to  be  used  to  generate  a  compensator  which  will  provide  desired 
performance  of  the  closed-loop  system.  Therefore,  a  complex  modal  formulation  of  the 
plant  was  developed  to  obtain  this  state-space  description.  This  formulation  finds  a 
viscous  representation  of  the  plant  which  has  identical  eigenvectors  and  eigenvalues 
to  the  fractional  derivative  system.  This  Is  an  approximation,  however,  it  provides  the 
most  accurate  viscous  representation  possible. 


The  generation  of  the  modal  state-space  equations  begins  with  the  equations  of 
motion  of  the  full-size  open-loop  system  in  the  Laplace  domain.  An  appropriate 
general  form  of  these  equations  is: 


’  M  0  1 

.fX(s)-s] 

•Cr(S)  -Kr(S) 

rx(s).s]  [F(s)l 

0  -Kr(S)  ' 

1  X(s)  J  ® 

-Kr(S)  0 

1  X(s)  J  1  0 

(26) 


where: 


K^s)  =  reaKK(s)).j^ 


Cr(s) 


lmag(K(s)) 

imag(s) 


imag(K(s)) 


Notice  that  these  equations  provide  an  identical  impedance  matrix  for  the 
fractional  derivative  system  and  the  viscous  system.  By  solving  the  equations  In  the 
Laplace  dornain  for  a  system  eigenpair,  a  modal  substitution  which  uncouples  the 
equations  with  K(s)  evaluated  at  an  eigenvalue  can  be  constructed.  An  appropriate 
modal  substitution  is: 


X{s)*s' 

X(s) 


•P(s) 


(27) 
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or 


X  =  vP 


where: 

O  =  A  system  eigenvector  found  using  spectral 
iteration 

X,  =!  A  system  eigenvalue 
P(s)  =  the  Laplace  transform  of  the  generalized 
coordinate 

With  the  substitution  of  the  transformation  as  given  in  equation  (27),  the  single 
coordinate  which  corresponds  to  an  eigenvector  of  the  fractional  derivative  system 
coordinate  can  be  uncoupled  from  all  other  coordinates.  This  is  achieved  by  noting 
that  the  matrix  on  the  left-hand  side  is  symmetric;  and  that  if  an  the  eigenvalues  of  the 
complex  system  were  found  using  this  constant  value  Of  K(s),  the  full-siie  matrix  v 
would  be  orthogonal  to  this  matrix.  Therefore,  with  the  Correct  tiormalization,  the  left- 
hand  side  can  be  transformed  to  an  identity  matrix.  This  yields  an  uncoupled  equation 
for  a  single  generalized  coordinate  and  also  for  its  complex  Gonjugate.  The  correct 
normalization  for  the  individual  eigenvectors  is  such  that: 

T  2  T 

-  O  •K(X,)*<I>  =  1  (28) 

where  O  is  a  single  eigenvector,  and  X,  is  its  associated  eigenvalue: 

Notice  that  the  complex  conjugate  modes  and  natural  frequencies  and  their 
normalization  are  found  using  this  method.  This  is  consistent  with  the  fractional 
derivative  material  representation,  as  the  fractional  derivative  description  provides  a 
complex  conjugate  shear  modulus  at  a  complex  conjugate  value  of  the  Laplace 
variable:  _ 

K(s)  and  K(s)  are  related  by: 

K(s)  =  K(s)  (29) 

where  ~  denotes  complex  conjugation. 

Therefore,  the  complex  conjugate  eigenvalue  and  eigenvector  of  any  solutions  found 
in  the  accelerated  subspace  procedure  are  also  eigenvectors/eigenvalues  of  the 
fractional  derivative  system.  This  is  required  to  provide  real,  stable  solutions  in  the 
time  domain.  An  additional  requirement  on  the  complex  impedance  matrix  K(s)  is  that 
it  must  smoothly  become  a  real  matrix  at  the  origin  of  the  Laplace  domain.  This 
ensures  causality  of  time  domain  solutions,  and  it  is  obvious  from  the  5-parameter 
mode!  that  this  requirement  is  met. 

Finally,  a  normalized  modal  matrix  can  then  be  assembled  which  provides  the 
transformation  of  the  equations  Into  truncated  modal  form  in  the  Laplace  domain: 
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V  = 


0*A,  4>*X, 
O  O 


(30) 


where  O  is  an  N  x  q  matrix  of  normalized  eigenvectors,  and  X  is  a  q  x  q  matrix  of 

eigenvalues.  Using  this  modal  transformation  and  taking  the  inverse  Laplace 

transform  of  these  equations  yields  the  final  form  of  the  state-space  equations  in  the 
time  domain;  r  'i 


X 

X 


(31) 


These  equations  are  m  standard  first-order  state-space  form  and,  therefore  can 
be  used  in  conjunction  with  modern  control  algorithms  to  design  a  control  svste’m  or 
predict  system  performance. 


6.0  Application  of  the  Soiution  Procedure  to  the  PACOSS 
Multi-Actuator  Control  Experiment 


To  show  the  applicability  of  the  procedure  to  the  solution  of  realistic  dynamics 
and  control  problems  which  incorporate  viscoelastic  damping  treatments,  an  example 
system  was  selected.  This  system  was  the  PACOSS  Multi- Actuator  Control 
Experiment  (M^E)  shown  in  Figure  3.  This  structure  was  previously  constructed 
under  the  PACOSS  Program  to  verify  the  performance  of  the  control  system  hardware 
using  modern  control  algorithms  in  a  multi-actuator  digital  control  application 


to  o  o  hardware  consisted  of  three  proof  mass  actuators  mounted 

Ifnintt  en  beams.  The  system  was  hung  from  steel  cables  at  three 

points  with  60.9-lb/in.  springs  located  at  the  top  of  the  suspension.  Constrained  layer 
damping  treatments  using  DYAD-606  damping  material  with  steel  constraining  layers 
were  applied  to  six  locations  on  the  beam  members.  These  damping  treatments 
provided  from  0.5%  to  2%  critical  damping  in  the  modes  of  the  system  below  15  Hz. 

While  the  original  design  of  the  MACE  was  satisfactory  for  the  purposes  of 
validating  the  successful  operation  of  the  PACOSS  control  system  hardware  the 
relative^  low  damping  levels  are  not  characteristic  of  those  which  can  be  achieved  in 
damped  systems.  Therefore,  several  modifications  to  the  original  design  of  the  MACE 
were  rnade  for  this  example  problem.  First,  the  thickness  of  the  DYAD 
material  was  increased  from  0.050  in.  to  0.120  in.  to  increase  the  damping 
constrained  layer  treatments.  Second,  viscoelastic  dampers  were 

use  Im  ?  parallel  with  the  suspension  springs.  These  dampers 

use  3M-966  material  in  a  configuration  such  that  the  spring  constants  in  units  of  Ib/in. 
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were  0.25  multiplied  by  the  material  shear  modulus  in  psi.  Finally,  four  ideal  actuators 
with  ideal  inertial  velocity  sensors  were  used  instead  of  the  three  proof  mass  actuators 
used  on  the  actual  hardware.  Four  actuators  were  used  to  remove  the  actuator  from 
the  symmetric  axis  of  the  structure  and  to  increase  the  control  authority  for  anti¬ 
symmetric  modes  (Figure  4). 

A  finite  element  model  of  the  damped  structure  was  created  using 
MSC/NASTRAN  (Figure  5),  which  included  the  typical  plate  and  solid  element 
modeling  of  the  constrained  layer  damping  treatments  as  well  as  the  pendulum 
behavior  due  to  the  suspension.  The  full-system  mass  matrix,  the  elastic/differential 
stiffness  matrix  excluding  the  damping  materials,  the  stiffness  matrix  associated  with 
the  DYAD-606  material,  and  the  stiffness  matrix  associated  with  the  3M-966  shear 
dampers  were  then  assembled.  Compatible  stiffness  matrices  were  easily  formed  by 
altering  the  material  properties  of  the  various  components  to  be  a  small  number.  For 
example,  to  form  the  DYAD-606  stiffness  matrix,  the  moduli  of  the  main  members  and 
constraining  layers,  the  suspension  spring  constants,  and  the  3M-966  moduli  were  set 
to  extremely  low  values:  and  the  modulus  of  the  DYAD  was  set  to  unity.  The  full¬ 
stiffness  matrix  for  any  value  of  the  Laplace  variable  could  then  be  easily  constructed 
by  addition  of  the  constitutive  matrices,  as  per  equation  (3). 

A  performance  metric  was  selected  for  the  system,  which  was  the  vertical 
motion  of  a  single  point  on  the  structure  for  noise  inputs  at  the  actuator  locations.  The 
objective  to  be  achieved  was  a  factor  of  100  decrease  in  root  mean  square  (RMS) 
motion  of  the  performance  point  for  white  noise  inputs  from  0  to  30  Hz,  as  compared  to 
a  system  without  added  damping  treatments  or  active  controls. 

A  modal  strain  energy  analysis  was  performed  on  the  system  to  approximate 
the  open-loop  modes,  natural  frequencies,  and  damping  ratios  in  the  frequency  range 
from  0  to  30  Hz.  The  real  stiffness  matrix  was  assembled  at  six  selected  frequencies 
which  were  known  to  be  "close"  to  system  eigenvalues.  The  standard  MSE  method 
was  used,  with  the  modes  nearest  the  corresponding  frequency  used  to  construct  a 
state-space  model  of  the  plant  as  detailed  in  Section  6.0.  Table  1  provides  the  open- 
loop  frequencies  and  damping  of  the  system  computed  using  the  MSE  method. 

Figure  6  provides  the  frequency  response  of  the  performance  point  motion  for 
inputs  at  actuator  #2,  for  both  the  MSE  system  and  also  for  the  system  with  0.2% 
critical  damping  in  the  modes.  Notice  that  the  system  has  high  modal  density  in  the 
0  to  30-Hz  frequency  range.  The  addition  of  passive  damping  treatments  to  the  system 
lowers  the  RMS  response  by  approximately  a  factor  5,  so  that  active  control  is  required 
to  further  reduce  the  system  RMS  response  by  a  factor  of  20. 

Two  active  control  algorithms  were  considered  for  the  MACE  example  problem: 
local  velocity  feedback,  and  Linear  Quadratic  Gaussian  with  Loop  Transfer  Recovery 
(LQG/LTR).  For  local  velocity  feedback,  a  feedback  gain  of  0.25  Ib-sec/in.  was  used  for 
the  inertial  velocity  at  each  of  the  actuators.  The  ciosed-loop  response  of  the  system 
was  generated  using  the  MSE  state-space  model,  and  compared  with  the  open-loop 
system  and  the  exact  frequency  response  of  the  closed-loop  fractional  derivative 
model  (Figure  7).  Notice  from  the  Figure  that  the  agreement  between  the  exact 
solution  and  the  MSE  solution  is  relatively  good,  differing  only  in  some  frequency 
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FIgun  4  -  Schomatic  of  MACE  Example  Problem 


Figure  5  •  NASTRAN  Model  of  the  MACE  Example  Problem 
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Table  1  -  Natural  Frequencies  and  Damping  Ratios  of  the  MACE 

Computed  Using  MSE 


Mode  # 

Frequency 

(Hz) 

Damping 
Ratio  (%) 

Mode  # 

Frequency 

(Hz) 

Damping 
Ratio  (%) 

1 

0.28 

1 1 

12.6 

7.9 

2 

0.28 

1  2 

13.1 

4.1 

3 

0.28 

IHKEBH 

13 

15.4 

3.3 

4 

2.83 

5.0 

14 

21.8 

1.2 

5 

2.98 

4.0 

15 

24.3 

5.1 

6 

3.46 

3.8 

1  6 

25.7 

2.5 

7 

4.82 

5.4 

1  7 

30.5 

3.9 

8 

6.18 

CM 

• 

18 

34.3 

3.3 

9 

8.17 

1  9 

37.1 

3.8 

1  0 

10.3 

2.7 

o 

CM 

37.8 

3.7 

Figure  6  -  Performance  Point  Frequency  Response  for  Undamped  System 

and  MSE  Damped  Solution 
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Open  Loop  Direct  Complex,  LVFB  MSE,  and  LVFB  Direct  Complex 


Flgun  7  •  Local  Velocity  Feedback  Cloaed-Loop  Reaponae 
Exact  and  MSE  Solutlona 

ranges.  The  reduction  in  RMS  response  in  this  case  is  a  factor  of  3,  when  compared  to 
the  passively  damped  system.  This  agreement  is  consistent  with  PACOSS  experience 
on  the  Dynamic  Test  Article  [13],  which  used  the  MSE  method  to  accurately  predict  the 
closed-loop  response  of  a  damped  system  with  a  iocal  velocity  feedback  controller. 

The  exact  frequency  response  of  the  closed-loop  system  was  generated,  using 
direct  inversion  of  the  closed-loop  impedance  matrix  at  each  frequency  point.  This  can 
be  accomplished  for  an  arbitrary  controller  by  converting  the  compensator  into  an 
equivalent  N  x  N  frequency-dependent  impedance  matrix  and  adding  it  to  the  open- 
loop  impedance  matrix, 

i.e.,  determine  the  N  x  N  frequency-dependent  matrix  G(s)  which 
describes  the  Laplace  transform  of  the  control  forces  in  terms  of 
the  motion  of  the  structure.  Then  the  Laplace  transform  of  the 
closed-loop  structural  motion  is: 


Xci(s)  =  He,{s)-F(s)  . 


Hci(s)  =  [m*s  +K(s)-G(s 


.]■’ 


(32) 


Using  this  relationship,  the  closed-loop  frequency  response  between  applied  noise  at 
the  actuators  to  the  performance  point  motion  can  be  computed  at  8=1©  by  direct 
matrix  inversion. 
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A  compensator  was  also  designed  to  control  the  MSE  state-space  model  using 
the  LQG/LTR  algorithm.  In  this  algorithm,  a  linear  quadratic  regulator  is  designed 
which  provides  the  desired  performance  characteristics  using  full-state  feedback.  A 
linear  quadratic  estimator  is  then  designed  which  approaches  the  full-stato  feedback 
performance  by  increasing  a  loop-transfer  recovery  parameter  in  the  estimator  design 
process.  The  regulator  was  designed  so  that  the  desired  factor  of  20  reduction  in  RMS 
response  over  the  damped  open-loop  plant  was  obtained,  and  the  loop-transfer 
recovery  parameter  was  selected  to  the  minimum  value  which  provided  acceptable 
performance  of  the  estimator. 

The  exact  closed-loop  frequency  response  of  the  system  was  then  generated 
using  the  LQG/LTR  compensator  designed  for  the  MSE  plant.  A  comparison  of  the 
open-loop  response,  the  MSE  prediction,  and  the  exact  closed-loop  frequency 
response  are  given  in  Figure  8.  Notice  that  there  are  large  variations  between  the 
frequency  responses  predicted  using  the  MSE  plant  and  those  found  using  direct 
inversion  of  the  closed-loop  impedance  matrix.  Although  the  closed-loop  system  does 
perform  better  than  the  open-loop  system,  in  the  20-Hz  region  the  closed-loop 
performance  is  actually  amplified  over  the  open-loop  response.  Furthermore,  the 
reduction  in  RMS  response  is  only  a  factor  of  1 1 ,  whereas  the  MSE  plant  predicts  a 
reduction  of  a  factor  of  nearly  21.  This  large  discrepancy  shows  that  for  sophisticated 
active  control  algorithms,  the  MSE  state-space  model  does  not  adequately  describe 
the  dynamic  characteristics  of  the  relatively  simple  MACE  plant.  A  more  accurate 
description  of  the  open-loop  system  is  required  for  a  control  design  model. 

A  state-space  model  of  the  open-loop  system  was  then  generated  using  the 
accelerated  subspace  iteration  procedure  as  described  in  the  previous  sections.  This 
model  was  then  used  to  design  an  LQG/LTR  compensator  to  reduce  the  RMS 
response  by  a  factor  of  20,  similar  to  the  MSE  design.  The  closed-loop  frequency 
response  predicted  using  this  state-space  model  was  then  compared  with  the  exact 
closed-loop  solution.  Figure  9  shows  a  comparison  of  the  damped  open-loop  system 
frequency  response,  the  exact  open-loop  frequency  response,  and  the  modal  closed- 
loop  response  generated  using  the  exact  method  and  the  reduced-order  state-space 
model.  Notice  that  there  is  good  agreement  between  the  open-loop  performance 
predicted  using  the  40-state  modal  plant  model  and  the  exact  response  found  by  direct 
inversion. 

Most  important  for  the  closed-loop  system,  the  reduction  in  RMS  response  using 
the  exact  method  is  a  factor  of  21 ,  which  is  the  predicted  reduction.  The  closed-loop 
performance  predicted  with  the  state-space  model  agrees  well  with  the  exact  solution, 
although  there  are  some  differences  in  the  frequency  response.  While  the  open-loop 
plant  model  accurately  predicts  the  closed-loop  response  in  this  case,  it  may  not  in 
general.  This  is  due  to  the  assumption  that  the  plant  has  viscous  damping,  which 
provides  a  plant  which  is  locally  accurate  but  may  not  be  accurate  if  the  poles  are 
significantly  altered  by  the  controller.  This  is  to  be  expected,  as  in  the  formation  of  the 
open-loop  plant,  the  poles  which  describe  the  variation  of  the  viscoelastic  properties 
with  frequency  have  been  truncated.  The  introduction  of  the  controller  alters  the 
eigenvalues  of  the  plant  and,  therefore,  a  closed-loop  eigenvalue  problem  must  be 
solved  with  spectral  iteration  to  achieve  the  best  agreement  with  a  modal  model. 
However,  the  closed-loop  performance  shows  that  the  described  procedure  provides 
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Magnitude  (in/lb)  Magnitude  (in/lb) 


Open  Loop  Direct  Complex,  LQGA-TR  MSE,  and  LQG/LTR  Direct  Complex 


Figure  8  •  LQG/LTR  Cloeed-Loop  Frequency  Response 
Exact  and  MSE  Solutions 


Complex  Modal  and  Direct  Complex  Comparison  -  LQG/LTR  and  Open  Loop 


Figure  9  •  LQG/LTR  Closed-Loop  Frequency  Response 
Exact  and  Truncated  Modal  Solutions 
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an  accurate  reduced-order  plant  model  which  allows  the  design  of  a  controller  which 
provides  the  desired  closed-loop  performance. 

The  variation  between  the  MSE  and  complex  modal  open-loop  piant  models 
can  also  be  seen  in  the  comparison  of  the  open-loop  frequency  responses.  The 
greatest  variation  between  the  models  is  typically  in  the  phase  of  the  frequency 
response.  As  an  example,  consider  the  comparison  of  the  phase  of  the  frequency 
response  of  the  MSE  model,  the  complex  modal  model,  and  the  exact  solution  given  in 
Figure  10.  Notice  that  there  is  nearly  exact  agreement  between  the  complex  modal 
model  and  the  exact  solution,  but  there  is  a  large  discrepancy  between  the  phase  of 
the  MSE  frequency  response  and  the  exact  frequency  response  in  several  frequency 
ranges.  At  a  frequency  of  25  Hz,  the  phase  of  the  MSE  frequency  response  is  actually 
180°  out  of  phase  with  the  exact  solution.  This  phase  difference  can  cause  significant 
performance  degradation  or  even  instabilities  of  the  closed-loop  system. 

For  the  accelerated  subspace  procedure  to  be  used  for  the  analysis  of  actual 
systems,  the  cost  of  the  procedure  must  not  be  excessive.  Therefore,  a  comparison  of 
the  computer  requirements  for  the  MSE  soiution  and  for  the  improvement  of  the  MSE 
solution  using  accelerated  subspace  iteration  was  made.  Table  2  provides  a 
comparison  of  the  solution  times  for  the  two  methods. 

These  computations  were  performed  on  a  SUN  3/50  workstation,  with  the  plant 
model  having  279  degrees  of  freedom.  The  computer  times  represent  elapsed  time  in 
seconds.  To  facilitate  these  computations,  the  full-size  system  matrices  were  reduced 
from  nearly  1100  degrees  of  freedom  by  a  Guyan  reduction  using  viscoelastic 
properties  in  the  middle  of  the  desired  bandwidth.  This  reduced  model  was  then 
considered  the  exact  model  description.  The  MSE  solution  was  generated  using 
standard  subspace  iteration,  and  the  MSE  method  to  find  the  modes,  natural 
frequencies,  and  damping  ratios  of  the  real  system.  Six  frequency  values  were  used 
to  compute  the  MSE  modes  with  the  appropriate  viscoelastic  shear  moduli.  The 
complex  subspace  iteration  procedure  was  applied  using  the  inverse  of  the  shifted 
MSE  stiffness  matrix  with  properties  in  the  middle  of  the  frequency  band. 

Notice  that  the  accelerated  subspace  procedure  is  not  excessive  in  terms  of 
computer  time,  requiring  only  125%  of  the  MSE  solution  time,  no  matrix  inversions, 
and  973  reiil  matrix/complex  vector  multiplications.  Therefore,  the  improvement  of  the 
MSE  solution  using  the  procedure  defined  in  this  paper  can  be  used  economically  on 
large-scale  structural  systems,  and  will  provide  an  accurate  model  for  damped 
systems  with  minimal  additional  computational  expense. 

7.0  Conclusions 

The  above  development  and  example  problem  allows  several  conclusions  to 
be  made  in  connection  with  the  modeling  of  damped  structural  systems  and  active 
controls.  The  most  important  of  these  are: 

1)  The  MSE  method  provides  a  tool  which  is  very  effective  for  use  in  the  design 
of  damped  structures:  however,  it  may  not  have  sufficient  accuracy  for  use  in 
the  final  design  of  modern  control  systems  for  damped  structures. 
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Open  Loop  Phase  Comparison  -  MSB,  Direct,  and  Complex  Modal 


ftfum  f$  •  dpnipap  Plum  of  USE  Bnd  Truncmm  Momi 
9oMlon  Compand  to  Exact  Solution 


Tabla  2  •  Solution  Timas  for  MSE  Analyses  and  Accelerated 
Subapace  Iteration  with  MSE  Starting  Vectors 


Analysis 

Type 

Number  of 
Analyses 

Number  of 
Matrix 
Decomps 

Number  of 
Matrix/ 
Vector 
Products 

Total 
Elapsed 
Solution 
Time  (sec) 

MSE  Using 
Subspace 
Iteration 

7 

7 

1108 

2815 

Acclerated 

Complex 

Subspace 

Iteration 

1 

0 

973 

3530 
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2)  The  MSE  method  can  be  shown  to  be  a  low-cost  approximation  to  a 
subspace/spectral  iteration.  Therefore,  the  developed  procedure  can  be 
used  in  concert  with  the  MSE  method  to  improve  the  solution  accuracy  as  a 
design  cycle  progresses. 

3)  The  developed  design  and  analysis  procedure  can  be  used  efficiently  in  the 
solution  of  large-scale  dynamics  problems  with  viscoelastic  damping  treat¬ 
ments  and  active  controls. 

4)  Although  not  shown  here,  the  technique  of  subspace/spectral  iteration  can 
be  used  for  the  solution  of  problems  with  viscous  damping  or  combined 
viscous/yiscoelastic  darnping,  and  for  closed-loop  damped  systems.  The 
method  is  as  at  least  efficient  as  the  techniques  for  solving  complex  eigen¬ 
value  problems  currently  available  in  many  finite  element  codes.  In  fact,  the 
conjugate  gradient  inverse  power  iterations  are  very  similar  to  those 
performed  in  MSC/NASTRAN  [1 4],  but  convergence  is  accelerated  using  the 
subspace  procedure  and  conjugate  gradients. 

5)  The  solution  procedure  obviates  the  necessity  for  the  description  of  visco¬ 
elastic  materials  or  members  using  networks  of  springs  and  dashpots 
(Maxwell  elements),  as  the  solution  using  these  descriptions  will  inevitably 
be  more  expensive  and  less  accurate  than  using  the  fractional  derivative 
representation.  These  methods  typically  add  a  number  of  degrees  of 
freedom  to  the  system  matrices  and  increase  solution  costs;  and  the  method 
of  solution  of  these  eigenvalue  problems  in  most  finite  element  codes  can  be 
shown  to  be  similar  to  the  eigenvalue  procedure  developed  here  for  systems 
with  fractional  derivative  material  representations.  Damping  element 
properties  can  be  written  as  a  function  of  frequency  using  the  fractional 
derivative  representation,  and  the  solution  to  the  equations  can  efficiently  be 
solved  as  developed  previously.  This  frequency-dependent  reduction  can 
be  considered  the  equivalent  of  static  condensation  for  systems  which 
contain  damped  elements  that  have  negligible  internal  mass  effects. 

6)  The  cost  of  the  eigenvalue  solution  procedure  is  independent  of  the  descrip¬ 
tion  of  the  damping  phenomenon  in  the  system  elements,  as  long  as  the 
element  impedance  properties  can  be  described  as  a  function  of  the 
Laplace  variable.  Therefore,  if  a  higher-order  fractional  derivative  represen¬ 
tation  is  appropriate  for  a  particular  material,  the  solution  procedure  is 
unaltered,  and  the  cost  is  effectively  unchanged. 

7)  The  accelerated  subspace  solution  method  can  be  used  for  eigenvalue 
problems  which  contain  combinations  of  viscous  dampers,  viscoelastic 
dampers,  and  even  for  closed-loop  systems.  This  facilitates  an  accurate 
modal  representation  of  actively  controlled  damped  systems. 
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ABSTRACT 

The  SILFD  (Step-by-step  Incremental  Linearization 
Frequency  Domain)  method  for  the  frequency  domain  analysis  of 
nonlinear  structural  systems  with  frequency  dependent  damping, 
described  in  Venancio-Filho  and  Claret  [1989]  is  implemented 
in  this  work  through  the  IFT  (Implicit  Fourier  Transform) 
algorithm,  Venancio-Filho  and  Claret  [1991].  A  new  and  more 
efficient  process  for  the  consideration  of  the  initial 
conditions  in  the  SILFD  method  is  presented.  Numerical 
examples  are  presented  which  show  the  applicability  of  the 
proposed  method. 
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INTRODUCTION 


A  very  efficient  and  accurate  method  for  the  treatment  of 
structural  dynamics  engineering  problems  with  frequency 
dependent  damping  is  based  in  the  frequency  domain  solution  of 
the  motion  equations.  Physical  and  geommetrical 
nonlinearities,  when  present,  should  be  considered  in  these 
problems.  Only  recently  methods  of  nonlinear  dynamic 
structural  analysis  in  the  frequency  domain  have  been 
adressed.  Several  researchers  have  presented  contributions  in 
this  subject.  Kawamoto  [1983]  described  a  method  called  Hybrid 
Frequency-Time  Domain,  abreviated  HFTD,  for  nonlinear  analysis 
in  frequency  domain.  Wolf  and  Darbre  [1986]  presented  the 
segmenting  approach  of  HFTD  method  and  obtained  its 
convergence  properties.  Hilmer  and  Schmid  [1988]  describe  a 
technique  similar  to  the  segmenting  approach  using  Laplace 
Transform  which  computationally  differs  from  Fourier  Transform 
only  in  the  treatment  of  initial  conditions. 

All  these  methods  present  some  problems  related  to  its 
applicability  to  real  situations  in  structural  engineering. 
Two  problems  are  adressed  in  this  work.  The  first  refers  to 
the  computational  effort  in  nonlinear  analysis  in  the 
frequency  domain  where  the  conventional  process  heeds  numerous 
executions  of  direct  and  inverse  Fourier  ttansforms  of  complex 
series  with  a  great  number  of  terms.  Consequently,  the  memory 
allocation  and  the  computational  effort  is  normally  very  high. 
The  second  problem  is  the  treatment  of  initial  conditions  by  a 
segmenting  approach.  Hilmer  and  Schmid  [1988]  state  that  the 
treatment  of  non  null  initial  conditions  through  Fourier 
Transforms  is  numerically  unfavorable  because,  in  general, 
step  functions  cause  great  errors  in  transformed  functions. 

The  SILFD  method,  described  by  Venancio-Filho  and 
Claret  [1989],  combined  with  the  Implicit  Fourier  Transform 
Algorithm  for  dynamic  response  in  frequency  domain, 
Venancio-Filho  and  Claret  [1991],  solves  efficiently  the  first 
problem.  The  second  problem  is  treated  here  using  the  physical 
significance  of  initial  conditions  and  transforming  the 
original  problem  in  another  with  null  initial  conditions. 

THE  IMPLICIT  FOURIER  TRANSFORM  ALGORITHM 

The  dynamic  response  of  a  SDOF  system  in  the  frequency 
domain  can  be  expressed  by  the  following  equations,  Clough  and 
Pensien  [1982]: 
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H(w  )  P(u  )  e 
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m  :=  0 


and 


(1) 


N-  1 

Z-iSTT- 

p(tn)  e 


n  =  0 


(2) 


The  total  time  interval  in  which  the  response  is  to  be 
calculated  is  divided  into  N  equal  time  intervals  given  by 

T 

At  =  -  (3) 

N 

and  the  discrete  times  in  which  the  load  is  defined  are  given 

T 

p 

tj^  =  n  At  =  n  -  (0  s  n  i  N-1).  (4) 

N 

The  frequency  range  is  likewise  divided  into  N  equal  intervals 
A(j  expressed  as 

2rr 

Aw  =  -  (5) 

T 


and  the  discrete  frequencies  wm  are  taken  according  Table  I 
(  see  Appendix  1  ). 

In  equation  (2),  P(a)m)  is  the  discr^e  Fourier  transform 
of  the  load;  in  equation  (1),  H(wm)  P(cjm)  is  the  discrete 
Fourier  transform  of  the  response  (  or  the  response  in  the 
frequency  domain  )  and  v(tn)  is  the  inverse  discrete  Fourier 
transform  of  the  response  (  or  the  response  in  the  time 
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domain  ) . 

The  dynamic  response  expressed  by  equations  (1)  and  (2) 
can  be  numerically  determined  by  the  Fast  Fourier  Transform 
algorithm. 


Let  now 


{p}  =  {  pct^),  p(t^),  pct^),...,  p(t^)>.-*»p(Vi>  ^ 

and 


{V}  =  {  v(t^),  v(t^),  v(tJ,...,Vtt^_^)  >  (7) 

be,  respectively,  the  vectors  of  the  load  and  the  response  at 
the  discrete  times 

t  =  nAt,  n  =  0, 1, 2, . . . ,N-1,  (8) 

n 


and  let 

{p}  =  {  pTw),  pTw  ),  pTu^),.  ..,  pTw__^),.  .  .,pTw^_,)  y  (9) 

be  the  vector  of  the  discrete  Fourier  transform  of  the  load 
defined  at  the  discrete  frequencies  wm  interpreted  according 
to  Table  I. 

With  the  definition  of  equations  (6)  and  (9), 
equation  (2)  can  be  casted  in  matrix  form  as 

{P}  =  At  [E*]  {p}  (10) 


where  the  (Nx^)  matrix  [E*]  is  defined  as  the  matrix  whose 
generic  term  E  is 

mn 
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or,  explicitly. 
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where  a  =  (Zrr/N).  By  the  same  token,  the  response  from 
equation  (2)  is  written  in  matrix  form  as 


{V} 


2n 


[E]  [H]  {p} 


(13) 


where  [E]  is  the  matrix  defined  in  equation  (11)  with  positive 
signs  in  the  exponentials  instead  of  negative  ones,  and  [H]  is 
the  diagonal  matrix  formed  with  the  complex  frequency  response 
functions  calculated  at  the  discrete  frequencies  of  Table  I. 
The  typical  term  of  [H]  is  given  by 

H(w  )  =  (k  -  mt5^  +  iw  c)"^,  (0  s  m  =£  m-1)  (14) 

w  mm 


where  k,  m,  and  c  are  the  stiffness,  mass,  and  damping  of  the 
SDOF  system,  respectively.  Substituting  now  {P}  from 
equation  (10)  into  equation  (13),  the  following  equation  is 
obtained: 


{V} 


1 

—  [E]  [HI  [E  ]  {p} 
N 


(15) 


Equation  (15)  expresses  the  matrix  formulation  of  the  dynamic 
analysis  of  SDOF  systems  in  the  frequency  domain.  The 
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calculation  of  the  structural  response  in  the  frequency  -domain 
through  this  equation  is  the  IFT  algorithm. 

THE  SILFD  METHOD 

Consider  the  SDOF  system  of  Fig.  1  submitted  to  an 
arbitrary  excitation  p(t).  The  spring  stiffness  k  depends  on 
the  displacements  v  due  to  the  system  non-linearity  and  the 
damping  coefficient  depends  on  the  frequency  of  the 
excitation,  w.  The  problem  is  then  to  integrate  the  dynamic 
equilibrium  equation 

rav+  c{o))i  +  k(v)v  =  p(t).  (16) 


As  the  damping  coefficient  is  w  dependent  a 
frequency-domain  analysis  has  to  be  performed  and,  as  the 
stiffness  depends  on  the  displacement,  a  linearization 
technique  must  be  employed.  Consequently  the  present  method  is 
a  Step-by-step  Incremental  Linearization  in  the  Frequency 
Domain  (SILFD)  method.  In  each  linearized  step  a  secant 
stiffness  is  considered. 


In  order  to  calculate  the  response  of  the  system  governed 
by  Eq.  1  two  approximations  are  made.  The  first  one  is  the 
approximation  of  the  given  load  by  piecewise  linear  segments. 
The  total  time  interval  in  which  the  response  is  to  be 
calculated  is  divided  in  intervals  Atj  =  tj  -  tj-i;  pj  and 
pj-i  are  the  values  of  p(t)  in  the  times  tj  and^ 
respectively,  and  Apj  =  pj  -  pj-i.  Fig.  2a.  The  load  variation 
in  time  interval  Atj  is  given  by.  Fig.  2a, 


Ap 

P(r)  =  P,  +  - 

At 

J 


(17) 


where  t  is  the  current  time  in  Atj  (0  ^  t  :sAtj).  The  second 
approximation  refers  to  the  spring  force  versus  displacement 
curve.  This  curve  is  also  approximated  by  piecewise  linear 
segments  as  indicated  in  Fig.  2c.  The  levels  of  these  two 
approximations  depend  on  the  accuracy  with  which  the  load  and 
the  stiffness  variation  can  have  a  good  representation. 


The  response  of  the  system  is  calculated  ^  through  the 
linearized  steps  along  the  time  intervals  Atj  in  which  the 
spring  is  considered  linear  with  stiffness  kj.  Fig.  2b.  th^e 
linearized  dynamic  equilibrium  equation  in  time  interval  Atj 
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is 


mV+c((j)v  +  kj  V  =  p  ( T )  ( 18 ) 

with  the  initial  conditions  vj-i  and  vj-i,  Fig.  2a.  Herein  the 

treatment  of  the  initial  conditions  departs  from 

Venancio-Filho  and  Claret  [1989]  in  order  to  circumvent  the 
errors  in  the  transformed  functions  to  the  step  functions. 

The  displacement  response  in  time  interval  Atj  due  to  the 

applied  load  obtained  through  the  IFT  algorithm  is 

^  271 

where  {pj}L  is  the  load  vector  in  the  time  interval  Atj. 

I 

The  displacement  response  due  to  the  initial  displacement 
is  equivalent  to  the  response  due  to  a  constant  force,  in  the 
time  interval  Atj,  given  by 


{p  }  =  -k  V  {1}  (20) 

j  j_i  ^  f 

where  {1}  is  a  vector  with  all  elements  equal  to  1. 
Consequently  the  response  is  obtained  from  Eq.  19  as 

{v,}v  =  -  [E]  [H]  [E*]  k  V  {!}.  (21) 

j-l  277 

The  displacement  response  due  to  the  initial  velocity 
j-l  is  the  response  to  an  impulse  m  j-i  which  is  obtained 
from  the  unit  impulse  response  function  as 


V  =  m\^  h(t ) .  (22) 

j  j-l  '  ^ 

h(t)  is  the  inverse  Fourier  Transform  of  the  complex  frequency 
response  function  H((j)  and  is  given  by 
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h(t)  = 


1 


+C0 


(23) 


2n 


H(w) 

-00 


Considering  Eqs.  23,  22,  and  15,  the  response  due  to  j-i  is 

obtained  as 


mv  Ao) 

{V}  =  -Ill -  [E]  [H]  {1}.  (24) 

J  '^j-i  2n 

The  total  response  in  time  interval  Atj  is  the  given  by  the 
sum  of  the  responses  in  Eqs.  19,  21,  and  24.  The  result  is 


{V  }  =  [E][H][[E*]  ({p  }  -  k  V  J  -  mv  {1}]. 

^  2n  J  L  j  j 


(25) 


EXAMPLES 

A  SDOF  system  formed  by  a  mass  m  =  1  kg  and  by  a  bilinear 
spring  with  constants  Ki  =  10000  N/mm  and  K2  =  10  N/nun  was 
analysed  by  Kawamoto  [1983]  considering  undamped  vibrations. 
The  same  system  is  now  analysed  considering  the  following 
cases:  I)-  undamped  system;  II)^  f requency-dependent  damping 
acording  to  the  function  c{io)  shown  in  Fig.  3; 
frequency-dependent  damping  acording  to  the  function  c(u) 
shown  in  Fig.  4.  The  load  function  is 

p(t)  =  50  sin(1.5t)  +  100  sin  0.005t  (26) 

which  is  pictured  in  Fig.  5.  The  natural  period  of  vibration 
is  T  =  0.063  sec.  Kawamoto  [1983]  considered  At  =  1  sec  to 
perform  the  analysis  of  system* s  response  through  the  HFTD 
method,  and  At  =  0.02  sec  using  direct  integration  of 
equilibrium  equations. 

In  case  I,  using  the  SILFD  method  with  the  IFT,  a  time 
interval  At  =  25  sec  is  used,  and  the  system*  s  response  is 
shown  in  Fig.  6.  Comparing  this  response  with  Kawamoto*  s  one 
(  Kawamoto  [1983],  Figure  6.94,  page  341  ),  it  is  evident 
the  proposed  method  is  efficient  in  predicting  the  maximum  and 
minimum  response  of  the  system.  Furthermore,  the  proposed 
method  is  better  than  HFTD  in  describing  the  "true"  response 
of  the  system,  particularly  if  we  consider  the  accentuated 
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spring  softening. 

The  responses  of  Cases  II  and  III,  Figs.  7  and  8, 
respectively,  show  that  frequency-dependent  damping  is  treated 
conveniently  by  the  proposed  method.  Others  types  of  c(cj) 
functions  can  be  considered  with  no  changes  in  the  algorithm. 
A  very  small  diferences  in  the  moduli  of  maxima  displacements 
are  observed  from  Case  I  to  Cases  II  and  III.  One  reason  is 
predominant  for  this  fact:  the  steady-state  response  is 
calculated  and  the  static  amplitude  p(t)/K2,  for  such  a  small 
value  of  Ka,  is  predominant  in  the  system’s  response. 

CONCLUSIONS 

The  proposed  method  is  efficient  for  treatment  of  dynamic 
nonlinear  systems  with  frequency-dependent  damping.  In  a 
future  work,  the  computational  effort  needed  will  be  measured 
and  compared  with  the  cpu  time  of  others  methods.  Howewer,  it 
is  very  apparent  that  the  SILFD  method  combined  with  the 
IFTalgorithm  is  well  suited  for  nonlinear  analysis  in 
frequency  domain,  optmizing  computational  effort  and  memory 
allocation. 
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APPENDIX 


The  discrete  frequencies  employed  in  this  formulation 
must  be  interpreted  according  Table  I.  Takinginto  account  the 
frequencies  w  from  Table  I,  H(w  )  and  H(w„  ),  Eq.  14,  are 

m  m  N-m 

complex  conjugate. 


Table  I.  Discrete  frequencies  (N  odd) 


m 

m  or  (N-m) 

(J 

m 

0 

0 

0 

1 

1 

Lu) 

2 

2 

2AZ} 

•  •  • 

•  •  • 

•  .  •  • 

(N/2-1) 

(N/2-1) 

(N/2-1) Aw 

N/2 

N/2 

(N/2) Aw 

(N/2+1) 

(N/2+1) 

[-(N/2+1) ]Aw 

•  •  • 

•  •  • 

•  •  • 

N-2 

2 

-2Aw 

N-1 

1 

-Aw 
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Fig.  1-  SDOF  system. 
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Fig.  3“  Frequency-dependent  damping  in  case  II 
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Fig.  4-  Frequency-dependent  damping  in  case  III 

BCB-14 


nSFIACEMENTS  (mm) 


D  D.S  D.4  D.B  D.B  1  1-2  1'4 

THE  (x1DE-3  bbd) 


Fig.  8-  System  response  in  case  III. 
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ABSTRACT 

I  , 

As  one  of  the  direct  applications  of  complex  damping  theory,  a  useful 
property  of  structural  damping  is  presented  in  this  paper.  If  a  structure 
is  linear  and  lightly  damped,  (i.e.  the  maximum  damping  ratio  <  0.,3),  then 
increased  damping  of  the  structure  will  result  in  proportional  change  in 
each  modal  damping  ratio  of  the  system.  This  property  is  particularly  useful 
in  damping  re-design  and  damping  measurement.  A  number  of  experimental 
and  numerical  examples  are  also  presented. 
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INTRODUCTION 


Quantities  such  as  / 1-^^  and  expC-^w)  ,  where  ^  is  the  damping  ratio  and 
u>  is  the  undamped  natural  frequency,  are  often  seen  in  the  studies  of 
d5mamic  systems.  Direct  treatments  of  these  quantities  are  difficult. 
Furthermore,  they  are  too  complicated  to  be  used  in  practice.  Most 
engineering  applications  typically  use  approximated  values  for  these 
quantities.  In  Table  1  some  possible  approximations  of  ^  and  ^ 1-?^ 
together  with  the  associated  errors  are  given. 


Table  1  Dajnping  ratios  and  the  approximations 


approximation  of  ^ 

approximation  of  i 

/l-S“ 

sh(^)  &  error 

1 

&  error 

l-^^/2  &  error 

.001 

1.0000005 

0.% 

0.9999995 

1 

5e-  5% 

.9999995  0.0% 

.01 

.0100001 

1 . 6e-5% 

0.99995 

1 

Be-  3% 

. 999995 

0.0% 

.05 

. 0500208 

.  042% 

0.9987492 

1 

0. 125% 

. 99875 

-8e-5% 

B 

. 1001667 

.  167% 

0.9949874 

1 

0.501% 

.995 

00126% 

.201336 

.  668% 

0.9797959 

1 

2.020% 

.98 

0204% 

.25 

.2526123 

1.04% 

0.9682458 

1 

3. 175% 

. 96875 

.0504% 

. 3045202 

1.51% 

0.9539392 

1 

6.060% 

.955 

.  106% 

In  this  Table,  the  largest  error  appears  when  v  is  approximated  by 

unity.  If  the  value  of  ^  is  less  them  10%  ,  then  the  error  is  no  more  than 
0.5%  .  If  the  value  of  ?  is  less  than  30%,  then  this  error  is  less  than  5%. 

If  we  approximate  1  -  by  unity,  then  the  error  is  no  more  than 

0.106%.  These  errors  are  tolerable  in  most  engineering  applications. 

We  define  a  structural  system  to  be  lightly  damped  if  the  absolute  value 
of  the  damping  ratio  for  the  system  is  less  than  30%  .  The  damping  of  most 
civil  engineering  structures  such  as  buildings,  bridges,  dams  and  towers  is 
usually  less  than  10%.  Metal  structures  have  even  less  damping.  Theoretically 
speaJcing,  for  lightly  dajnped  systems,  we  have  the  following  equations 

y 1-^^  «  1 
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^  «  1  -  2 

exp(?)  «  1  +  ^  +  2  (1) 

ch(^)  «  1 
sh(^)  «  ^ 

This  paper  is  limited  to  the  discussion  to  such  systems. 

COMPLEX  DAMPING  OF  LIGHTLY  DAMPED  STRUCTURES 

We  first  describe  the  ooeplex  damping  ratios  of  lightly  damped  systems 

Consider  an  MDOF  system.  For  each  virtual  mode  of  the  system,  ue  can  have 
an  equation 

ii  +  (a  +  Jb)  ii  +  =  0  (2) 

The  characteristic  equation  of  (2)  is  given  by 


2 

X  +  (a  +  jb)  X  +  =  0 

with  ** 

*  "  -4"  f-(a*Jb)  1  ((a*Jb)“- 

'  "n  <^>  *  «  )“  -  1  )'^ 

n  n 

'  J  t  <  ^  J  '  M  1  *  ( 

^  n 

Using  (1)  for  lightly  damped  systems,  we  have 


emd 


(3) 


(4) 


(5) 


Without  loss  of  generality,  let  us  first  take  the  po"sitive  sign  of 


(  1  +  (  )2  )l/2 


in  Equation  (3).  Then  we  have 
X 

By  using  (1),  we  have 


n  n  J 


(6) 
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a-t-Jb 

2(<) 


=  exp(  j-^)  exp(-^) 


«  t  1  +  j- 


Ti 

a 


Z(j) 


1  >  a 

2 


» I  j- 


2ti 


*  <  1  J")"' 


2w  ■' 


« 


-b 

2<i> 


It  follows  that 


=  *  <  1  -<  4r^}  )") 

!•  n 


1/2  I 


2u  sw 

-tl  *  il 

^  -  J(  ‘  -  <  2^J 

li  II  sQ 


Now  take  the  negative  sign 

-  (  1  +  ( 


2<a 


j 


in  Equation  (3),  we  have 
X  =  - 


n  n  n 

Combining  Equations  (7)  and  (8),  we  have 


2w  '  n 

li 


X  = 


n  xi  fi  ti 


By  comparing  the  Equation  (9)  With  the  standard  form  §f 

X  =  -  ±  j/m 


we  have 


and 


<-2 

-f  6) 


2(<> 


=  ^  (  a  =  2  4  0  ) 

li 


«8) 


(9) 


( 10) 


By  using  (1) 


Then 


n 


exp(-||-)  -  1  ±  (  1  5 

n  n 


20 


=  C  (  b  =  2  Z  0  ) 

n 


(11) 


In  Equations  (10)  and  (11),  a  and  b  are  associated  with  the  i^**  virtual 
mode  of  the  system.  By  assigning  to  a  and  b  some  proper  subscripts,  we 
have,  for  the  i^**  virtual  mode  of  the  system. 
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(12) 


a  =  2  ^  w 
1  1  nl 


auid 


b  =  2  I"  u 

I  nl 


Aj  =  -  Cjexp(+Cj)  ±  j/l^  exp(+<^) 


Sometimes,  it  is  convenient  to  approximate  by 


^1  =  J  w^expC  ?  ±  j  C  ) 


(13a) 


(13b) 


If  we  define  the  i*"**  complex  damping  ratio  of  a  lightly  damped  system  by 

d 

(14) 


1  2u 


nl 


-  i  J  c, 


then  we  can  make  the  following  statements. 

Theorem  1.  For  lightly  damped  MDOF  system,  The  complex  damping 
coefficient  of  the  i^**  virtual  mode  is 

<',  =  2  (  C/  J  «,) 

Where  the  real  part  of  the  complex  damping  ratio,  ^  is  the  traditionally 

^  ^  J>  t _ -111.1.  •  'S'  * 

i,  .  l.e. 
real  (d  ) 


defined  "damping  ratio",  ,  i.e. 


= 


2  u) 


nl 


=  * 


the  imaginary  part  of  the  complex  damping  ratio,  is  associated  with 
the  change  of  undamped  natural  frequency  from  the  zero-damping 
frequency  ,  i.e. 

w  =  exp(C, )  w  . 

I  i  ni 

Theorem  1  indicates  that,  for  a  lightly  damped  system,  we  can  treat  the 
real  and  imaginary  parts  of  the  complex  damping  ratio  (or  complex  damping 
coefficient)  separately.  The  Theorem  is  useful  in  energy  analysis  of  real 
damping  and  imaginary  damping. 


THE  LINEAR  PROPERTY  OF  LIGHTLY  DAMPED  SYSTEMS 

For  lightly  damped  systems,  the  damped  natural  frequencies  are 
approximately  equal  to  the  undamped  natural  frequencies.  That  is,  if  the 
value  is  sufficiently  small,  then 

exp(  Cj)  »  1 

3J^d  tJ  =  1  M  a  _  (15) 


ni 
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Equation  (15)  says  that,  if  two  lightly  damped  systems,  K  and  H  ,  have 

1  2 

the  same  mass  and  stiffness  distribution,  then 

~  a<2) 

A_  »  A_  - 


v(i)  ,  ^  yiz) 

A._  »  A._ 


i  =  1 , . . .  2n 


“ilm  ^‘ilm  ’  -  -  X,.  .  V. 

To  simplify  the  notations,  we  arrange  the  system  eigenvalues  in  the 
following  order 

A  ,  A  ,  » .  .  ,  A  . 

12  n 

SO  that  their  corresponding  natural  frequencies  satisfy 


Cl)  2  (()  2! 

1  2 


For  proportional  systems,  we  now  have  the  following  lemma. 

Lemna  1.  If  a  lightly  damped  system  H  has  proportional  damping  which 
can  be  represented  as  the  sum  of  two  proportional  damping  and  C  , 

i.  e. 

C  =  C  +  C 

C  1C  2C 

then,  for  the  subsystem  H  euid  H  ,  we  have 

1C  2C 

A  -  a""  *  a‘"“ 

Re  Re  Re 


%  _  ^  .{20 
iRe  IRe  IRe 


1  >=  1....2n 


a'*'’  . 

Im  Im 


link  link  link 


i  =  1, .  .  .2n 


Lemma  1  says  that,  for  a  system  with  proportional  deunping,  if  it  can 
be  split  into  two  subsystems  both  with  proportional  deimping,  then  the 
imaginsu'y  pairt  of  the  eigenvalues  of  the  original  system  is  the  sum  of  the 
corresponding  imaginary  parts  of  the  two  subsystems.  In  other  word,  the 
daunping  ratios  possess  the  following  relationship 

^(C)  ^  ^(ic)  ^  ^(20  j  ^  j . 2n  (20) 


where  the  superscript  (.)  stands  for  the  corresponding  system  (.). 


Lemma  1  can  be  used  in  damping  identification.  When  dampers  are  added  to 
a  structure,  the  damping  ratio  of  the  structure  is  changed.  By  using 
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Zn'eT  ‘-e 

.odifled  dtructUTd.  In  a  later  section,  sc  examples  will  be  given. 

Uc  1  can  be  extended  to  systeas  „ltb  general  non-proport  Iona,  daaplng. 
This  is  described  in  the  following  Lemma. 


2:  For  any  ligbtly  daaped  systea  with  daaping  c.  let  H  be  the  state 
we  have 


me.  T.O  °  ’  '•  **  ‘'“S  sta 

X.  If  we  separate  the  syst.a  Into  two  snbsysteas  H  and  H  then 

UO  hasrea  P  “j(  •  ^Hen 


K  -  a"’’ 

Re  Re 

i .  e. 

A,  «  A^"*' 

iRe  iRe  ’ 

i  =  1.  2.  ...  2n 

and 

“  a'"' 

In  Im  In, 

i.e. 

ilm  ^ilm  ~  ^iim  ’ 

^  *”  1 »  2f  ...  2n 

(21) 


(22) 


This  leaaa  Is  easily  understood  by  noting  that  systeas  H  and  H  have 

the  Identical  daaping  ratios  for  their  aodes,  and  alaost  the  sLe  natural 
frequencies  per  each  mode. 


nieorem  2.  If  the  daaping  aatrlx  C  of  a  lightly  daaped  syste.  R 
can  be  represented  by  the  sua  of  two  aatrlces  C  and  C  .  l.e.  C  -  c  e  C 
then,  for  subsystems  and  .  we  have  ^2  12 


i.  e. 
and 

i.  e. 

Proof. 


iRe 

A 


A  « 

A  + 

a(2) 

Re 

Re 

Re 

a!^’ 

+  a<2’ 

>  i  = 

IRe 

.  IRe 

A 

»-l 

a(2) 

Im 

Im 

Im 

ilm 


a!"’  «  A<2> 

liro  ilm  * 


^  ~  ^ »  2,  ....  2n. 
i  =  1.  2,  ...  2n 


(23) 

(24) 


‘-'t  t;,  =  C  __  .  and  Then  we  have 

'  *^1  *  S  °  '  Sp  *  “^zp*  *  <  C  ) 

According  to  Lemma  2,  in  2m 

V  ““  K""  *  +  a‘2P) 

Re  Re 

Re  Re 
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The  second  half  of  the  theorem  Is  obvious. 


Corollary  1.  If  lightly  damped  systems  and  have  same  mass  and 

stiffness  distribution  and  damping  matrix  C  of  H  is  0  times  of  C  of  H  , 

2  2  11 


(l.e. 

C  =  B  C  ), 
2  1 

then,  for  H 

1 

and  ,  we  have 

.(2) 

A 

i.  e. 

ilm 

. . . ,  2n. 

(25) 

and 

a^2) 

A  ^ 

Re 

i.  e. 

A .  ^ 

iRe 

g  xj”  .  i  .  1.  2, 

. . . ,  2n. 

(26) 

APPLICATIONS  AND  EXAMPLES 
Exanqple  I 

Figure  1  shows  a  structure  with  3  DOF.  Before  dampers  are  added,  the  system 
has  the  following  damping  ratios 

Table  2  Damping  Ratios  of  the  Base  Structure 


Mode 

I 

II 

III 

damping  ratio 

.0102 

.0087 

.0079 

By  adding  dampers  to  the  base  structure,  the  damping  ratios  are  changed. 
Since  the  damping  ratio  of  a  damper  is  directly  related  to  the  physical 
parameters ' (such  as  the  loss  modulus  and  the  volume  of  damping  material), 
the  ratio  can  be  calculated  when  these  parameters  are  given.  Suppose  we 
have  already  obtained  the  corresponding  damping  ratios  contributed  by 
the  dampers  (first  row  of  Table  3).  Now  we  would  like  to  have  the  damping 
ratios  of  the  structure  2d*ter  the  dampers  are  incorporated.  It  is  easy  to 
see  that  the  system  is  still  lightly  damped.  So  from  Theorem  2  we  can 
calculate  the  damping  ratios  using  the  linear  property.  The  results  are 
shown  in  the  third  row  of  Table  3.  The  last  row  in  Table  3  gives  of  the 
experimental  data  to  be  directly  compared  with  the  calculated  results. 
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Table  3  Calculation  of  damping  ratio 


mode 

I 

II 

III 

^add 

.275 

.  1010 

.0744 

base 

.0102 

.0087 

.0079 

calculated 

? 

.2852 

.  1097 

.07519 

tested 

C 

.2970 

.0877 

. 06200 

Example  II 

The  second  exaunple  is  concerned  with  the  damping  matrix  decompositions. 
Thus  far,  there  are  three  popular  damping  matrix  decompositions.  (1).  The 
C lough- Penzien  decomposition 

c  =  c  +  c 

P  N 

This  decomposition  gives  a  proportional  damping  matrix  C^.  Consequently 
all  the  damping  ratios  of  the  system  can  be  calculated. 

(2) .  The  pure  proportional  and  non-proportional  decomposition 

C  =  C  +  C 

d  o 

This  decomposition  gives  the  pure  non-proportional  damping  matrix  C  . 

O 

(3) .  The  real-imaginary  decomposition: 

c  =  c  +  c 

r  1 

This  decomposition  gives  the  matrix  C  and  the  matrix  C  which 

^  i 

provide  the  real  part  and  the  imaginary  part  of  the  complex  damping  ratio 
respectively. 

Although  decomposition  (3)  is  in  great  use  when  dealing  with  energy 
analysis,  its  computations  are  intensive.  With  the  help  of  Theorem  2 
we  can  use  the  formula 

C  =  C  +  C  , 

d  o 

to  approximate  C  =  .  This  is  a  simple  approach  to  obtain  C 
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matrix. 


Suppose  we  have  the  following  M-C-K  system, 


’2-1-1  O’ 

’  180  -48  0  ,  0  ' 

M  =  I,  C  = 

-1  3  -1  -1 

-1  -1  4  -2 

and  K  = 

-48  136  -88  0 

0  -88  180  -92  : 

0-1-2  5 

0  0  -92  92 

Since 

-  j 

1. 

’  408 

-144 

-92 

92  ■ 

C  K  = 

-324 

544 

-352 

0 

-132 

-440 

992 

-552 

48 

40 

-732 

644 

* 

we  know  that  the  system  is  non-proport ionally  damped.  Using  the  pure 
proportional  decomposition,  we  have 


3.8507 

-.2994 

.0301 

-.3307 

-.2944 

3.6314 

-1. 1827 

-.5486 

.0301 

-1. 1827 

3.6328 

-1.3303 

-.3307 

-.5486 

-1.3303 

2.8851 

-1.8507 

-.7006 

-1.0301 

.3307 

-.7006 

-.6314 

.  1827 

-.4514 

-1.0301 

.  1827 

.3672 

-.6697 

.3307 

-.4514 

-.6697 

2.  1149 

The  eigenvalues  of  the  system  are  given  by 

-2.5182  ±  16.52Q7J 
-1.8893  ±  13. 6937 J 
-1.9617  ±  9. 8809 J 
-0.6307  ±  3.0123J 

their  corresponding  complex  damping  ratios  are 

.1507  ±  .0098j 
.1367  ±  .0066J 
.1947  ±  .0063j 
.2050  ±  .OlOOj 


The  maximum  damping  ratio  is  about  21%.  According  to  Corollary  1,  if  the 
dajnping  matrix  is  reduced  to  one  tenth  of  the  original  value,  then  the 
dajnping  ratios  will  be  approximately  decreased  to  ten  times  smaller. 
Therefore  the  maximum  deunping  ratio  is  about  2%. 


In  Table  4  we  listed  the  results  of  A(H  )  and  )  from  C  -  C 

CO  CO  do 

decomposition  as  well  as  the  results  from  the  system  of  C/10  damping. 
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Table  4 

X(H  )  eind  ^(H  ) 

CO  CO 

Original  system 

System  with  C/10 

? 

g 

e  A 
n 

V 

a 

1 

u 

e 

.0179  ±  16.7148J 

-.0323  ±  13. 8242 J 

.0148  ±  10.0737J 

-.0004  +  3. 0769 J 

.0000  ±  16. 8771 J 

.0000  ±  13.9147J 

.0000  ±  10. 0098 j 

.0000  ±  3. 0468 j 

c  d 

0  a 
m  m 

P  P 

1  i 
e  n 

X  g 

r 

1  X 

.  1507  ±  . 0098 j 

le-4  X 

-.0100  ±  .9811J 

.  1367  +  . 0066 j 

.0216  ±  .6170J 

f 

o 

.  1947  ±  . 0063J 

-.0136  ±  .6156J 

.2050  ±  .OlOOJ 

.0012  ±  .9824J 

The  numerical  results  in  Table  4  show  that  the  approximation  is 
satisfactory.  This  is  particularly  obvious  for  the  small  damping  ratios. 

CONCLUDING  REMARKS 

Most  engineering  structures  can  be  classified  as  lightly  damped  systems. 
Dynamic  analyses  of  these  structures  could  be  different  from  and  simpler 
than  those  of  heavily  damped  systems.  The  nice  linear  property  of  the 
lightly  damped  systems  presented  in  this  paper  is  such  an  example.  A 

further  application  of  this  property  can  be  found  in  damper  utilization 
design  (see  Liang  et  al  1991). 
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PACOSS  Dynamic  Test  Article 
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ABSTRACT 

large  space  systems  (LSS)  will  possess  high  modal  density  at  low 
mission  performance  requirements  will  necessitate'^ control 
modal  frequencies.  This  situation  has  potential  for 
adverse  controls/structure  interaction  (CSI)  detrimental  to  system  performance. 

The  Passive  and  Active  Control  of  Space  Structures  (PACOSS)  orooram  ha*? 
investigated  the  design,  analysis,  and  verification  of  passive  and  active  dampino 
strategies  applied  to  LSS.  This  paper  discusses  the  results  of  an  experiment  in  which 
a  Linear  Quadratic  Gaussian  with  Loop  Transfer  Recovery  (LQG/LTR)  desion 

NnK  ^^®  Article  (DTA  for  the  purpose  of 

high  authority  vibration  suppression.  ^ 

In  general,  the  LQG/LTR  control  demonstrated  high  sensitivity  to  desion  model 

.  Performance  was  significantly  less  than  predicted,  even  though  the 
control  design  utilized  an  accurate  test-verified  model.  ^ 

The  results  of  this  experiment  indicate  that  analytic  LSS  models  which  are  Quite 
structural  dynamics  standards  may  be"^  insufficient  for  use  afde^sign 
models  in  modern  control  algorithms.  However,  passive  damping  designed  into  LSS 
flexible  modes  will  simplify  the  active  control  design  and  implementation  in  terms  of 

requirement? 


t  P.O.  Box  179,  Denver,  CO.  80201,  Mail  Stop  H4330,  phone:  (303)  971-9388. 


INTRODUCTION 

Future  large  space  systems  (LSS)  will  possess  high  modal  density  at  low 
frequencies.  Some  missions  envisioned  for  these  systems  require  rapid  retargeting 
and  precision  pointing  which  lead  to  control  bandwidths  overlapping  many  closeiy 
spaced  structural  modes.  Therefore,  some  means  of  structural  vibration  control  will  be 
necessary  to  avoid  excessive  excitation  of  the  flexible  modes.  FaSsive/active  vibration 
control  is  the  most  realistic  and  efficient  approach  for  vibration  suppression  in  such 
dynamically  challenging  systems 

The  Passive  and  Active  Control  of  Space  Structures  (PAGOSS)  program 
investigated  the  design  and  implementation  of  passive  and  active  vibration 
suppression  on  structures  typical  of  many  LSS  configurations.  This  involved  design 
and  fabrication  of  the  passively  damped  dynamic  test  article  (DTA)  possessing  high 
modal  density  between  1  and  10  Hz  (Fig  1).  Also,  an  active  vibration  control  systern 
was  designed  and  implemented.  A  brief  description  of  the  DTA  hardware  and  test 
setup  is  presented  in  this  paper,  while  a  detailed  description  of  the  DTA  is  given  in 
Reference  1 . 

Previous  investigations  with  the  DTA  demonstrated  good  agreement  between 
measured  and  predicted  performance  of  the  passive  damping  design  acting  in  concert 
with  local  direct  velocity  feedback  (LDVFB)  as  discussed  in  Reference  2.  However,  the 
LDVFB  was  a  relatively  low  authority  active  damping  approach  which  did  not 
dramatically  improve  the  DTA  line  of  sight  (LOS)  performance.  Optimal  control  in  the 
form  of  a  Linear  Quadratic  Regulator  (LOR)  approach  allows  for  efficient  use  of 
actuator  capability  in  the  design  of  high  authority  vibration  control.  The  loop  transfer 
recovery  (LTR)  technique  allows  for  estimator  design  which  recovers  the  desirable 
characteristics  of  the  LOR  full  state  feedback  design.  These  characteristics  make  the 
LQG/LTR  design  algorithm  attractive  for  designing  a  multi-input  multi-output  vibration 
controller  for  the  DTA. 

This  paper  discusses  the  application  of  the  LQG/LTR  control  design  algorithm  to 
the  DTA  LOS  vibration  suppression  problem.  Analytic  and  measured  results  are 
presented  to  show  the  degree  of  agreement  between  analytic  predictions  and  actual 
performance.  Conclusions  regarding  the  practical  application  of  LOG  control  for 
vibration  suppression  and  the  role  of  passive  damping  are  drawn  from  the  test  results 
and  analytic  studies. 

HARDWARE  DESCRIFTION  AND  MODELING 

The  PACOSS  DTA  is  a  laboratory  testbed  for  passive  and  active  structural 
vibration  control  implementation  and  testing.  The  DTA  possesses  23  major  structural 
modes  between  1  and  10  Hz,  many  of  which  are  global  in  nature.  Using  the  methods 
described  in  Reference  3,  passive  damping  levels  between  5%  and  10%  (modal 
viscous)  were  designed  into  the  flexible  modes  which  contribute  to  LOS  error.  The 
analytic  model  was  then  verified  through  a  comprehensive  modal  survey  (Reference 
4).  The  DTA  is  suspended  from  three  pneumatic  suspension  devices  which  have  veiy 
low  stiffness  and  virtually  no  friction.  The  suspension  arrangement  gives  the  DTA  six 
rigid  body  modes  below  0.3  Hz.  The  overall  test  setup  is  shown  in  Figure  2. 
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Figure  2  DTA  Test  Setup 
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The  active  control  system  includes  reaction  mass  actuators  (RMA),  inertial 
velocity  measurements,  and  a  digital  control  processor.  Ten  RMAs  with  collocated 
Sundstrand  QA-1400  accelerometers  and  linear  velocity  transducers  are  mounted  at 
the  locations  shown  in  Figure  3.  Also  identified  in  Figure  3  are  the  locations  of  three 
additional  non-collocated  QA-1400  accelerometers.  Inertial  velocity  is  obtained  from 
the  13  accelerometers  by  integrating  the  signals  with  bi-quad  filters  as  discussed  in 
Reference  5.  Thus,  the  control  system  involves  23  inputs  (10  collocated  inertial 
velocities,  1 0  collocated  relative  velocities  between  the  reaction  masses  and  DTA,  and 
3  non-collocated  inertial  velocities), and  10  outputs.  Control  laws  are  implemented  via 
an  Optima/3  digital  controller  capable  of  handling  up  to  32  inputs  and  32  outputs.  In 
the  PACOSS  experiment,  the  processor  ran  the  LQG/LTR  control  law  (36  states  23 
inputs  and  1 0  outputs)  at  a  400-H2  sample  rate. 

Due  to  their  1.5-Hz  natural  frequency,  the  RMAs  cannot  control  the  low 
frequency  rigid  body  dynamics  of  the  DTA.  Therefore,  a  relative  LOS  was  defined  to 
exclude  rigid  body  rnodes  from  the  control  system.  Thus,  the  controller  acts  strictly  as 
a  vibration  suppression  system.  Figure  3  identifies  four  disturbance  input  points  on  the 
DTA.  These  disturbances  could  be  from  maneuvering  thrusters  or  onboard 
equipment.  The  relative  LOS  response  to  these  disturbance  inputs  was  taken  as  the 
performance  metric  to  be  minimized  by  the  controller 


Figure  3.  DTA  Control  Locations 


In  addition  to  the  active  control  instrumentation,  182  Kistler  model  8632 
accelerometers  were  installed  on  the  DTA  for  acquiring  modal  survey  data.  The  large 
number  of  cables  seen  in  Figure  2  are  primarily  from  these  modal  accelerometers. 
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Tests  with  and  without  the  majority  of  cables  attached  showed  that  the  instrume 
cables  had  no  effect  on  the  flexible  modes  of  the  DTA.  The  LOS  measureme 
synthesized  as  a  linear  combination  of  selected  measurements  from  the 
accelerometers. 

A  detailed  finite  element  model  of  the  DTA  with  over  10,000  degrees  of  fre 
(DOF)  was  developed  and  test  verified  during  the  first  phase  of  the  PACOSS 
The  detailed  model  was  reduced  (via  a  Guyan  reduction)  to  357  DOFs,  and  th 
determined  from  this  reduced  model.  Table  1  compares  the  analytic  cina 
natural  frequencies  and  damping  ratios  and  lists  the  diagonal  term  of  the  or 
product  between  the  predicted  and  identified  modes  up  to  1 0  Hz.  Th©  mod 
in  the  control  design  model  (CDM)  were  those  possessing  significarit  ob 
controllability  when  the  control  points,  sensor  points,  disturbance  input 
LOS  were  considered.  Essentially,  the  CDM  includes  all  global  mod" 
appendage  modes  with  frequencies  below  10  Hz. 


Kistler 


edom 


Tatis  1  Identified  and  Predicted  Modes  from  DTA  Modal  Survey  S 


Mode  # 

Measured 

Analytic 

X-orth 

diag. 

RitaineJln  j 
control  design 
mode! 

fn(Hz) 

C(%) 

fn(Hz) 

C(%) 

1 

1.03 

2.9 

1.04 

4.8 

0.97 

2 

1.11 

3.4 

1.06 

4.9 

0.98 

3 

2.50 

3.9 

2.68 

2.8 

0.98 

X 

4 

3.03 

7.4 

3.17 

5.9 

0.51 

5 

3.13 

6.5 

3.22 

5.0 

0.40 

6 

3.30 

5.1 

3.37 

5.3 

0.71 

X 

7 

3.45 

8.7 

3.54 

7.4 

0.74 

X 

8 

3.73 

6.3 

3.75 

4.9 

0.98 

X 

9 

4.12 

7.4 

3.85 

10.1 

0.98 

10 

4.56 

5.8 

4.43 

6.1 

0.84 

X  1 

11 

4.79 

1.7 

4.46 

3.4 

0.89 

12 

4.82 

1.6 

4.46 

3.0 

0.89 

13 

5.08 

12.0 

4.86 

11.9 

0.97 

X 

14 

5.13 

5.4 

5.02 

7.1 

1.00 

15 

5.78 

1.6 

5.85 

2.6 

0.94 

X 

1 6 

5.82 

2.1 

5.85 

2.5 

0.98 

X 

17 

6.49 

5.0 

6.00 

3.3 

0.96 

18 

6.55 

9.5 

6.25 

9.7 

0.98 

X 

19 

8.87 

7.2 

7.26 

6.0 

0.67 

X 

20 

9.20 

7.0 

9.35 

7.2 

0.99 

X , 

21 

9.61 

6.4 

9.55 

7.1 

0.93 

X 

22 

10.41 

1.5 

10.11 

1.4 

0.96 

23 

10.49 

1.4 

10.11 

1.4 

0.94 

Note:  Analytic  damping  ratios  for  modes  1  through  18  computed  using  VEM  properties 

at  4  Hz,  modes  19  through  23  computed  using  VEM  properties  at  9  Hz. 
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The  correlation  of  the  analytic  and  measured  results  was  excellent  in  terms  of 
frequency  and  damping  ratios.  The  orthogonality  diagonal  term  indicates  agreement 
in  terms  of  mode  shape  and  should  be  greater  than  0.9.  As  listed  in  Table  1 ,  the  mode 
shape  correlation  is  quite  good  for  most  of  the  flexible  modes  retained  in  the  COM  with 
the  exception  of  modes  6,  7,  10,  and  19.  Modes  6  and  7  are  antisymmetric  global 
modes  which  involve  the  box  truss,  tripod,  and  solar  arrays.  Modes  10  and  19  are 
more  local  in  nature,  mainly  involving  the  antenna. 

Review  of  component  modal  surveys  (Ref  6)  indicated  that  the  fundamental 
constrained  interface  mode  of  the  box  truss  was  about  6%  higher  in  natural  frequency 
than  predicted.  In  an  effort  to  evaluate  the  effect  on  the  DTA  system  modes  of 
matching  the  box  truss  constrained  interface  fundamental  frequency,  the  1/8-in. 
diameter  x  0.014-In.  wall  box  truss  members  were  stiffened  by  20%.  This  increased 
the  box  truss  constrained  interface  fundamental  frequency  by  the  desired  6%  to  match 
the  component  test  results.  In  this  case,  the  fundamental  mode  shape  of  the  box 
remained  essentially  unchanged.  The  DTA  model  was  recoupled  with  the  stiffened 
box  model,  and  the  system  modes  computed. 

Table  2  lists  the  results  for  the  updated  model  CDM  modes.  Note  the  negligible 
differences  in  natural  frequencies  and  damping  ratios  between  the  two  analytic 
models  for  all  but  modes  6  and  7  (see  Table  1).  These  modes  show  a  small  shift  in 
frequency  but  a  relatively  large  change  in  damping  ratio.  Agreement  with  the 
measured  values,  while  remaining  quite  good,  improves  somewhat  for  mode  7  but 
degrades  slightly  for  mode  6.  The  orthogonality  product  diagonals  for  modes  6  and  7 
between  the  measured  and  updated  analytic  modes  are  greatly  improved  as 
compared  with  the  original  DTA  model.  These  results  indicate  that  accurate  prediction 
of  closely  spaced  modes  can  be  quite  difficult.  Here,  a  6%  change  in  a  substructure 
modal  frequency  produced  a  major  change  in  two  very  closely  spaced  system  mode 
shapes.  The  task  of  predicting  and  identifying  closely  spaced  modes  in  dynamically 
complex  structures  indeed  requires  extremely  accurate  finite  element  models. 


Table  2  Measured  and  Analytic  fn  and  C  for  DTA  Modes  Retained  In  CDM 


Mode# 

Measured 

Updated 

X-orth 

diagonal 

fn(Hz) 

C(%) 

fn(Hz) 

C(%) 

3 

2.59 

3.9 

2.66 

2.8 

0.99 

6 

3.30 

5.1 

3.47 

4.2 

0.93 

7 

3.45 

8.7 

3.51 

8.6 

0.95 

8 

3.73 

6.3 

3.70 

4.8 

0.98 

10 

4.56 

5.8 

4.43 

6.0 

0.82 

13 

5.08 

12.0 

4.86 

12.1 

0.97 

15 

5.78 

1.6 

5.85 

2.6 

0.94 

16 

5.82 

2.1 

5.85 

2.5 

0.98 

18 

6.55 

9.5 

6.41 

9.9 

0.99 

19 

8.87 

7.2 

7.27 

6.0 

0.67 

20 

9.20 

7.0 

9.41 

7.1 

0.99 

21 

9.61 

6.4 

9.58 

7.2 

0.93 

CAA-7 


These  observations  indicate  that  DTA  modes  in  the  3  to  4-Hz  range  are  very 
sensitive  to  the  relative  stiffnesses  of  the  box  truss,  tripod,  and  solar  arrays.  Stiffening 
the  box  truss  seems  to  have  improved  correlation,  but  altering  the  tripod  or  solar  array 
models  may  have  similar  effects.  The  DTA  model  with  the  stiffened  box  truss  was  upd 
as  the  evaluation  model  for  control  performance  evaluation.  However,  the  original 
DTA  model  was  used  to  design  the  LQG/LTR  control  since  it  was  the  best  available 
model  before  conducting  the  final  open  loop  modal  survey  in  the  10  actuator  DTA 
configuration. 

LQG/LTR  DESIGN  APPROACH 

Modern  state-space  control  design  techniques  allow  the  analyst  to 
conveniently  model  and  analyze  high-order,  multi-input,  multi-output  (MIMO)  systems. 
One  branch  of  modern  control  theory  well  suited  to  the  DTA  vibration  suppression 
problem  is  optimal  LOG  control.  The  LOG  approach  provides  a  framework  in  which 
LOS  jitter  suppression  may  be  traded  against  active  control  effort  to  determine  the 
most  efficient  compensator  design  for  the  required  performance.  The  Complete 
LQG/LTR  design  algorithm  utilizes  standard  LOG  design  techniques  (optima!  regulator 
or  estimator  design,  depending  on  the  problem),  and  then  computes  the  companiosi 
estimator  or  regulator  design  such  that  the  singular  values  of  the  system  loop-transfer 
matrix  approach  those  of  the  full-state  design  case.  This  is  known  as  "recovery"  of 
loop-transfer  functions  (LTF). 

The  LOG  control  structure  is  shown  in  Figure  4.  It  consists  of  a  Kalman-Bucy 
filter  (KBF)  with  gains,  Kf,  designed  to  estimate  the  states  of  a  nominal  plant  model, 
G(s),  and  a  full-state,  linear-quadratic  regulator,  Kc-  Figure  4  and  the  nomenclature 
used  here  were  taken  from  Reference  7.  Referring  to  Figure  4,  the  following  properties 
for  the  LOG  control  structure  may  be  stated: 

1 )  The  LTF  obtained  by  breaking  the  LOG  loop  at  point  (I)'  is  the  KBF  LTF 

C<f>Kf. 

2)  The  LTF  obtained  by  breaking  the  LOG  loop  at  point  (I)  is  GK.  It  can  be 
made  to  approach  COKf  pointwise  in  s  by  designing  the  LQR  in 
accordance  with  a  "sensitivity  recovery"  procedure  due  to  Kwakernaak 
(Ref  8).  This  assumes  G(s)  is  minimum  phase  and  that  m  >  r. 

3)  The  LTF  obtained  by  breaking  the  LOG  loop  at  point  (ii)'  is  the  LQR  LTF 
Kc^B. 

4)  The  LTF  obtained  by  breaking  the  LOG  loop  at  point  (ii)  is  KG.  It  can  be 
made  to  approach  KqOB  pointwise  in  s  by  designing  the  KBF  in 
accordance  with  a  "robustness  recovery"  procedure  due  to  Doyle  and 
Stein  (Ref  9).  This  assumes  G(s)  is  minimum  phase  and  that  m  s  e”. 
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Compensator  K(s) 


Plant  Model: 

X  =  Ax  +  Bu  +  ^:  xe  r",  ue  R*" 

y  =  Cx  +  ii;  ye 
satisfies: 

G(s)  =  CO(s)  B 

with: 

®(S)  =  |s  I„  -  Af' 

where: 

n  =  number  of  plant  states 
m  =  number  of  plant  inputs 
r  =  number  of  plant  outputs 

^  =  plant  noise  (white,  zero  mean,  random  process) 

Ti  =  measurement  noise  (white,  zero  mean,  random  process) 


Figure  4.  LQG  Control  Structure 


As  stated  in  Reference  7,  "The  significance  of  these  four  facts  is  that  we  can 
design  LQG  loop-transfer  functions  on  a  full-state  feedback  basis  and  then 
approximate  them  adequately  with  a  recovery  procedure." 

The  appropriate  approach  for  the  DTA  is  to  design  Kq  via  the  LQR  technique 
and  then  compute  Kf  to  cause  the  singular  values  of  the  loop-transfer  matrix,  KG,  to 

approach  those  of  the  full-state  feedback  case,  KcOB.  The  procedure  for  computing 
the  KBF  gains  is  described  in  Reference  7  and  summarized  below: 

1)  Append  dummy  columns  to  B  and  zero  rows  to  K©  to  make  COB  and 
KcOB  square  (r  x  r).  COB  must  remain  minimum  phase. 
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2)  Design  the  KBF  with  modified  noise  intensity  matrices: 

E(^^T)  s  [Mg  +  q2BBT]5(t  -  x) 

E(t|tiT)  =  N©5(t  ~  x) 

where  M©,  N©  are  the  nominal  noise  intensity  matrices  and  q  is  a  scalar 
parameter. 

Under  these  conditions  (Ref  9): 

(1/q)iCf  as  q  oo 

where  W  is  an  orthonormal  matrix. 

This  calculation  of  Kf  results  in: 

K(s)  0(s)  — >  as  q  — > 


The  design  procedure  for  a  MIMO  system  involves  calculation  of  Kf  with 
successively  increasing  values  of  the  fictitious  plant  noise,  q.  As  q  approaches  infinity, 
the  singular  values  of  KG  will  approach  those  of  KcOB.  However,  the  gains  in  Kf  will 
become  quite  large,  which  is  generally  undesirable.  Thus,  a  designer  will  wish  to  use 
the  smallest  q  for  which  the  LTF  of  KG  acceptably  matches  that  of  KgOB  in  the 
bandwidth  of  interest. 

An  extension  of  the  single-input,  single-output  Bode  plot  for  MIMO  systems  is 
the  singular  value  (SV)  Bode  plot.  Comparison  of  SV  Bode  plots  for  KG  and  Kc<I>B  is 
a  good  indicator  of  the  ioop-transfer  recovery  achieved  for  a  given  value  of  q. 
Therefore,  SV  Bode  plots  may  be  used  to  determine  the  convergence  of  KG  to  Kc<I>B 
over  the  bandwidth  of  interest. 

The  design  goal  of  the  LQG/LTR  control  algorithm  for  the  DTA  was  to 
minimize  the  LOS  response  to  slew  commands  and  noise  disturbances  at  known  input 
points.  The  approach  taken  for  application  to  the  DTA  was  to  design  an  optimal 
regulator  based  on  full-state  feedback  and  then  recover  the  loop-transfer  functions  at 
the  disturbance  and  slew  command  input  points.  Thus,  as  discussed  in  Reference  10, 
the  desirable  characteristics  of  the  LQR  full-state  feedback  design  are  recovered  by 
the  estimator. 

Calculation  of  the  LQR  gain  matrix  invoives  selection  of  state  and  control 
weighting  matrices,  Q  and  R.  These  required  matrices  were  determined  as  follows: 


where: 


LOS  = 


LOS-X 

LOS-Y 


philosx  0 
philosy  0 


=  [TLOS]x 


phiSosx  =  mode  shape  coefficients  defining  LOS  about  X-axis 
phflosy  =  mode  shape  coefficients  defining  LOS  about  Y-axis 

q  =  generalized  modai  coordinates 
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Minimize: 


LOS^fo]  LOS  +  u’^[Ru]  =  x^[tL0sT|q1[TL0S]x  +  u^[R]u 


R  =  I  (10  X  10) 
Q=fTLOsT[TLOSlQ 


The  magnitude  of  the  scalar  ^  is  then  varied  to  achieve  the  desired 
performance.  Once  the  desired  LOS  response  is  achieved,  representative 
disturbances  and  maneuvers  are  input  to  the  full-state  feedback  closed-loop 
simulation  to  check  if  actuator  stroke  or  force  constraints  are  exceeded.  If  such  limits 
are  violated,  the  magnitude  of  Q  must  be  reduced,  and  K©  recomputed. 

After  an  acceptable  LOR  design  is  obtained,  the  KBF  gain  matrix  is 
computed  using  the  LTR  method  previously  described.  The  input  matrix,  B,  used  in 
the  loop-transfer  recovery  procedure  includes  the  control  and  disturbance  input  points. 
Note  that  the  number  of  points  used  (number  of  columns  in  B)  must  be  less  than  or 
equal  to  the  number  of  sensor  measurements  (number  of  rows  in  C).  After  each 
computation  with  a  given  value  of  q,  the  SV  Bode  plots  of  KG  and  K^OB  are 
compared.  Once  convergence  (in  a  qualitative  sense)  is  apparent,  the  control  design 
is  complete. 

Following  several  iterations,  good  performance  was  achieved  with  a  state¬ 
weighting  parameter,  Q,  of  10^.  The  LTR  procedure  was  then  performed  for  varying  q. 
This  process  was  conducted  using  the  matrix  algebra  software  package,  PRO- 
MATLAB,  and  the  Robust  Control  Toolbox  function  "Itru"  (Ref  11).  Figure  5  shows  the 
convergence  of  the  SV  Bode  plot  for  three  values  of  q.  The  plots  show  nearly  perfect 
agreement  for  q  =  10^.  Using  this  value,  the  largest  gain  in  the  KBF  matrix  was  9600, 
which  is  large  but  proved  to  be  acceptable. 

The  closed-loop  frequencies  and  damping  ratios  for  the  initial  LQG/LTR 
design  coupled  to  the  DTA  COM  are  listed  in  Table  3.  Note  that  the  LTR  procedure 
resulted  in  several  overdamped  (real)  poles  far  in  the  left  half  plane  as  well  as  several 
very  low  frequency  real  poles. 

It  was  necessary  to  remove  the  high-frequency  poles  from  the  design  to 
avoid  aliasing  problems  when  running  the  controller  at  400  to  500  Hz.  Also,  since  the 
0.05-Hz  bi-quad  integrator  poles  were  not  included  in  the  COM,  the  low-frequency 
compensator  poles  could  couple  with  the  analog  integrators  used  for  the  inertial 
velocity  measurements  and  cause  stability  problems.  Therefore,  the  compensator 
poles  less  than  0.5  Hz  also  had  to  be  removed  from  the  controller  design. 

In  attempting  to  reduce  the  controller  order,  it  was  found  that  the  low- 
frequency  poles  could  not  be  removed  from  the  compensator  without  causing 
instabilities  when  coupled  with  the  DTA  structural  model.  Therefore,  the  LQG/LTR 
design  was  repeated,  but  with  a  spectral  shift  applied  to  the  Kalman  filter  design  such 


CAA-ll 


that  th@  filter  poles  were  required  to  be  greater  than  0.5  Hz.  This  procedure  resulted  in 
a  compensator  which  indeed  possessed  no  poles  below  0.5  Hz,  yet  had  performance 
nearly  equivalent  to  the  original  design. 

A  reduced-order  compensator  was  then  obtained  from  the  full-order  design 
by  removing  compensator  modes  which  had  relatively  small  observability  and 
controllability  as  determined  from  a  balanced  realization  of  the  compensator  formed 
using  the  PRO-MATLAB  Robust  Control  Toolbox  function,  "obalreal"  (Ref  11).  This 
reduction  removed  most  of  the  high-frequency  compensator  poles  and  several  other 
relatively  unimportant  poles.  A  few  remaining  poles  in  the  100  to  400-Hz  range  were 
removed  via  a  modal  truncation,  and  the  final  compensator  order  was  cut  to  30  states, 
with  a  maximum  frequency  near  1 1  Hz.  Figure  6  shows  the  SV  Bode  plot  for  full-state 
feedback,  full-order  compensator,  and  reduced-order  compensator  designs.  Note  that 
the  maximum  singular  values  agree  nearly  identically  across  the  three  cases. 

In  addition  to  the  30-state  LQG/LTR  compensator,  three  second-order  bi- 
quad  integrators  were  appended  to  the  controller  to  derive  inertial  velocity  from  the 
non-collocated  QA-1400  accelerometer  measurements.  Thus,  the  controller 
implemented  in  the  Optima/3  involved  36  states  with  23  inputs  and  10  outputs.  The 
Optima/3  was  able  to  run  the  problem  at  a  sample  rate  of  400  Hz. 


TatS@  3.  Initial  DTA  LQG/LTR  Design  Results 


1  Complex  Poles 

Real  Poles 

fn  (Hz) 

C  (%) 

Type 

fn  (Hz) 

C  (%) 

Type 

(rad/s) 

0.12 

M 

S 

3.43 

7.12 

E 

-1.92x  10-4  -2.27x  103 

0.16 

S 

3.54 

7.38 

F 

-1.97x10-4  -2.67x103 

0.17 

m 

S 

3.78 

6.25 

-2.00x10-4  -3.17x103 

0.26 

1.00 

S 

3.90 

15.40 

-3.22x10-4  -3.51x103 

0.26 

1.00 

S 

4.44 

6.05 

E 

-3.84x10-4  -8.85x  104 

0.29 

S 

4.45 

6.46 

F 

-9.99x  10-4  -8.86x  104 

0.29 

1.33 

E 

4.71 

16.99 

F 

-9.99x  10-4  -8.88x  104 

0.29 

0.29 

0.56 

0.73 

1.07 

1.00 

83.90 

26.66 

E 

E 

A 

A 

4.82 

5.25 

5.84 

5.85 

32.12 

29.92 

2.52 

2.55 

E 

F 

F 

F 

-9.99x10-4  -8.97x  104 

-9.99x  10-4  -8.97x104 

-9.99x10-4  -9.12x104 

1.00 

37.09 

A 

5.85 

2.70 

E 

-1.00x10-3  -9.43x  104 

1.38 

61.22 

A 

5.86 

2.88 

E 

-1.00x  10-3  -9.46x  104 

1.50 

5.03 

A 

6.73 

45.26 

E 

-1.00x  10-3  -9.53x  104 

1.50 

5.03 

A 

7.34 

6.42 

F 

-7.96x  10-2  -9.63  x  104 

1.50 

5.03 

A 

7.39 

6.23 

E 

1.51 

5.09 

A 

8.94 

13.87 

F 

NOTE: 

1.51 

5.03 

A 

8.98 

7.79 

E 

S  =  Suspension  Mode 

1.53 

5.02 

A 

10.06 

22.51 

F 

A  =  Actuator  Mode 

2.78 

KniTslifl 

F 

10.43 

56.10 

F 

F  =  DTA  Flexible  Mode 

3.21 

6.99 

E 

10.61 

44.63 

E 

E  =  Estimator  Mode 
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The  analytic  LOS  frequency  response  function  (FRF)  for  a  slew  command 
about  the  Y-axis  is  shown  in  Figure  7.  The  four  traces  show  open-loop,  closed-loop 
full-state  feedback,  closed-loop  with  the  reduced-order  state  estimator  designed  using 
LTR  coupled  to  the  COM.  and  the  same  reduced  order  compensator  coupled  to  the  full 
DTA  model.  The  performance  of  the  reduced-order  compensator  design  on  the  CDM 
is  very  near  that  of  the  full-state  feedback  case,  thereby  showing  the  success  of  the 
LTR  and  reduction  design  process.  The  FRFs  shown  in  Figure  7  indicate  a  70  to  80% 
reduction  in  the  root  mean  square  (RMS)  LOS  jitter  level  based  on  response  to  white 
noise  between  2  and  10  Hz.  Another  demonstration  of  the  predicted  control 


effectiveness  is  seen  in  the  simulated  slew  response  shown  in  Figure  8. 
h( 


Figure  8.  Relative  LOS  Slew  Response,  X-AxIs 


RESULTS 

Open  and  closed  loop  FRFs  were  measured  using  burst  random  excitation  at 
disturbance  input  points  68Z  and  72Z  (see  Figure  3).  Measurements  were  made  for  all 
the  points  which  participate  in  the  LOS,  and  the  experimental  LOS  FRFs  were 
computed  as  a  linear  combination  of  the  actual  measurements.  Figure  9  shows  the 
experimental  open  and  closed  loop  FRFs  for  the  LOS  about  the  Y-axis  due  to 
excitation  at  point  68Z.  The  somewhat  noisy  closed  loop  response  is  a  result  of  very 
low  amplitude  measurements  being  scaled  by  relatively  large  terms  in  the  LOS 
computation.  The  corresponding  analytic  predictions,  based  on  the  original  DTA 
model  including  all  modes  to  20  Hz,  are  shown  in  Figure  10.  Note  that  while  there  is 
good  qualitative  agreement  between  the  actual  measurement  and  prediction  for  the 
open  loop  DTA,  the  LQG/LTR  closed  loop  LOS  measurement  deviates  significantly 
from  predicted  between  3  and  5  Hz.  The  cause  of  this  error  was,  in  part,  due  to  the  box 
truss  component  model.  When  the  compensator  was  coupled  to  the  updated  DTA 
model,  the  FRF  shown  in  Figure  1 1  resulted.  This  FRF  shows  a  behavior  very  similar 
to  that  observed  in  the  3  to  5-Hz  range.  However,  the  overall  response  suppression  is 
still  less  than  predicted  A  rough  calculation  of  the  actual  RMS  jitter  reduction  achieved 
by  the  control  gives  63%  versus  74%  predicted  using  the  updated  DTA  model. 
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Mag  (rad/lb) 


LOS-Y/F68z;  IjQG/LTR  vs  Open  Loop 


FIgut®  9  E«p®rlm©f^tBl  LOS  FRF;  LOS-Y/F68Z 


LOS-y/F68z:  LQG/LTR  &  Open  Loop  (Original  DTA  Model) 


Figure  10  Predicted  LOS-Y/F68Z;  Original  DTA  Model 
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LOS-Y/F68z:  LQG/LTR  Sc  Open  Loop  (analytic) 


Figure  11  Predicted  LOS-Y/F68Z:  Updated  DTA  Model 

The  FRFs  at  selected  control  points  demonstrated  additional  problems  with  the 
LQG/LTR  design.  Figure  12  shows  the  FRF  between  72Z  and  CP2,  and  Figures  13 
and  14  show  the  corresponding  analytic  FRFs  using  the  original  and  updated  DTA 
models  respectively.  Note  the  amplification  of  the  closed  loop  FRF  near  6  Hz. 
Apparently,  a  DTA  mode  near  6  Hz  is  being  destabilized  even  though  the  open  loop 
modal  survey  results  indicated  that  the  DTA  flexible  modes  in  this  frequency  range 
were  accurate.  As  shown  by  the  analytic  FRFs,  this  is  not  predicted  by  either  DTA 
model.  Also,  the  control  effectiveness  at  3  Hz  is  much  less  than  predicted.  These 
observations  indicate  that  the  LQG/LTR  design  is  quite  sensitive  to  small  differences 
between  the  CDM  and  actual  structure. 

Finally,  Figure  15  shows  a  measured  free  decay  for  open  and  closed  loop 
operation.  This  trace  was  produced  by  purely  exciting  the  2.6-Hz  mode;  perhaps  the 
most  accurately  predicted  mode  of  the  DTA.  The  LQG/LTR  control  law  did  successfully 
apply  a  great  amount  of  damping  (on  the  order  of  20%  modal  viscous)  to  this  mode. 
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Mag  (•n/iec*2Vlb  Mag  (Wiec''2yib 


DTA  FRF :  CF2/R2Z.  Measured 


Flgur0  12  Moasund  DTA  FRF;  CP2/F72Z 


DTA  FRF :  CP2/F72Z,  Original  DTA  Model 


Figura  13  Pndictad  DTA  FRF;  CP2/F72Z,  Original  DTA  Modal 
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Mag  (in/sec''2)/lb 


DTA  FRF :  CP2/R2Z.  Updated  DTA  Model 


Figure  14  Predicted  DTA  FRF;  CP2/F72Z,  Updated  DTA  Model 
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CONCLUSIONS 


The  open  and  closed  loop  results  discussed  above  demonstrate  that  closely 
spaced  flexible  modes  can  be  very  difficult  to  accurately  predict  without  resorting  to 
empirically  based  model  tuning.  It  is  not  surprising  that  the  greatest  degree  of 
disagreement  between  predicted  and  measured  results  occurs  in  bands  with  closely 
spaced  modes.  While  one  source  of  error  was  identified  (box  truss  frequency  6%  low), 
there  are  undoubtedly  many  small  differences  between  the  DTA  model  and  actual 
structure.  While  these  discrepancies  would  typically  be  considered  insignificant  by  a 
structural  dynamicist,  they  lead  to  somewhat  less  than  predicted  performance  of  a 
sophisticated  high  authority  control  design  such  as  LQG/LTR.  In  fact,  the  control  law 
amplified  the  response  of  even  well  modeled  modes,  such  as  those  in  the  5  to  7-Hz 
range.  It  must  be  noted  that  the  correlation  between  the  pretest  DTA  model  and  the 
measured  modes  is  probably  much  better  than  could  be  expected  with  an  actual  LSS 
which  would  not  be  tested  until  being  assembled  in  orbit.  Yet  the  DTA  model  still  fails 
to  predict  critical  performance  problems  when  coupled  to  a  modern  controller.  In  fact, 
the  results  indicate  that  the  control  would  probably  have  been  unstable  without  the 
passive  damping  designed  into  the  DTA. 

The  qualitative  analysis/test  agreement  demonstrated  by  Figures  9  through  1 1 
serves  to  validate  the  analysis.  A  natural  question  is;  what  if  no  passive  damping  were 
designed  into  the  DTA?  To  answer  this,  an  LQG/LTR  design  was  performed  for  the 
original  DTA  model  with  only  0.2%  modal  viscous  damping  in  all  modes.  As 
demonstrated  by  the  DTA  ring  truss  component  modal  survey  (Ref  5),  and  the 
PACOSS  D-Strut  truss  discussed  in  Reference  12,  this  level  of  damping  would  be 
expected  from  a  tight,  precision  structure  with  no  intentional  damping  designed  in. 
The  results  of  this  design  are  shown  in  Figure  16.  Note  that  the  full-state  feedback 
design  achieves  performance  equivalent  to  that  of  the  damped  DTA  closed  loop 
performance.  However,  when  the  remaining  plant  modes  are  included  in  the  plant 
model,  a  sharp  peak  near  4.5  Hz  is  evident.  This  demonstrates  that  without  passive 
control,  more  modes  must  be  considered  in  the  control  design,  leading  to  higher  order 
controllers  requiring  more  control  hardware  (actuators,  sensors)  with  greater 
capability.  Also,  a  higher  order  plant  makes  the  entire  control  design  process  more 
difficult  since  it  is  iterative  in  nature,  requiring  much  insight  from  the  analyst . 

When  coupled  to  the  stiffened  box  truss  DTA  model,  an  unstable  pole  at  3.5  Hz 
was  present.  So,  with  passive  damping,  the  LQG/LTR  control  was  marginally 
successful,  and  with  iterations  and  empirical  tuning,  could  probably  be  made  very 
effective.  But  without  significant  levels  of  passive  damping  designed  into  the 
structure,  the  sensitivity  of  LQG/LTR  to  parameter  variations  would  have  lead  to  closed 
loop  instabilities  and  been  very  difficult  to  tune.  These  problems  will  be  present 
whenever  the  controller  bandwidth  overlaps  closely  spaced  flexible  modes. 

In  summary,  an  LQG/LTR  vibration  suppression  control  design  was  conducted  for 
a  dynamically  complex,  passively  damped  system.  Passive  damping  allowed  many 
structural  modes  to  be  removed  from  the  plant  model  in  forming  the  CDM,  thereby 
greatly  simplifying  the  design  process.  Although  only  about  80%  of  the  predicted 
closed  loop  performance  was  achieved,  the  design  was  stable  and  did  significantly 
suppress  LOS  vibrations.  Some  structural  modes  were  amplified,  but  the  relatively 
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high  passive  damping  designed  into  the  structure  maintained  stability.  The  results  of 
this  experiment  demonstrate  that  if  high  bandwidth,  high  authority  modern  control 
algorithms  are  to  be  successfully  applied  to  LSS,  passive  damping  must  be  designed 
into  the  LSS  from  the  start. 


LQG/LTR  Applied  to  DTA  with  zeta  =  0.002 


Figure  16  LQG/LTR  Design  with  Nominally  Damped  DTA  (leta  x  0.002) 
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Abstract 

This  paper  presents  an  application  of  an  Hoc  design  technique  to  the  active 
control  of  a  passively  damped  large  space  structure  test  article.  An  active  vibration 
suppression  compensator  was  designed  for  the  Passive  and  Active  Control  of  Space 
Structures  (PACOSS)  Dynamic  Test  Article  (DTA)  using  the  Tfoo  technique.  Ana¬ 
lytic  studies  indicate  passive  damping  of  the  structure  results  in  reduced  sensitivity 
to  variations  in  plant  structural  modes  for  a  given  level  of  performance. 

The  control  problem  was  to  reduce  the  X  and  F  Line-of-Sight  (LOS)  pointing 
errors  caused  by  deformation  of  the  structure  due  to  vibration.  External  disturbances 
at  four  locations  along  the  DTA  excite  the  vibrational  modes  of  the  structure,  result¬ 
ing  in  LOS  errors.  Passive  damping  elements  designed  into  the  structure  result  in 
open-loop  damping  ratios  ranging  from  0.12  to  0.02.  Active  suppression  of  struc¬ 
tural  modes  is  accomplished  using  10  proof-mass  actuators  located  on  the  stracture. 
Sensors  for  active  control  provide  20  colocated  inertial  and  relative  velocity  mea¬ 
surements  as  well  as  3  noncolocated  inertial  velocity  measurements  at  locations 
along  the  stmcture. 

The  Woo  approach  allowed  the  integration  of  performance  requirements,  robust¬ 
ness  requirements,  and  other  design  constraints  into  the  design  problem.  Explicit 
representation  of  model  uncertainties  was  important  in  achieving  a  closed-loop  sys¬ 
tem  insensitive  to  plant  variations  typical  of  flight  hardware. 

Implementation  of  the  resulting  controller  on  tire  DTA  stmcture  provided  exper¬ 
imental  verification  of  closed-loop  system  stability  and  performance  in  the  presence 
of  model  errors  typical  of  test  verified  stmctures  possessing  high  modal  density. 

An  investigation  of  the  relationship  between  the  active  control  and  passive  damp¬ 
ing  indicated  that  passive  damping  was  instrumental  in  achieving  performance  and 
reduced  sensitivity  to  stmctural  mode  uncertainty.  Passive  damping  of  the  stmcture 
also  aided  in  reduction  of  the  controller  order  for  hardware  implementation. 

‘Performed  under  Air-Force  contract  F33615-82-C-3222 
tp.O.  Box  179,  DenvCT,  Colorado  80201,  (303)  977-4164 
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1  Introduction 


Future  scientific,  commercial  and  military  objectives  in  space  will  require  construction 
of  Large  Space  Systems  (LSS).  Proposed  operational  performance  objectives  for  these 
large  structures  include  stringent  pointing  accuracies,  fast  repositioning  and  short  settling 
times.  LSS  will  necessarily  be  lightweight  and  exhibit  a  dense,  low-frequency  modal 
spectrum  with  significant  content  within  the  control  bandwidth. 

Passive  and  active  control  methods  will  likely  play  important  roles  in  achieving  perfor¬ 
mance  requirements  for  future  LSS  missions.  The  complexity  of  LSS  structural  dynamics 
often  result  in  significant  model  inaccuracies.  Attempts  to  control  similar  large  systems 
through  purely  active  means  have  often  produced  disappointing  results. 

The  Dynamic  Test  Article  (DTA)  is  a  ground  test  experiment  designed  and  built  as 
part  of  the  Passive  and  Active  Control  of  Space  Structures  (PACOSS)  program.  The 
PACOSS  program  was  initiated  to  investigate  solutions  to  control-structure  interaction 
problems  by  combining  passive  damping  approaches,  designed  into  the  structure,  with 
active  control.  The  DTA  was  designed  as  a  hardware  validation  experiment  to  simulate 
a  large  pointing  system  and  contains  seven  substructures  representative  of  future  LSS. 

This  report  describes  the  application  of  the  7ioo  design  method  to  the  active  control 
of  the  DTA  large  space  structure  experiment.  Passive  damping  elements  designed  into 
the  structure  provide  increased  open-loop  structural  damping  and  vibration  suppression. 
Active  control  is  used  to  futher  reduce  pointing  errors  due  to  vibrations  present  in  the 
passively  damped  DTA  structure. 

The  Hoo  approach  allowed  integration  of  performance  requirements,  robusmess  re¬ 
quirements,  and  other  design  constraints  into  the  design  problem.  Representations  of 
model  uncertainty  are  used  to  reduce  the  sensitivity  of  the  closed-loop  design  to  model 
inaccuracies.  Uncertainties  within  the  control  bandwidth  prevent  the  cancellation  of  plant 
dynamics  by  compensator  zeros,  resulting  in  a  design  which  is  less  sensitive  to  model 
errors.  The  resulting  design  is  less  sensitive  to  model  errors  typical  of  flight  hardware. 

Implementation  of  the  active  controller  on  the  DTA  structure  provided  experimental 
verification  of  closed-loop  system  stability  and  performance  in  the  presence  of  model 
errors  typical  of  test  verified  structures  with  high  modal  density.  Tests  results  are  given 
in  the  form  of  frequency  responses  and  time  response  functions  and  show  good  agreement 
to  analytic  predictions  for  the  final  design. 

An  analytical  study  was  performed  to  investigate  the  relationship  between  the  active 
control  and  passive  damping.  Results  indicate  that  passive  damping  was  instrumental  in 
achieving  performance  and  reduced  sensitivity  to  structural  mode  uncertainty.  Passive 
damping  of  the  structure  also  aided  in  reduction  of  the  controller  order  for  hardware 
implementation. 

The  algorithm  used  to  solve  the  Hoo  control  problem  is  from  the  MATLAB  Robust 
Control  Toolbox  and  is  described  in  Reference  [4].  An  excellent  tutorial  description  and 
overview  of  Hoo  based  control  design  is  provided  by  Maciejowski  [3]. 
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Figure  1:  Dynamic  Test  Article 


2  PACOSS  Dynamic  Test  Article  (DTA) 

Figure  1  is  a  picture  of  the  DTA.  The  DTA  is  a  ground  based  structure  for  experimental 
validation  of  control  design  approaches  applicable  to  LSS.  The  DTA  is  designed  to 
simulate  a  large  poindng  system.  The  control  objective  is  to  minimize  the  effect  of 
disturbances  on  the  pointing  accuracy  of  tiie  structure.  The  pointing  accuracy  is  defined 
in  terms  of  the  relative  alignment  of  selected  points  on  the  lower  truss  structure  and  the 
secondary  mirror  structure  on  top  of  the  tripod.  The  DTA  is  composed  of  7  substructures 
which  represent  the  following  real  structures:  the  lower  ring  truss  represents  a  structural 
‘hardback’  for  the  system.  The  lower  box  truss  structure  is  a  support  structure  intended 
for  a  large  primary  optical  surface.  The  tripod  system  is  intended  to  support  a  secondary 
mirror.  The  dish  antenna  is  a  communications  antenna  and  the  linear  truss  is  to  suppmt 
sensitive  equipment.  Large  side-panels  represent  two  solar  arrays. 


2.1  Dynamic  Description  of  DTA 

The  structure  is  symmetric  about  an  axis  running  between  the  dish  antenna  and  the  linear 
truss  and  contains  39  modes  below  10  Hz.  Of  these  modes  6  are  associated  with  the 
suspension  mechanism  for  supporting  the  structure,  10  are  associated  with  the  actuators 
(each  actuator  is  modeled  as  a  2"**  order  system),  and  23  are  structural  modes.  Many 
higher  frequency  structural  modes  exist  in  the  system  which  are  not  included  in  the  model. 
The  structure  was  designed  with  passive  damping  elements  to  provide  increased  damping 
of  the  structural  modes.  Damping  ratios  of  the  structural  modes  range  from  0.01  to  0.12. 
Similar  large  structures  without  passive  damping  have  damping  ratios  less  than  0.01. 


The  10  actuators  are  proof-mass  actuators,  with  a  ±  1.0  inch  stroke.  Two  actuators 
are  located  on  the  tripod,  six  on  the  lower  ring  truss  structure  and  two  on  the  box  truss 
structure.  These  actuators  work  well  for  vibration  suppression;  however  since  they  rely 
on  the  acceleration  of  a  sliding  mass  to  generate  actuation  force,  they  are  only  effective 
within  a  bandpass  frequency  range. 

Each  actuator  has  two  sensors  colocated  with  it.  One  is  and  accelerometer,  filtered  to 
measure  inertial  velocity,  and  the  other  measures  relative  velocity  between  the  structure 
and  the  proof-mass  of  the  actuator.  In  addition  to  the  20  colocated  sensors,  there  are 
three  noncolocated  accelerometers  with  ouput  filtering  to  measure  inertial  velocities,  one 
located  on  each  of  the  two  solar  arrays,  and  one  on  the  linear  truss. 

2.2  Linear  Model  of  DTA 

A  Linear  Time-Invariant  (LTI)  model  of  the  DTA  was  developed  from  a  finite  element 
analysis  and  verified  with  extensive  modal  testing  of  the  assembled  structure.  The  model 
formed  the  basis  for  the  controller  design  and  is  more  accurate  than  would  typically  be 
available  for  flight  hardware. 

The  DTA  structure  contains  modes  beyond  10  Hz  which  have  been  truncated  from 
the  model.  In  addition  to  the  sensor  outputs,  the  model  has  two  design  outputs.  The 
design  outputs  are  X  and  Y  axis  Line-of-Sight  (LOS)  pointing  errors.  The  LOS  outputs 
are  measiu^ments  of  the  relative  alignment  between  the  lower  optical  surface  and  the 
secondary  mirror  structure.  The  V  axis  error  is  measured  along  an  axis  aligned  with 
the  axis  of  symmetry  of  the  structure.  The  X  axis  error  is  measured  relative  to  an  axis 
perpendicular  to  the  F  axis  and  passing  through  the  center  of  the  solar  array  panels. 

Vibrational  modes  of  system  are  excited  by  4  disturbance  inputs  located  on  the  box 
truss  structure.  Of  the  23  structural  modes,  only  12  affect  the  sensor  measurement 
outputs  or  the  LOS  outputs.  The  model  used  in  the  active  control  design  contained  only 
12  structural  modes  and  had  a  total  of  28  dynamic  modes. 

Figure  2  shows  the  maximum  singular  value  of  the  DTA  model  frequency  response 
from  the  4  disturbance  inputs  to  each  of  the  X  and  Y  LOS  errors.  The  effect  of  passive 
damping  elements  on  vibration  suppression  is  apparent  from  these  plots.  Few  sharp 
resonant  peaks  characteristic  of  the  response  of  an  undamped  structure  are  present. 


3  Design  Problem 

The  design  problem  facing  the  control  engineer  can  be  described  as  achieving  the  best 
trade-off  between  a  set  of  performance  requirements,  design  constraints,  and  sensitivity  of 
the  system  to  model  uncertainties.  The  primary  performance  requirement  for  the  closed- 
loop  system  is  to  minimize  the  relative  LOS  error  in  both  the  X  and  Y  axes  resulting 
from  disturbances.  Disturbances  acting  on  the  structure  are  in  the  frequency  range  from 
1-10  Hz. 
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Figure  2:  Maximum  Singular  Values  of  the  Response  from  the  Disturbance  Inputs  to  the 
X  and  Y  Axis  LOS  Errors  for  the  DTA  Model. 

Design  constraints  and  model  uncertainties  are: 

•  actuator  displacement  limited  to  ±1.0  inches, 

•  unmodeled  high  frequency  modes  above  10  Hz, 

•  5%  uncertainty  in  structural  mode  frequency, 

•  20%  uncertainty  in  structural  mode  damping. 

Additional  constraints  are  related  to  the  implementation  of  the  controller.  The  con¬ 
troller  must  be  digitally  implemented  at  a  sample  rate  of  280  Hz.  The  maximum  size  of 
the  compensator  is  limited  to  58  states. 

4  Synthesis  Model 

Multivariable  control  design  with  modem  techniques  involves  formulation  of  design  per¬ 
formance  objectives  and  other  requirements  in  the  form  of  a  synthesis  model.  The  syn¬ 
thesis  model  includes  the  model  of  the  plant  dynamics  with  control  inputs  and  sensor 
outputs  along  with  additional  inputs  and  outputs  which  are  important  in  the  design.  De¬ 
sign  weighting  functions  on  selected  plant  inputs  and  outputs  are  augmented  with  the 
plant  model  to  form  the  synthesis  model. 
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With  Hoo  design,  performance  requirements,  design  constraints  and  representations 
of  model  uncertainties  must  be  included  in  the  synthesis  model.  Model  uncertainties  may 
be  represented  as  Hoo  -norm  criteria  based  on  the  small  gain  theorem.  Development  of 
the  synthesis  model  for  Hoo  design  is  discussed  by  Boyd  [1]. 

TTie  Hoo  synthesis  model  for  the  DTA  control  design  is  a  transfer  matrix  represented  by 
P{s).  Inputs  to  P{3)  are  separated  into  a  vector  of  control  inputs,  u{s),  arid  the  exogenous 
input  vector,  w{s).  The  vector  1^(5)  includes  disturbances,  and  fictitious  design  inputs 
for  representing  model  uncertainty.  Outputs  of  the  synthesis  model  are  separated  into  a 
vector  of  measured  feedback  signals,  y{s),  and  the  regulated  ouq)ut  vector,  ^(5).  The 
vector  z{s)  contains  the  performance  criteria  outputs  and  outputs  which  define  constraints 
on  the  closed-loop  system. 

4.1  Performance  Objectives  and  Constraints 

The  primary  performance  requirement  for  the  DTA  is  to  minimize  the  LOS  error  resulting 
from  the  external  disturbances.  This  can  be  expressed  as  minimizing 

(1) 


where: 

H{s)  is  the  closed-loop  transfer  matrix  of  the  plant  and  controller, 
is  an  output  vector  containing  X  and  Y  LOS  errors, 
d  is  a  vector  of  disturbance  inputs, 
al  ]  signifies  the  maximum  singular  value. 

The  performance  criteria  may  be  represented  as  a  weighting  function  Vfs(5)  on  the 
design  output  eLos(s)-  Let  ^5(5)  be  a  diagonal  transfer  function  matrix: 


IVs(s) 


0 

0 


where: 

is  ^  transfer  function  weighting  for  X  axis  LOS  error, 

Wgy(s)  is  a  transfer  function  weighting  for  Y  axis  LOS  error. 

The  Hoo  design  criteria  for  performance  is  to  find  a  controller  such  that: 

II>^'S(S)^^.L0SJ(»)IU  <  1-  (3) 


which  implies: 


(4) 

(5) 


Figure  3:  Magnitude  plot  of  w~^  weighting  functions. 


where: 

^Losx  ^  error, 

^Losy  ^  error. 

By  reducing  |iu7/(s)|  and  |u^7j^^(5)|  one  can  find  the  controller  which  minimizes  the  LOS 
error. 

A  constraint  on  actuator  control  activity  is  included  in  the  synthesis  model  by  limiting 
the  closed-loop  response  from  disturbances  ^(5)  to  the  controller  output  u{s).  The  proof- 
mass  actuators  are  only  capable  of  providing  force  over  a  limited  bandwidth.  To  account 
for  this  physical  constraint,  the  closed-loop  response  is  restricted  to  be  ‘band-pass’  over 
the  effective  frequency  range  of  the  actuators.  This  is  accomplished  through  the  weighting 
function  IFfl(s)  on  the  closed-loop  control  vector  u(s). 


’"ri(s)  0 

0  U7rio(«) 


(6) 


where: 

Wri{s)  is  a  transfer  function  weighting  on  the  i**^  controller  output. 

In  theory  each  of  the  controller  outputs  could  be  individually  weighted.  As  a  simpli¬ 
fication  an  identical  weighting  is  used  on  each  of  the  outputs.  Figure  3  is  a  plot  of  the 
magnitude  of  the  w~^  transfer  functions. 

The  Tioo  design  constraint  is  to  find  a  controller  such  that: 

l|HO!(«)ir.j(s)IU  <  1-  (7) 
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where: 


Hudis)  is  the  closed  loop  transfer  matrix  from  the  disturbance  input  vector 
d,  to  the  controller  output  vector  u. 

The  disturbances  d(s)  form  the  design  criteria  input  vector  u;c(5)  which  is  included 
in  the  exogenous  input  vector  w{s).  The  outputs  of  ^tttd  VFii(s)  form  the  design 

criteria  output  vector  Zc{s)  which  is  included  in  the  design  output  vector  ^(5)  of  the 
synthesis  model. 

4.2  Representation  of  Model  Uncertainty 

The  block  diagram  in  Figure  4  shows  the  DTA  model  separated  into  a  ladder  structure. 
Model  uncertainties  are  represented  by  A  blocks  at  several  locations  in  the  nominal  model. 
The  block  Aadd  represents  unmodeled  high  frequency  (>10  Hz)  structural  dynamics  in 
the  form  of  an  additive  uncertainty  across  the  plant.  The  legend  of  Figure  4  indicates  the 
types  of  uncertanties  represented  by  each  of  the  A  blocks. 

DTA  model  uncertainties  shown  in  Figure  4  must  be  represented  in  the  synthesis 
model.  Model  uncertainties  may  be  represented  as  Hoo  -norm  criteria  based  on  the  small 
gain  theorem.  Uncertainties  shown  in  Figure  4  may  be  grouped  into  a  single  block 
diagonal  structure  represented  by  A(s).  The  uncertainty  block  A{s)  is  normalized  by 
scaling  gains  at  the  plant  inputs  and  ouq)uts  such  that 

l|A(^)IU  <  1-  (8) 

Figure  5  is  a  block  diagram  showing  the  relationship  between  the  synthesis  model 
P{s),  the  block-diagonal  uncertainty  matrix,  and  the  controller  F(s).  The  input 
vector  to  A  is  included  in  the  ^  vector  of  regulated  outputs  of  the  synthesis  model. 
The  output  vector  to  A  is  part  of  the  exogenous  input  vector,  w,  of  the  synthesis 
model.  From  the  ‘small  gain  theorem’  if  a  controller  is  found  such  that 

||^.w(5)|loo  <  1.  (9) 

where: 

Hzy,  is  the  closed-loop  transfer  matrix  from  w  to  2, 
then  the  closed  loop  system  will  be  stable  for  all  possible  plant  variations  represented  by 
A-  Maciejowski  [3]  and  Doyle  [2]  provide  more  detail  in  modeling  of  uncertainty  and 
representation  by  the  small  gain  theorem. 

The  synthesis  model  for  the  DTA  contains  a  simpler  set  of  plant  uncertainties  than 
shown  in  Figure  4.  This  simplification  is  motivated  by  the  overconstrained  nature  of  the 
complete  Hoo  design  problem.  The  Hoo  problem  results  in  a  closed-loop  system  with 

||^..(5)||co  <  1.  (10) 

By  using  the  Hoo  norm  from  ty  to  2  as  the  design  criteria,  the  diagonal  structure  of  A 
is  ignored.  The  uncertainty  A  is  taken  to  be  a  fully  coupled  matrix.  As  the  size  of 
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Figure  4:  Block  Diagram  of  the  DTA  Plant  Model  Showing  Representation  of  Uncer¬ 
tainty. 


Figure  5:  Closed-loop  system  of  synthesis  model  and  controller. 
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Figure  6:  Complete  Synthesis  Model  for  Final  Woo  Design 

the  matrix  A  increases,  the  potential  for  introducing  conservativeness  into  the  design 
increases. 

An  initial  control  design  for  the  DTA  used  a  synthesis  model  which  did  not  include 
the  plant  model  pole  uncertainties  represented  by  Af;.  This  initial  design  was  found  to  be 
sensitive  to  variations  in  the  plant  dynamics.  The  initial  control  design  was  particularly 
sensitive  to  the  and  19‘**  design  model  structural  mode  pole  locations.  Addition  of  a 
feedback  uncertainty  representation  Af„  from  the  LOS  error  outputs  to  the  control  inputs 
reduced  the  sensitivity  of  the  closed-loop  design  to  the  plant  dynamics. 

Additional  insensitivity  to  the  18‘**  and  design  model  modes  at  3.47  Hz  and 
3.51  Hz  was  obtained  by  including  uncertainty  representations  for  these  modes  as  shown 
in  Figure  4.  The  final  uncertainty  representation  resulted  in  a  controller  with  sufficient 
insensitivity  to  plant  variations. 

4.3  Final  Design  Synthesis  Model 

Figure  6  is  a  block  diagram  of  the  final  synthesis  model  containing  the  design  model, 
performance  objectives,  design  constraints  and  uncertainty  representations.  Weighting 
functions  and  w,^{s)  are  constant  gains.  The  weighting  functions  tOri(s)  are  3*^^ 

order  transfer  functions  with  magnitude  gain  shown  in  Figure  3. 

The  gain  block  K^dd  is  a  diagonal  scaling  block  on  the  input  associated  with  the 
additive  uncertainty.  Kp  is  a  diagonal  scaling  matrix  associated  with  the  uncertainties 
Apie  and  AF^g  on  the  18***  and  19‘**  mode  pole  locations.  Kp^  is  a  diagonal  scaling  block 
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LOS  Errors 


Control  Responses 


Figure  7:  Singular  Values  of  the  Closed-Loop  Responses  to  Disturbances. 

associated  with  the  feedback  uncertainty  block  Ajr„. 

The  design  process  involves  iterating  on  the  selection  of  the  design  weightings  and 
scaling  gains  to  obtain  a  satisfactory  trade-off  between  performance  requirements,  design 
constraints  and  sensitivity  to  model  uncertainties. 

The  final  synthesis  model  was  86*^  order,  with  a  w  input  vector  of  dimension  of 
39  and  2:  output  vector  dimension  of  12.  The  resulting  controller  was  also  order. 
The  size  of  the  controller  was  reduced  to  the  maximum  allowable  of  58‘^  order  using 
balanced-truncation  model  reduction. 


5  Analysis  and  Experimental  Implementation 

Figure  7  shows  the  closed-loop  LOS  errors  for  the  X  and  Y  axes  and  the  control  responses 
to  disturbances.  Mbration  suppression  is  improved  over  the  open-loop  system  by  a  factor 
of  8  in  the  X  axis  LOS  error  and  a  factor  of  5  in  y  axis  LOS  error.  The  original  goal  was 
to  achieve  a  factor  of  10  improvement  over  the  open-loop  structure.  However  the  initial 
controller  designs  were  sensitive  to  the  18***  and  19‘**  design  model  mode  locations.  The 
design  objective  was  relaxed  to  obtain  a  factor  of  5  improvement  in  LOS  error,  and  to 
reduce  the  sensitivity  of  the  closed-loop  system  to  variations  in  the  18***  and  19***  modes. 
Table  1  is  a  table  showing  the  sensitivity  of  the  closed-loop  system  to  variations  in  the 
18***  and  19***  mode  frequencies  for  the  final  design. 

The  Hoo  designed  controller  was  discretized  using  a  zero-order-hold  approximation, 
and  implemented  on  a  real-time  controller  running  at  280  hz.  The  closed  loop  system 
was  excited  through  the  disturbance  inputs  and  the  sensor  output  data  recorded.  This 
data  was  used  to  reconstruct,  off-line,  an  estimate  of  the  magnitude  response  from  a 
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Table  1:  Allowable  Range  in  Frequency  of  18‘’'  and  19“"  Mode  For  Closed-Loop  Stability. 


Allowable  Variation 

18**^  Mode 

19‘^  Mode 

%  increase 

69.5  % 

oo 

%  decrease 

78.4  % 

90.4  % 

Y  Axis  Analytic  Y  Axis  Experimental 


Figure  8:  Comparison  of  Analytic  Prediction  of  Y  Axis  LOS  Error  to  Experimental 
Reconstruction. 

single  disturbance  input  to  the  X  and  Y  LOS  outputs.  Figure  8  compares  the  analytic 
prediction  and  the  experimentally  reconstructed  Y  axis  LOS  error  response  to  a  single 
disturbance.  At  low  frequencies  the  experimental  reconstruction  is  corrupted  by  noise 
due  to  low  amplitude  signals  with  large  relative  contributions  to  the  LOS  error.  However 
from  about  3-10  Hz  the  analytic  and  experimental  results  show  good  agreement.  A  factor 
of  5  improvement  in  LOS  error  attenuation  is  seen  for  the  dominant  open-loop  peak  at 
6  Hz. 

Figure  9  compares  the  open  and  closed  loop  time  response  of  an  accelerometer  on  the 
structure  to  a  disturbance  input.  Here  the  effectiveness  of  the  controller  in  attenuating 
disturbances  is  clearly  evident.  A  low  frequency  suspension  mode  (not  controlled)  is 
visible  in  the  time  response  of  Figure  9. 
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DTA  Structure  to  an  Impulse  Disturbance  Input. 

6  Contribution  of  Passive  Damping  to  Control 

The  DTA  structure  was  designed  and  constructed  with  passive  damping  elements  for  vi¬ 
bration  suppression.  Typical  LSS  designed  without  passive  damping  have  modal  damping 
ratios  significantly  less  than  for  the  DTA.  An  analytic  study  on  the  contribution  of  passive 
damping  to  the  performance  of  the  active  control  is  described  in  this  section. 

A  representative  ‘undamped’  model  of  the  DTA  structure  without  passive  damping 
was  developed  based  on  typical  modal  damping  present  in  LSS.  The  active  controller  was 
redesigned  for  the  undamped  structure  using  the  same  design  criteria  as  for  the  passively 
damped  structure.  Comparisons  of  the  passively  damped  and  undamped  designs  provide 
a  basis  for  evaluating  the  importance  of  passive  damping. 

6.1  Representative  Undamped  Structural  Model 

Modal  damping  ratios  for  the  DTA  structure  with  passive  damping  range  from  0.023  to 
0.121.  An  analytic  model  of  a  DTA  structure  without  passive  damping  was  obtained 
by  reducing  the  structural  mode  damping  ratios  to  0.002,  a  value  determined  from  mea¬ 
surements  of  the  undamped  ring  truss  component.  Modal  displacements  and  frequencies 
were  not  changed  for  the  undamped  model.  Figure  10  is  a  plot  of  the  maximum  singular 
values  of  the  frequency  response  from  the  disturbance  inputs  to  each  of  the  X  and  Y 
LOS  error  outputs. 

The  frequency  response  for  the  undamped  model  is  significantly  different  from  the 
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Figure  10:  Maximum  Singular  Values  of  the  Response  from  Disturbance  Inputs  to  X  and 
Y  LOS  Error  Outputs  for  the  Undamped  DTA  Model. 

DTA  model  with  passive  damping  (Fig.  2).  The  undamped  model  frequency  response  has 
many  sharp  resonance  and  anti-resonance  peaks  resulting  from  the  decreased  structural 
damping.  In  addition,  the  undamped  model  shows  significant  structural  response  up  to 
10  Hz  whereas  the  passively  damped  DTA  shows  less  response  at  these  higher  structural 
frequencies. 

6.2  Control  Redesign  for  Undamped  Structure 

The  analytic  DTA  model  without  passive  damping  was  used  to  redesign  the  Hoo  controller. 
With  the  exception  of  the  DTA  plant  model,  the  synthesis  model  was  unchanged  from 
the  final  Hoo  control  design.  Synthesis  model  weighting  functions  were  the  same  as  in 
the  final  design  for  the  passively  damped  structure. 

A  sensitivity  analysis  of  the  redesigned  compensator  revealed  significantly  greater 
sensitivity  to  the  18‘**  and  19‘**  design  model  mode  pole  locations  than  for  the  passively 
damped  system.  Table  2  gives  a  comparison  of  the  allowable  independent  variations  in 
frequencies  for  the  passively  damped  system  versus  the  system  without  passive  damping. 
The  passively  damped  system  can  tolerate  a  large  increase  in  the  frequency  of  the  19^** 
mode,  while  a  variation  of  less  than  -t-1.0%  in  frequency  of  the  same  mode  will  result  in 
an  unstable  design  for  the  undamped  system. 

The  Hoo  compensator  resulting  from  the  undamped  model  had  two  unstable  modes 
which  could  not  be  reduced.  Unstable  compensators  are  generally  undesireable  due  to 
the  difficulties  in  implementation. 
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Table  2:  Mode  Frequency  Tolerances  for  Control  Designs 


Allowable  Frequency  Variation 

18^**  mode 

19“*  mode 

Passively  Damped  System 

-1-69.5%,  -78.4% 

-1-00,  -90.4% 

Undamped  System 

-f48.8%  -  77.6% 

-HO.5%,  -42.0% 

Controller  order  reduction  for  the  Hoo  active  controller  was  affected  by  the  absensce 
of  passive  damping  in  the  analytic  plant  model.  Balanced  model  truncation  of  the  Hoo 
control  designs  to  58  states  resulted  in  a  total  magnitude  error  bound  of  0.1628  for  the 
compensator  with  passive  damping  compared  to  0.2968  for  the  compensator  without 
passive  damping.  Reduction  of  the  undamped  system  compensator  to  approximately  the 
same  total  error  resulted  in  a  controller  with  61  states. 

To  evaluate  the  influence  of  passive  damping  on  controller  performance,  the  Hoo 
controller  for  the  undamped  model  was  redesigned  to  recover,  in  part,  the  sensitivity 
margins  of  the  Hoo  controller  for  the  passively  damped  system.  The  LOS  error  perfor¬ 
mance  bound  (i.e.  ^(-s))  was  relaxed  by  a  factor  of  two  for  the  undamped  DTA  model. 

The  uncertainty  input  gains  were  increased  uniformily  to  minimize  the  sensitivity  of  the 
undamped  closed-loop  system  to  the  mode  pole  locations  of  the  model. 

The  full-order  Hoo  compensator  was  86  states  for  both  the  passively  damped  and 
undamped  DTA  models.  Figure  11  shows  frequency  responses  to  the  LOS  errors  and 
control  feedback  from  the  disturbance  inputs  for  the  closed  loop  full-order  design  without 
passive  damping.  Both  the  LOS  performance  and  control  activities  are  similar  to  those 
of  the  passively  damped  system. 

The  structural  mode  frequencies  of  the  passively  damped  and  undamped  models  were 
perturbed  by  equal  amounts  of  less  than  10%  of  their  nominal  values.  Figures  12  and 
13  show  a  comparison  of  the  LOS  error  response  to  disturbances  for  both  the  passively 
damped  and  undamped  closed-loop  systems.  Clearly,  from  Figure  12,  the  sensitivity 
of  the  undamped  system  is  still  greater  than  for  the  passively  damped  system.  For  the 
same  frequency  perturbations  the  passively  damped  design  meets  the  original  performance 
bound  while  the  undamped  design  violates  even  the  relaxed  performance  requirement. 
The  peak  response  of  the  LOS  error  is  roughly  two  orders  of  magnitude  greater  for  the 
undamped  system  as  for  the  passively  damped  system. 


7  Conclusions 

An  Hoo  design  approach  was  applied  to  the  active  control  of  a  passively  damped  large 
space  structure  test  article.  Performance  objectives,  design  constraints,  and  model  uncer¬ 
tainties  are  directly  included  in  the  design  process.  Representation  of  model  uncertainties 
was  used  to  achieve  designs  which  were  insensitive  to  plant  model  variations. 
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Figure  11:  Singular  Values  of  the  Closed-Loop  Responses  to  Disturbances  for  the  Un¬ 
damped  Tioo  Design. 
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Figure  12;  Singular  Values  of  the  Closed-Loop  Responses  to  Disturbances  for  the  Pas¬ 
sively  Damped  and  Undamped  Hex,  Designs  with  Perturbed  Models. 
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Figure  13:  Closed-Loop  Time  Responses  to  Disturbances  for  the  Passively  Damped  and 
Undamped  Designs  with  Perturbed  Model. 

Analytical  studies  into  the  effects  of  the  passive  damping  on  the  active  control  de¬ 
sign  reveal  that  the  presense  of  passive  damping  decreases  the  sensitivity  of  the  active 
controller  to  model  errors  and  allows  for  improved  performance.  Furthermore,  active 
control  designs  for  the  passively  damped  structure  were  found  to  be  easier  to  reduce  as 
compared  to  designs  for  the  model  without  passive  damping. 

Hardware  implementation  of  the  active  control  design  provided  experimental  verifi¬ 
cation  of  the  design  results.  Analytical  prediction  showed  good  agreement  to  results  from 
the  test  data. 
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Abstract 


The  control-structure  interaction  of  a  flexible  structure,  namely  a  cantilever  beam,  and  a  reaction 
mass  actuator  (RMA)  is  investigated.  Mathematical  model,  in  the  form  of  differential  equations 
and  transfer  functions,  is  obtained.  The  study  is  broken  into  two  steps:  (1)  open  loop  and  (2) 
closed  loop.  Within  the  open  loop  part,  the  RMA  is  broken  into  two  sub-steps:  (a)  dead  RMA  and 
(b)  passive  RMA.  In  the  closed  loop  part,  negative  feedback  of  the  beam  tip  velocity  is  used  for 
active  RMA.  Transient  responses  and  root  loci  are  given. 
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Introduction 

The  system  under  consideration  is  a  cantilever  beam  with  a  RMA  (reaction  mass  actuator),  also 
called  PMA  (proof  mass  actuator)  attached  to  the  tip  of  the  beatfi  (Figure  1).  The  RMA  consists  of 
two  mechanical  components:  the  magnet-shaft  assembly  of  mass  m  and  die  hoasihg  of  mass  mh. 
When  the  magnet-shaft  assembly  is  fixed  to  the  housing,  die  RMA  is  called  "dead  RMA,"  and 
when  the  assembly  is  free,  is  is  called  "passive  RMA."  When  the  contr©!  loop  is  closed,  the  RMA 
is  called  "active  RMA."  The  control-structure  interaction  (CSI)  of  this  elecffomechaniGal  system 
will  be  analyzed  in  the  following  steps: 


1)  Open  loop  ^ 

a)  Dead  RMA.  The  simplest  model  is  a  single-degree-of-freedom  (SDOP)  system.  The 
undamped  natural  frequency  is  determined,  and  the  beam  tip  response,  which  is  obtained 
experimentally,  is  presented 

b)  Passive  RMA.  The  simplest  model  is  a  two-degree-of  freedom  (TDOF)  system.  The 
undamped  natural  frequencies  are  detennined,  and  the  beam  tip  response  which  is  obtained 
experimentally,  is  presented 

Closed  loop 

Active  RMA.  The  velocity  of  the  beam  tip  is  used  for  negative  feedback.  The  control- 
stmcture  interaction  is  investigated.  The  tiansient  responses  and  root  loci  are  shown. 

System  Dynamics 


1)  Open  Loop 

The  governing  differential  equation  of  the  beam,  using  Euier-Bemoulli  model,  can  be  shown  as 


0<x<l  (1) 

dx  dt 

where  E,  I,  p.  A,  t  are  the  Young's  modulus,  area-nroment  Of  inertia,  density,  crOSs-seGtional 
area,  and  lengdi,  respectively. 


A 

T 


Figure  1  Cantilever  beam  system  with  RMA  (Reaction  Mass  Actuator) 
a)  Dead  RMA 

The  system  consists  of  a  cantilever  beam  with  a  concentrated  mass  at  the  beam  tip.  The  frequency 
equation  of  die  system  can  be  shown,  see  [1]  for  example,  as 


The  transcendental  equation  (2)  must  be  solved  numerically  to  yield  the  eigenvalues  %[,  then  the 
natural  frequencies  are  given  as 


(3) 


Since  the  beam  model  given  by  Eq.  (1)  yields  infinite  degrees  of  fireedom,  the  control-structure 
interaction  of  the  beam  and  the  RMA  is  difficult  to  analyze.  The  problem  is  more  tractable  if  the 
system  wth  dead  RMA  is  modeled  as  SDOF  for  the  fundamental  mode.  Figure  2  shows  this 
model  with  K,  M,  and  b  are  the  equivalent  stiffness,  equivalent  mass,  and  equivalent  damper 
respectively.  The  mass  and  stiffness  can  be  calculated  firom  physical  properties,  but  the  damnine 
must  be  determined  experimentally.  ^  ° 


It  can  be  found  in  vibration  texts,  see  [2]  for  example,  that 

3E/ 

K  =  -jj-  M  =  +  0.236pAL  (4) 

(m  and  mh  are  the  masses  of  the  RMA  magnet-shaft  assembly  and  housing,  respectively.) 

performed,  where  the  physical  parameters  of  the  tested  beam  (Aluminum  6061- 

L  =  30.75  m.  A  =  3m.x0.25m.  £  =  10xl0*p«  p  =  0.2588 

Thus,  the  equivalent  stiffness  and  equivalent  mass  are  calculated  to  be 

K  =  4.03$-  M  =  6.33x10-=M.  „,  =  6A7x10-'!^ 

in  in  in 

The  namral  frequency  is  calculated  and  observed  to  be  3.8  Hz  and  3.5  Hz,  respectively  The 
response  at  the  beam  tip  of  the  system  with  dead  RMA  is  shown  in  Figure  3. 
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Figure  3  Response  at  the  beam  tip  with  dead  RMA 


b)  Passive  RMA 

When  the  moving  part  of  the  RMA  is  released,  the  RMA  acts  as  a  passive  vibration  absorber 
(Figure  4).  When  b  =  0,  the  system  becomes  the  classical  Den  Hartog'S  vibration  absorber 
problem  [3]. 


X 


y 


The  differential  equations  are 


’M 

0‘ 

r 

0 

^  ..r  + 

m_ 

l^J  L 

K  +  k 
-k 


where  the  undamped  natural  frequencies  can  be  obtained  as 
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(6) 


The  response  at  the  beam  tip  with  passive  RMA  is  shown  in  Figure  5. 
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Figure  5  Response  at  the  beam  tip  with  passive  RMA 
2)  Closed  Loop  -  Active  RMA 

The  closed  loop  control  utilizes  the  beam  tip  velocity  x  for  negative  feedback  and  the  system  can  be 
conceptualized  as  shown  in  Figure  6. 


Figure  6  Conceptualized  control  scheme 
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For  physical  implementation,  an  actual  system  can  be  shown  as  in  Figure  7. 


Figure  7  Implementation  of  the  control  system 

When  closed  loop  control  is  applied,  the  stmcture-RMA  system  shown  in  Figure  7  can  be  modded 
as  an  electromechanical  system  (Figure  8). 


(b) 


Figure  8  Electromechanical  system:  (a)  mechanical  and  (b)  electrical 
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The  governing  differential  equations  for  the  mechanical  part  can  be  obtained  as 


M  O' 
0  m 


1^1 

i>J 


+ 


b  +  c  -c 
-c  c 


FI 

bJ 


K  +  k  -k' 
—k  k 


I  f.  1 


(7a) 


where  f^  and  fc  are  the  disturbance  force  and  control  force,  respectively.  The  differential  equation 
for  the  electrical  part  is 

e  =  Ri+L—+ei,  (7b) 

at 


The  electromechanical  coupling  is  given  by 

fc  =  Ki  e,  =  k„{y-x) 

If  the  beam  tip  velocity  is  used  as  negative  feedback  for  the  active  RMA, 


e  =  k^x 


(8) 


(9) 


where  k  is  the  gain.  Then,  combining  Eqs.  (7-9)  yields  the  closed-loop  system  equations  as 
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(10) 


Taking  the  Laplace  transform. 
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(11) 


'x{sr 

^Y{s) 

y  ~  < 

H,(s) 

The  transfer  functions  relating  x,  y,  i,  and  fd  are  given  by 

where  the  following  are  obtained  with  the  aid  of  Mathematica  [4] 

X(5)  mLs^ +{rnR  +  cL)s^ +{cR-\-kL-¥kA')s-\-kR 

AW 

O  (  W  _  cLs'^  +  [cR  +  kL  +  kjc^  +  kA)s  +  kR 

PAs)  Ks) 


(12) 


(13) 


H,{s)  = 


/(^)  _s[[k„+k^)ms^+ck^s  +  kk^] 


PAs) 


A(s) 
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A(s)  =  {MmLjs^ 

+{(Mi?  +  Lb)m  +  (M  +  m)cLjs^ 

+|(M  +  m)cR  +  (Mk  +  mK  +  mk  +  bc)L  +  (M  +  m)kj'  +  {Rb  +  kjc^n?^s^ 

+^Mk  +  mK  +  +  bc)R  +  {Kc  +  bk)L  +  bk^^s^ 

+\^cR-vLk  +  k„^)K  +  Rbk]s 

+{KkR}  (14) 

The  response  at  the  beam  tip,  with  active  RMA,  for  different  values  of  gain  is  shown  in  Figure  9. 
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Figure  9  System  response  with  the  active  RMA:  (a)  moderate  gain  and  (b)  high  gain 
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It  is  interesting  to  note  that,  for  an  otherwise  stable  control  system,  by  simply  switching  the 
electrical  leads  of  the  RMA,  the  system  becomes  unstable  or  self-excited  vibration  is  induced 
(Figure  10). 
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Figure  10  System  response  to  positive  feedback 

The  stability  behavior  of  the  controlled  system,  as  k  and  c  of  the  RMA  are  varied,  can  be  seen  in 
Figure  11. 


(a) 


Figure  11  Root  loci:  (a)  decreasing  k  and  (b)  decreasing  c 
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Discussion 

From  the  experimental  results  it  can  be  seen  that  for  the  uncontrolled  system  (with  dead  RIV^),  the 
beam  tip  vibrates  in  excess  of  45  seconds  (Figure  3).  The  system's  ability  to  dampen  out  vibration 
is  improved  by  the  use  of  passive  RMA.  It  is  about  4  seconds  or  10  times  faster  (Figure  5).  The 
system  is  further  improved  by  the  use  of  active  RMA  where  the  settling  time  is  anywhere  from  2 
seconds  to  less  than  1  second  depending  upon  the  values  of  control  gain  used  (Figure  9). 

Concluding  Remarks 

Active  control  applied  to  structures  provides  a  powerful  means  of  suppressing  vibrations,  but  it 
also  incurs  some  "costs."  These  costs  are  mainly:  more  expense;  more  complexity  in  electronics, 
hardware  and  software;  and  less  reliability.  With  negative  velocity  feedback  for  the  configuration 
under  consideration,  the  control  system  is  less  reliable  because  it  may  become  unstable,  for  certain 
values  of  physical  parameters  and  control  gain.  This  fact  is  also  discussed  by  Inman  [5]. 
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ABSTRACT 

The  focus  of  this  study  was  on  computationally  verifying  that  passive  electrodynamic 
damping  was  competitive  or  superior  to  current  damping  technologies  recommended 
for  Large  Space  Structures  (LSS).  Electrodynamic  damping  is  linear  and  is 
characterized  by  a  dash  pot  dissipative  force  which  is  proportional  the  relative  velocity 
of  the  damper  components.  The  constant  of  proportionality  is  c.  The  study  investigated 
the  maximum  ratio  of  c  to  the  mass  of  the  damping  system  as  well  as  the  frequency 
dependence  of  c.  Both  analytic  and  ADINA  models  of  an  LSS-like  structure,  the  Air 
Force  Wright  Aeronautical  Laboratory  12  Meter  Truss  (TMT)  were  used,  together  with 
TMT  data,  to  understand  and  verify  Passive  Electrodynamic  Damper  (PED) 
performance. 

The  study  results  indicate  that  the  Auxiliary  Mass  PED  (AM-PED)  is  competitive 
or  superior  to  active  dampers,  in  damping  TMT  bending  modes,  when  the  AM-PED 
weight  is  comparable  to  that  of  active  damping  actuators.  This  is  important  because  of 
the  enhanced  reliability  and  cost  savings  of  a  passive  damping  system.  An  AM-PED 
does  not  require  sensors,  a  power  source  or  a  computer  control  system.  Although  a 
detailed  comparison  was  not  made,  it  appears  that  equivalent  weight  strut  PED 
systems  may  also  be  superior  to  viscoelastic-material  strut  dampers.  This  is  important 
because  PED  systems  do  not  outgas  and  are  stable  with  respect  to  environmental 
temperature  variations.  In  addition  PED  system  performance  is  easily  calculable,  c  is 
independent  of  frequency  and  of  amplitude  for  the  low  modal  frequencies 
characteristic  of  LSS. 


*  2241  Foothill  Lane,  Santa  Barbara,  CA  93105,  (805)  966-3331 
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1.0  INTRODUCTION 


This  paper  describes  research  that  was  supported  by  the  Strategic  Defense 
Initiative  Organization  (SDIO).  The  object  of  the  study  was  to  investigate  the  feasibility 
of  specially-designed,  spacecraft  vibration-damping-devices,  known  as  a  Passive 
Electrodynamic  Dampers  (PEDs).  PEDs  absorb  mechanical  energy,  by  means  ohmic 
heating,  when  there  is  motion  relative  to  the  field  of  a  permanent-magnet.  Future 
military  and  non-military  spacecraft  are  expected  to  be  large  and  flexible,  with  many 
low  frequency  modes.  Damping  these  modes  is  critical  to  the  operation  of  some  on¬ 
board  sensors  and  equipment.  A  successful  PED  would  therefore  be  applicable  to 
military  non-military  space  programs. 

The  goal  of  the  study  was  to  verify  PED  damping  effectiveness  by 
mathematically  modeling  and  evaluating  PED  electrodynamic  characteristics,  as  they 
relate  to  Large  Space  Structures  (LSS),  and  computationally  simulating  the 
mechanical  effect  of  PED  configurations  on  LSS.  The  approach  taken  was  to  focus  on 
one  LSS  test  bed,  called  a  model  LSS  (MLSS),  since  there  was  time  to  consider  only 
one  LSS  simulation  in  the  project.  The  electrodynamic  modeling  was  more  general, 
showing  how  the  key  PED  design  parameters  -  weight  for  example  -  varied  as  a 
function  of  LSS  and  space  environment  characteristics  -  frequency  and  temperature 
for  example.  The  idea  was  to  design  a  PED  for  the  MLSS  using  the  general  PED 
design  equations  that  evolved  from  the  research.  The  MLSS  modal  damping  was  first 
approximated  analytically  so  that  the  key  parameters  and  their  relationship  to  the 
damping  could  be  identified.  PED  caused,  LSS  modal-damping  was  then  compared  to 
MLSS  data  obtained  using  other  damping  systems.  Because  the  analytically 
calculated  damping  was  satisfactory  the  PED  was  incorporated  into  an  ADINA 
(Reference  1)  code  model  of  the  MLSS.  The  ADINA  model  gave  the  most  accurate 
PED  modal  damping  effectiveness  calculation  and  allowed  the  most  accurate 
cohiparison  with  other  damping  methods. 

After  much  consideration  and  discussion  with  the  appropriate  government 
agencies  the  MLSS  chosen  for  the  study  was  the  AFWAL  twelve  meter  truss  (TMT, 
References  2  and  3).  The  reason  for  this  choice  was  that  the  TMT  was  the  simplest, 
technically  acceptable  structure  for  which  adequate  data  was  available. 

Much  of  the  research  presented  in  this  paper  is  an  evaluation  of  the  damping 
characteristics  of  a  particular  PED  configuration  called  the  Auxiliary  Mass  Passive 
Electrodynamic  Damper  (AM-PED).  Both  analytic  and  computer  simulation  results 
show  the  AM-PED  is  competitive  with  active  damping  systems  anticipated  for 
spacecraft  use.  Substitution  of  the  AM-PED  for  active  damping  couid  mean  large 
increases  in  space  platform  damper  reliability,  weight  reduction  and  a  lower  cost 
damping  system.  The  AM-PED  is  expected  to  be  a  very  important  addition  to  the 
technologies  used  for  LSS  damping.  Other  PED  configurations  are  expected  to  also 
be  important  but  they  have  not  been  studied  in  as  much  detail.  The  Strut  Passive 
Electrodynamic  Damper  (S-PED)  appears  to  be  a  particularly  promising  substitute  for 
viscoelastic  materials  (VEM)  in  damping  structural  truss  modes.  PED  damping 
concepts,  electrodynamics  and  space  environment  characteristics  are  discussed  in 
Section  2.  Sections  2  -  4  discuss  the  results  and  analysis  of  this  study.  Section  5 
presents  the  conclusions  and  recommendations.  In  the  next  subsection  the  rationale 
for  studying  low  frequency  dampers,  in  particular  PEDs,  is  discussed 
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1.1  LARGE  SPACE  STRUCTURES  (LSS)  AND  DAMPING 

Increasingly  greater  roles  are  anticipated  for  satellites  in  the  civilian  economy, 
in  government  research  and  in  military  planning.  Planned  space  structures  are 
therefore  becoming  larger  with  more  complex  missions  and  increasing  power 
requirements  (References  4  and  5).  The  fiscal  and  complex-mission,  space-structure 
requirements,  for  these  planned  systems,  result  In  lightweight,  flexible,  loaded,  LSS 
design  concepts  with  very  low  modal  frequencies.  In  combination  with  the  lack  of 
gravity  these  requirements  also  mean  that  there  will  be  small  frictional  energy 
dissipation  and  modes  will  be  poorly  damped. 

One  proposed  solution  to  the  LSS  structural  requirements  has  been  the  use  of 
trusses  as  the  basic  support  structure.  Trusses  are  both  lightweight  and  rigid  and  have 
been  designed  in  beam  configurations.  The  plan  is  to  mount  sensors,  equipment  and 
solar  panels  on  these  lightweight  frames.  The  resulting  LSS  are  truss-type  structures 
connecting  a  variety  of  flexible  components.  Predictions  indicate  that  these  flexible 
components  will  likely  have  natural  frequencies  in  the  same  range  as  the  dominant 
truss  modes  (Reference  5). 

A  number  of  groups  have  developed  experimental  LSS  structural  models  to 
verify  their  structural  dynamic  computational  tool  predictions,  as  well  as  verify 
proposed  damping  concepts.  The  PACOSS  (Passive  and  Active  Control  of  Space 
Structures,  Reference  6)  dynamic  test  object  and  Twelve  Meter  Truss  (TMT, 
References  2  and  3)  supported  by  the  Air  Force  and  the  Dynamic  Scale  Model 
Technology  (DSMT,  Reference  5)  program  supported  by  NASA  are  examples.  The 
PACOSS  program  is  particularly  advanced  and  experimental  results  appear  to 
support  the  current  LSS  damper  design  philosophy  (Reference  7): 

(1)  Damp  as  many  modes  as  possible  passively,  using  VEM. 

(2)  Damp  all  remaining  modes  (assumed  to  be  only  a  few)  by  means  of  active 
damping. 

The  TMT  approximates  a  twelve  meter  beam  and  experiments  have  been 
performed  in  both  a  cantilevered  and  a  free-free  configuration.  The  cantilevered 
configuration  is  not  "realistic"  for  a  complete  LSS^  and  is  a  compromise  so  that 
experiments  can  be  performed  with  low-frequency  structural  modes  (2.25  Hz).  TMT 
cantilever  experiments  have  been  performed  and  analyzed  with  and  without  VEM 
struts.  Free-free  TMT  experiments  have  been  performed  with  and  without  VEM  struts 
but  the  results  have  not  been  analyzed  In  detail.  Active-damper,  cantllevered-TMT 
NASTRAN  experimental  pretest  predictions  are  also  available. 

Not  only  damper  development  but  LSS  designs  and  structural  dynamic  testing 
are  still  in  the  research  and  development  stage.  At  the  present  time  VEM  is  the  passive 
damper  of  choice  and  for  the  most  part,  in  practice,  it  has  been  used  in  strut 
configurations  (References  3  and  6).  However,  there  are  some  shortcomings  to  the 
use  of  this  material.  The  full  temperature  variation  for  an  exterior  spacecraft  component 
could  be  150OC,  from  about  -500C  to  about  lOQoC.  Some  VEM  materials  have  a 
useful  range  of  only  20  -  30  oc.  It  is  recognized  that  one  material  will  not  suffice  for 
every  application  and  that  active  heating  elements  will  have  to  be  used  in  conjunction 
with  VEM  to  maintain  constant  damping  (Reference  8),  for  some  applications.  In 
addition  VEM  is  nonlinear  and  its  damping  characteristics  are  not  easily  predicted. 


1  There  are  structures  that  are  expected  to  be  cantilevered  off  the  truss.  The  solar  paddles  in  Reference  5 
are  an  example. 
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These  shortcomings  imply  uncertainties  and  expense  in  damper  design  as  well  as 
possible  reliability  problems  in  actual  practice.  In  addition  there  is  the  question  of  the 
VEM  damper  effectiveness  with  respect  to  its  weight.  In  the  TMT  experiments  the  final 
VEM  passive  damper  configuration  weighed  about  50%  more  than  the  undamped 
truss.  Not  all  of  this  damping  material  was  effective  in  damping  the  modes,  however, 
and  future  TMT  studies  may  investigate  the  elimination  of  the  least  effective  struts. 

At  the  present  time  a  common  active  damping  system  uses  a  coil  and 
permanent-magnet  actuator  system.  A  current  is  generated  in  the  coil  and  exerts  a 
force  on  a  moving  magnet  corresponding  to  a  predetermined  algorithm.  One  such 
algorithm  is  to  make  the  force  proportional  to  the  velocity  of  the  attachment  point  for 
example.  The  system  is  very  convenient  in  its  application:  the  actuator  is  attached  at  a 
position  of  maximum  modal  amplitude,  consistent  with  dynamic  stability  requirements. 
In  addition,  because  it  is  made  of  metals,  its  performance  is  very  stabie  with  respect  to 
expected  environmental  temperature  variations.  There  are  some  shortcomings, 
however.  One  of  these  appears  to  be  that  the  force  exerted  is  limited  by  the  maximum 
current  that  can  flow  through  the  coil.  Too  high  a  current  will  melt  the  coil.  Most  of  the 
power  dissipated  in  the  coil  appears  to  result  in  a  restoring  force  which  changes 
direction  as  a  function  of  time.  Only  a  small  portion  of  the  force  actualiy  damps  the 
motion  of  the  LSS  modes.  Additionaliy  the  actuator  system  requires  motion  sensors,  a 
computer  control  system  and  a  power  supply.  All  these  system  components  add 
weight  and  contribute  to  system  reiiabiiity  issues. 

If  the  objective  of  the  active  damping  system  is  to  damp  only  a  few  modes, 
replacing  the  electrical-power  generated  restoring  force  with  a  spring  and  a 
permanent-magnet  system  may  be  the  most  efficient  and  cost  effective  design.  The 
AM-PED  herein  is  a  passive  damping  device  which  does  just  that,  it  has  all  the 
advantages  of  this  active  damping  system  but  apparently  none  of  its  disadvantages.  In 
addition  it  may  be  more  effective  in  damping  LSS  modes  than  an  active  damping 
system. 

2.0  THE  PED 

In  this  section  the  PED  concept  is  first  discussed  from  a  general  point  of  view.  In 
Section  2.1  the  AM-PEO  is  discussed  and  then  in  Section  2.2  the  design  constraints 
imposed  by  the  electromagnetics  is  examined.  Finally  in  Section  2.3  the  effect  of  the 
space  environment  on  the  PED  is  discussed. 

The  basic  PED  concept  is  to  mechanically  couple  LSS  vibrations  to  relative 
motion  between  an  armature  and  a  magnet.  The  relative  motion  gives  rise  to  a 
dissipative  force  F  which  is  proportionai  to  the  relative  velocity  of  the  two  PED 
components.  That  is 


F  =  cv,  (1) 

where  v  is  the  armature/magnet  relative  velocity  and  c  is  the  constant  of 
proportionality.  Figure  1  illustrates  the  principle.  The  relative  motion  generates  a 
current  in  the  armature  and  vibrational  energy  is  absorbed  via  ohmic  heating.  This 
kind  of  damping  -  electromagnetic  damping  -  has  been  considered  in  the  past  for  other 
kinds  of  systems  (Reference  9)  and  so  the  concept  is  not  new.  What  is  new  is  the 
application  of  the  concept  to  LSS  and  the  particular  LSS  PED  structural  and  magnetic 
configurations.  Because  of  the  low  LSS  frequencies  electromagnetic  damping,  as 
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manifested  in  the  PED  design,  is  a  very  weight  efficient  LSS  vibration  damper.  This 
will  be  demonstrated  in  Sections  3  and  4.  Because  of  superior  PED,  spacecraft- 
environment,  material-properties  and  its  simplicity  it  is  a  very  desirable  damper 
system. 


Pole  Face 
(area  nr^) 


Magnet 


Figure  1.  Generic  PED  Components 

The  PED  is  essentially  a  dash  pot,  for  all  LSS  vibrational  amplitudes  of  concern, 
and  the  mechanical  analysis  is  relatively  straight  forward.  Difficulties  lie  in  efficiently 
designing  the  magnetic  circuit  and  in  coupling  the  dissipative  force  to  the  complex 
multi-modal  mechanical  motion.  Two  coupling  configurations  were  studied:  (1)  the 
Auxiliary  Mass  Passive  Electromagnetic  Damper  (AM-PED),  and  the  (2)  Strut  PED  (S- 
PED).  The  idea  behind  the  AM-PED  is  to  transfer  the  LSS  vibrational  energy  to  a  proof 
mass  and  'hen  dissipate  the  the  proof  mass  energy  via  ohmic  heating.  The  AM-PED 
can  theoretically  be  attached  anywhere  on  the  LSS  the  vibration  amplitude  is  large. 
The  S-PED  is  used  mainly  as  a  component  of  the  LSS  truss  support  structure  to 
dissipate  truss  vibrations. 

For  most  coupling  the  PED  is  designed  to  have  is  own  restoring  force 
proportional  to  displacement  and  consequently  its  own  resonant  frequency  coq.  The 
PED  has,  of  course,  its  own  mass,  m,  as  well.  One  design  problem  is  choosing  the 
PED  parameters,  c,  too,  and  m  to  optimize  the  damping  over  the  LSS  frequency  range 
of  interest.  For  a  given  m,  we  are  actually  optimizing  the  damping  by  appropriately 
choosing  the  parameters  c/m  and  coq. 

One  of  the  advantages  of  the  PED  is  that  it  is  a  simple,  linear,  mechanical 
system  and  its  effect  can  be  calculated.  However,  coupling  to  a  complex  LSS  means 
the  analysis  is  more  complex  than  for  a  one  dimensional  system.  In  general  the  PED 
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damping  of  a  given  LSS  of  mass  M  and  frequency  Qon  (n  =  0,  1 ,2,  3 . )  wiii  not  be 

the  same  as  for  a  one  dimensionai  system  of  mass  M  with  a  damping  force 
proportional  to  velocity.  That  is  the  percent  of  critical  damping,  yn.  of  the  particular  LSS 

mode  will  not  be  simply  c/(2MQon)-  We  can  expect  that  yn  will  be  related  to  the  effective 
mass  of  the  LSS,  for  the  particular  modal  vibration  of  concern  (the  total  LSS  mass  is 
not  necessarily  effective  in  the  vibrations  of  a  particular  mode),  and  to  the  PED 
parameters.  These  latter  comments  are  particularly  relevant  to  the  AM-PED 
configuration. 

We  now  consider  how  the  PED  parameter  c  (equation  1 )  is  related  to  the  PED 
design  parameters.  As  expressed  in  equation  1 ,  the  force  is  cv,  v  is  the  relative  velocity 
(m/sec),  and 


c  =  a7cr2(2s)B2  (kg/sec),  (3) 

where  B  is  the  flux  density  field  (Weber/m2),  a  is  the  conductivity  (mhos/m)  r  is  the 
magnet  radius  (m)  and  2s  the  thickness  (m)  of  the  armature.  Reference  should  be 
made  to  Figure  1.  Equation  3  assumes  that  none  of  the  magnetic  leakage  flux  is 
effective  in  damping  the  system  and  is  thus  a  lower  bound  on  c;  the  armature  will  be 
wide  enough  to  cut  most  of  the  leakage  flux  lines. 

Equation  3  is  not  valid  for  all  frequencies  and  although  an  arbitrarily  large  c  can 
be  developed  simply  by  making  the  magnet  large  enough  the  important  ratio  c/m 
cannot  be  made  arbitrarily  large.  Equation  3  is  valid  so  long  as  current  can  be 
generated  throughout  the  thickness,  2s,  of  the  armature.  If  the  frequency  of  oscillation 
is  very  large  the  current  will  only  exist  on  the  surface  of  the  armature  and  2s  in 
equation  3  will  be  replaced  by  a  smaller  number.  Therefore  at  high  frequency  c  is 
smaller  than  expressed  by  equation  3.  The  depth  of  penetration  of  the  current  into  the 

armature  is  controlled  by  a  parameter  called  the  "skin  depth",  8,  which  has  the 

dimensions  of  length.  Roughly  speaking  when  5  >2s  equation  3  is  valid.  As  we  will  see 
in  Section  2.2  we  can  expect  equation  3  to  be  valid  below  about  50  Hz.  This  frequency 
is  far  above  expected  LSS  frequencies. 

Equation  3  shows  that  the  dimensions  of  the  magnetic  system  (Figure  1)  enter 
the  calculation  of  c  (the  area,  7cr2,  of  the  permanent-magnet  for  example).  What  is  not 
obvious  from  equation  3  is  that  the  magnetic  field  B  is  also  dependent  upon  the 
dimensions  of  the  magnetic  system  as  well  as  the  type  of  magnetic  material  used. 
Optimized  designs  have  a  maximum  c/m  value  which  is  dependent  upon  the  magnetic 
system  design.  The  maximum  practical  LSS  c/m  ratio,  for  an  aluminium  armature,  is 
about  500  sec*''.  We  will  see  in  the  next  section  that  the  c/m  ratio  is  relevant  when 
designing  a  AM-PED  to  damp  more  than  one  LSS  mode.  It  is  also  important  when 
comparing  the  equivalent  weight  of  alternative  passive  damping  concepts.  In  Section 
3.2  we  roughly  compare  the  S-PED  to  VEM  struts. 

2.1  THE  AUXILIARY  MASS  PASSIVE  ELECTROMAGNETIC  DAMPER  (AM- 
PED) 


The  AM-PED  concept  is  straight  forward  and  very  simply  applied  to  a  LSS.  The 
idea  is  to  continuously  transfer  LSS  vibrational  energy  to  a  proof  mass  and  dissipate 
the  proof  mass  kinetic  energy.  In  the  case  of  the  AM-PED  the  proof  mass  is  essentially 
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system  and  the  dissipative  force  is  described  by  equations  1  and  3.  The 
AM-PED  IS  made  lightweight  and  springs  act  as  a  linear  restoring  force.  Relative 
motion  causes  currents  to  flow  in  the  armature  resulting  in  energy  dissipation  For  the 
present  discussion  it  is  only  necessary  to  know  that  the  dominant  weight  of  the  device 
arises  from  the  magnetic  system  taken  to  be  the  mass  m.  For  reference  the  amplitude 
of  magnet  motion  will  be  about  an  inch  (maximum  LSS  vibration  amplitudes  are 
fractions  of  an  inch),  the  overall  dimensions  of  the  AM-PED  designed  for  the  TMT  will 
be  about  10  cm  x  10  cm  x  10  cm  with  a  mass  roughly  equal  to  4  lbs  This  is  a  verv 
cornpact  device  which  is  attached  externally  to  the  LSS  (in  this  case  the  TMT)  at 
positions  of  maximum  vibration  amplitude.  (Note  that  many  AM-PED  designs  are 
possible  using  different  dimensions  and  magnetic  materials.)  As  we  will  see  AM-PED 
damping  is  expected  to  exceed  5%  for  very  reasonable  AM-PED  masses  and  compete 
with  active  damping  systems.  5%  damping  is  approximately  the  requirement  for  many 
systems  (Reference  7).  ^ 

2.2  ELECTRODYNAMIC  PED  CONSIDERATIONS 


*  *u  discussed  in  Section  2.0,  the  damping  constant,  c,  depends  upon  the  value 
of  the  current  in  the  AM-PED  armature  and  the  magnetic  field.  The  flow  of  current  in  the 
armature  IS  affected  by  the  development  of  electric  fields  which  oppose  the  flow  of 
cuirent.  The^  electric  fields  are  manifested  through  the  skin  depth  introduced  in 
bection  2.0.  The  armature  current  flow  also  generates  a  magnetic  field  which  may 
oppose  the  magnetic  field  of  the  magnet.  An  opposing  magnetic  field  might  reduce  the 
force  on  the  armature  and  demagnetize  the  magnet,  so  it  must  be  considered  in  the 

opposing  electric  field  or  the  opposing  magnetic  field  effects  were 
substantial  they  could  reduce  the  damping  constant  below  that  expected  from 
equation  3.  In  the  detailed  analysis  we  find,  as  expected,  that  the  parameter  of  greatest 
importance  is  the  electrodynamic  skin  depth  8  (meters) 


8  =  (}Joaco/2)-f/2 


(4) 


where  po  is  the  permeability  of  free  space  (the  armature  is  made  of  non-magnetic 

material)  and  equal  to  4jc  x  10*7  h/m,  a  is  the  armature  conductivity  (mho/m),  and  ©  is 

the  angular  frequency  of  motion.  In  order  that  the  current  in  the  armature  reach  its 

maximum  value,  8  must  be  larger  than  about  twice  the  thickness  of  the  armature  For 

expected  PED  armature  dimensions,  skin  depth  should  not  be  a  problem  for 
frequencies  less  than  about  50  Hz.  lor 


♦I,  ^  dimensions  of  the  armature  not  affect  the  design  of  the  system 

me  detailed  calculations  suggest  a  minimum  armature  width  to  magnet  diameter  ratio 
The  corresponding  length  of  the  armature  is  determined  by  other  design  requirements 
Large  motion  amplitudes  can  affect  the  high  frequency  content  of  the  armature-current- 

generating  electric  field,  however,  if  designed  properly  the  damping  system  will  be 
independent  of  amplitude.  r  r  /  k  y  yoiom  wm  oe 


2.3  PED  SPACE  ENVIRONMENT  CONSIDERATIONS 

(VEM)  are  the  recommended  passive  damping  material 
tor  LSS,  particularly  for  use  within  structural  components  of  truss  structures  (diagonals 
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for  example).  However,  large  temperature  variations  in  space  make  designing  passive 
VEM  damping  treatments  difficult  (Reference  8).  The  full  temperature  variation  for  an 
exterior  spacecraft  component  could  be  150oC,  from  about  -SO^C  to  about  lOO^C. 
Some  VEM  materials  have  a  useful  range  of  only  20  -  30  oc,  making  many  materials 
and,  depending  upon  the  specific  problem,  temperature  control  elements  necessary. 
One  of  the  virtues  of  the  RED  designs  is  that,  because  they  are  made  of  metals,  they 
are  extremely  stable  with  respect  to  temperature  variations. 

The  Curie  point  (temperature  at  which  magnetic  properties  change  -  Reference 
10)  of  all  common  magnetic  materials  is  many  hundred  degrees  C,  far  above  the 
highest  expected  space  environment  temperature.  The  most  temperature  dependent 
parameter  in  the  damping  constant  "c"  (equation  1)  is  the  conductivity,  "c"  is 
proportional  to  the  conductivity  (equation  3).  For  temperatures  near  and  above  the 
Debye  temperature  (Reference  1 1 )  of  the  material,  the  conductivity  varies  directly  with 
absolute  temperature.  -50oC  is  223  oK  and  many  metais  have  a  Debye  temperature 
near  this  value.  The  Debye  temperature  of  silver,  the  armature  material  giving  the 
largest  c/m  value  is  2260K,  for  example.  The  ratio  of  absolute  temperatures  over  the 
expected  temperature  range  is  373/223  =  1 .67  and  so  "c"  is  expected  to  vary  by  less 
than  a  factor  of  2  over  the  full  temperature  range.  A  look  at  tables  of  material  data 
supports  this  expectation.  If  a  RED  experienced  the  full  temperature  variation  (an  AM- 
RED  at  the  end  of  a  solar  paddle,  for  example)  it  could  be  designed  to  operate  most 
effectively  at  the  mid  temperature  range  (about  room  temperature)  and  then  the 
expected  variation  in  "c"  would  be  less  than  ±30%. 

Because  the  coefficient  of  thermal  expansion  for  the  materials  under 
consideration  is  about  10-20  x  10*6  per  degree  C,  the  expected  length  or  gap  changes 
are  only  about  .3%,  too  little  to  effect  RED  operation. 

The  effects  of  environmental  temperature  variation  on  the  spring  of  the  AM-RED 
are  also  expected  to  be  manageable.  Considerable  information  exists  about  the 
effects  of  temperature  on  the  mechanical  properties  of  metals  (Reference  12).  This 
information  suggests  that  strength  may  change  by  ±10%  over  the  applicable  range. 
This  can  easily  be  addressed  in  the  detailed  design  of  the  spring.  The  smaii 
displacements,  ±.17%  imposed  by  thermal  expansions  can  be  considered  similarly. 
Finally,  the  stiffness  may  vary  by  ±5%  which  shouid  not  significantly  detune  the  device. 

3.0  PRELIMINARY  DESIGN  OF  PED  SYSTEMS 

In  this  section  we  will  be  concerned  with  analytic  evaluations  of  PED 
performance  and  the  impact  of  performance  upon  design  parameters.  The  major  focus 
is  upon  the  AM-PED,  considered  in  Section  3.1.  The  analytic  approximations  and 
discussion  in  Section  3.1  are  a  background  to  the  consideration  of  another  PED 
configuration,  the  Strut-PED  (S-PED).  Preiiminary  estimates  do  suggest  that  the  S- 
PED  may  to  be  very  competitive  in  performance  with  VEM  damping  strut 
configurations.  In  addition  the  S-PED  does  not  have  any  of  the  VEM  temperature 
dependence,  outgassing,  nonlinearity  and  frequency  dependence  problems. 

3.1  AM-PED  PRELIMINARY  DESIGN  FOR  THE  12  METER  TRUSS  (TMT) 

One  of  the  objectives  of  this  section  is  to  compare  the  predicted  performance  of 
an  AM-PED  with  that  of  an  equal-weight  actuator,  active-damping  system.  Active¬ 
damping  computer  predictions  have  been  made  for  the  TMT  in  its  low  frequency 
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cantilevered  position  (References  2  and  3).  These  predictions  are  compared  with  an 
an^ytic,  continuous-beam  model  of  the  AM-PED/TMT  combination.  In  Section  4  AM- 
PED  performance  is  compared  with  the  active  damping  calculations  utilizing  a  ADINA 
model  of  the  TMT,  This  later  comparison  is  important  because  the  actual 
TMT  IS  not  continuous  and  the  beam-model  resonant  frequencies  differs  from  the 
experimentally  measured  TMT  frequencies.  The  measured  ratio  of  the  second  bending 
to  the  first  bending,  TMT  mode  frequency  is  10.72/2.26  =  4.74.  The  frequency  ratio  of  a 
one  end  clamped  beam  is  6.27  so  the  analytic  model  is  reasonable  but  differences 
*  rSi*  ?  expected  between  the  analytic  model  predictions  and  the  more  accurate 

Section  4,  AM-PED  damping  is  actually  more  effective 
with  the  ADINA  truss  model.  This  is  in  part  due  to  the  fact  that  the  truss  does  not  adjust 
Its  rnodal  shape  to  external  forces  in  the  same  manner  as  the  continuous  beam.  The 
anmytical  modeling  provides  a  framework  for  understanding  how  to  design  an  AM- 
PED  and  IS  used  to  make  preliminary  estimates  of  AM-PED  performance.  (In  the 
original  study  AM-PED  effectiveness  on  a  free-free  TMT  was  also  computationally 
simulated.  The  analysis  is  not  presented  in  this  paper.  The  damping  was  found  to  be 
23 /o  less  than  the  cantilevered  beam,  for  equivalent  weight  AM-PEDs.)  The  general 
dynamical  problem  is  considered  first. 

What  is  required  is  to  solve  the  dynamical  equations  of  motion  of  the  AM-PED 
system  coupled  to  the  LSS.  The  design  requirements  are  that  the  percent  of  LSS 
modal  damping  should  be  about  5%  so  the  damping  can  be  solved  for  by  a 
perturbation  analysis.  In  addition  the  mass  of  the  LSS,  M,  is  much  greater  than  m  so 

m/M  can  be  treated  as  a  small  parameter.  As  the  detailed  analysis  shows,  if  Fs(o),  x)  is 
an  expression  for  the  force  exerted  on  the  AM-PED  by  the  LSS,  where  x  is  the 

amplitude  of  motion  for  the  frequency  o),  then  the  frequencies  of  the  system  can  be 
obtained  from  the  equation 

Fs(a),x)/M  =  |3ci)2g(o))x, 

where 


P  s  m/M, 

g(co)  =  (-2ri  +  W2(W2  - 1 )  +  4  r2  )/(4r2  +  (W2  - 1  )2 ), 
r(a))  =  c/2mo) , 

W((0)  H  coq/co, 

0)0^  s  k/m, 

and  k  is  the  AM-PED  spring  constant.  In  the  limit  that  the  new  LSS/AM-PED  modal 
frequences  are  very  near  the  old  frequencies,  Qoni  (that  is  p  is  small)  we  find  that 
percent  of  critical  damping,  yn,  given  for  each  of  the  LSS  modes  is 


(5) 


(6) 

(7) 

(8) 

(9) 

(10) 


Yn  =  -lmag{p  Qong(i2on)x/(M-1  aFs(aon,x)/ao) )}.  (1 1 ) 

As^rriing  the  TMT  can  be  modeled  as  continuous  cantilevered  beam  and  the  AM- 
PED  IS  mounted  on  its  free  end,  Fs  can  be  analytically  defined  and  the  operations 
required  by  equation  1 1  performed.  The  result  is 
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Yn  =  {2p}[2r(i2on)  ][4r(Oon)2  +  (W(i2on)2  - 1  )2  ]-l  =  2pcln 


(12) 


where  reference  is  to  be  made  to  equations  8  and  9.  Assuming  the  mass  m  is  fixed  at 
the  value  of  the  active  damping  actuator,  we  can  choose  the  AM-PED  parameters  c/m 

and  ©oto  either  maximize  the  damping  for  a  particular  mode  or  damp  more  than  one 
mode.  We  also  note  that  if  the  LSS  were  a  one  dimensional  system  of  mass  M,  the 
factor  in  curly  brackets  would  be  1/4  of  the  equation  12  result.  This  means,  at  least  in 
the  limit  of  small  frequency  changes,  that  the  effective  mass  of  the  cantilevered  beam 
is  1/4  of  its  actual  mass,  for  all  modes  when  an  AM-PED  is  attached  to  its  free  end. 

The  active  damper  is  effective  for  both  the  first  and  second  bending  modes  (Qoo 

and  Qoi)  respectively  so  we  design  the  AM-PED  to  compete  with  it  and  also  damp  the 
first  and  second  bending  modes.  We  are  interested  in  obtaining  the  best  damping  we 
can  for  the  lowest  mode  and  still  obtain  reasonable  damping  for  the  higher  modes.  As 

the  detailed  analysis  shows,  for  a  given  r  and  Qoo  in  equation  12  the  numerator  can 
be  minimized  by  choosing 


W(Qoo)  =  1 ,  or  coo  =  Qoo- 


The  damping  of  Qoo  is  then  maximized  with  the  choice 

c/m  =  Qoo.  (13) 

As  discussed  in  Section  2  this  c/m  ratio  is  easily  achievable  with  the  magnetic  system. 
The  choice  of  AM-PED  parameters  defined  by  equations  1 2  and  1 3  imply  that  for  Qon 
» 


Yn  «  Y0[ii00/i20n]. 


(14) 


when 


Y0  =  2P.  (15) 

The  TMT  active  damper  predictions  were  actualjy  made  with  two  4  lb  dampers 
at  the  free  end  aod  two  additional  4  lb  dampers,  one  at  the  center  and  one  one-quarter 
of  the  length  from  the  free  end.  A  worst  case  comparison  is  made  by  using  only  one  8 
lb  AM-PED  (equivalent  to  two  4  lb  dampers)  at  the  free  end.  Since  the  TMT  is  220  lbs 

and  the  ratio  of  Q00/Q01  =  4.74,  as  stated  above,  we  find  for  the  TMT  that 

70  =  2x8/220  =  7.3%,  and  yi  « 7.3% /4.74  =  1 .5%.  (16) 

Table  1  shows  the  TMT  active  damper  predictions  as  a  function  of  four  velocity  feed 
back  schemes.  The  AM-PED  is  therefore  expected  to  be  very  competitive  with  active 
damping  systems.  In  Section  4  we  will  see  that  there  is  reason  to  suspect  that  the  AM- 
PED  may,  in  some  circumstances,  be  a  better  damper  than  the  active  system.  (The 
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overall  damping  ratio  with  an  8  lb  AM-PED  is  11%  for  the  computer  simulated  TMT, 
50%  greater  than  the  analytic,  continuous  beam  result.) 

Table  1  TMT  Active  Vibration  Control 
(From  Reference  2,  x  Bending) 

Closed-Loop  Modal  Damping  Predictions 


Open-Loop 

LOG,  LTR 
output 
Feedback 

MEOP 

Overlapping 

Decomp 

Component 

Synthesis 

1st  Bending 

.80 

9.36 

4.49 

8.02 

7.24 

2nd  Bending 

.16 

1.45 

1.38 

3.19 

2.97 

One  can  also  estimate  the  TMT  modal  damping  by  using  a  one  dimensional 
analog.  For  driven,  single  degree  of  freedom  system  the  damping  is  (2T)-i,  where  T  is 
the  transmissibility.  Using  this  relationship,  where  the  cantilever  is  base  driven,  we 
obtain,  6.6%  damping  for  the  first  mode  and  1.4%  damping  for  the  second.  These 
numbers  are  consistent  with  the  results  in  equations  16.  But  again,  we  have  here  used 
a  continuous  beam  model  for  the  TMT  and  differences  are  expected  for  the  real 
structure. 

3.2.  STRUT-PED  (S-PED)  CONFIGURATION 

A  S-PED  would  be  used  very  much  like  VEM  damper  struts  used  in  LSS  truss 
structures.  For  example,  experiments  were  performed  with  the  TMT  using  VEM 
diagonal  strut  dampers  (Reference  2  and  3)  in  all  bays  (see  Figure  2).  The  resulting 
damping  was  4.2%  for  the  first  bending  mode  and  7.0  %  for  the  second  bending  mode 
but  the  weight  of  the  TMT  was  increased  by  more  than  100  lbs  (45  kg).  It  is  clear  that 
the  struts  could  be  removed  from  those  bays  experiencing  the  lowest  modal  strain 
energy  and  the  damper  weight  would  be  reduced.  However,  the  damping  would  be 
reduced  somewhat  as  well.  The  TMT  with  strut  dampers  in  all  bays  probably 
represente  the  maximum  TMT  damping  possible  with  VEM. 

A  rough  comparison  of  what  is  possible  with  a  S-PED  can  be  made  by 
employing  two  diagonal  S-PEDs  in  the  first  TMT  bay  (see  Figure  2)  and  choosing  a  c 
to  maximize  damping  for  the  first  mode.  A  transmissibility  analysis  is  then  used  to 
evaluate  the  damping  for  the  second  mode.  The  detailed  analysis  indicates  that  under 
these  circumstances  the  strut  dampers  operate  very  much  like  the  Isolator-PED  of 
Reference  13.  The  Reference  13  analysis  showed  that  the  damping  of  the  first 
cantilever  mode  was  maximized  at  about  30%  when 


c/m  =  1.5Qoo-  (17) 

This  equation  is  very  similar  to  the  AM-PED  design  equation  (equation  13)  except  that 
in  the  case  of  equation  1 7  the  mass  is  the  effective  mass  of  the  TMT  In  its  first  mode 
and  not  the  mass  of  the  AM-PED.  As  discussed  in  Section  3.1  the  effective  mass  of  the 
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TMT  is  1/4  the  total  mass  or  55  lbs  (25  kg).  We  saw  that  about  7%  damping  was 
expected  with  two  4  lb  AM-PED  masses,  larger  masses  producing  greater  damping.  In 
the  S-PED  design  the  moving  mass  is  the  system  itself.  The  larger  mass  implies 
greater  damping. 


Figure  2.  Twelve-Meter-Truss,  Damper  Strut  Configurations. 


The  c  that  we  need  in  order  to  obtain  this  large  damping  is  given  by  inserting 
the  correct  parameters  into  equation  17.  We  need 

c  =  25  X  1 .5  X  2)1  X  2.25  =  530  kg/sec,  (1 8) 

or  if  two  struts  are  used  per  bay  c  =:  265  kg/sec  for  each  strut.  For  a  particular  design 
we  can  achieve  the  required  c  with  a  total  magnet  mass  of  2.1  kg  (4.6  lbs).  With  this  S- 
PED  system  the  expected  damping,  predicted  from  a  base  driven  transmissibility 
analysis  of  a  continuous  cantilever  beam,  is  19%  for  the  first  bending  mode  and  2.5% 
for  the  second  bending  mode.  We  have  tuned  the  S-PED  system  for  the  first  bending 
mode  and  It  is  most  effective  for  that  mode.  The  1 9%  damping  of  the  first  mode  differs 
from  the  30%  expected  from  the  single  degree  of  freedom  Reference  13  analog,  but 
given  the  difference  in  the  approximation  methods  numerical  differences  are  expected. 
In  addition,  experience  with  comparing  the  AM-PED,  continuous  beam,  analytic 
results  with  the  TMT  computer  simulations  suggests  that  the  analytic  damping 
estimates  are  a  conservative  lower  bound. 

It  is  difficult  to  directly  compare  the  analytical  S-PED  analysis  with  the  TMT  VEM 
damping  data.  Theoretically,  with  a  factor  of  22  less  weight  (excluding  the  weight  of  the 
struts  and  armature)  we  have  a  factor  of  4.5  more  damping  In  the  first  bending  mode. 
This  seems  to  be  a  definite  advantage.  The  S-PED  damping  In  the  second  mode  is, 
however,  about  a  factor  of  3  less  than  the  VEM  system,  it  is  clear  that  by  detuning  the 
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S-PED  the  second  mode  damping  could  be  increased  at  the  expense  of  the  first  mode, 
if  that  were  desirable.  Although  the  analysis  has  not  been  performed,  the  expectation 
is  that  the  S-PED  would  be  superior  to  the  VEM  damping  strut  system.  Replacing  the 
VEM  system  with  an  S-PED  would  have  a  number  of  advantages:  (1)  there  would  be 
no  outgassing  problems,  (2)  designing  a  damping  treatment  would  be  simpler  since 
the  PED  system  is  linear  with  respect  to  amplitude  and  c  does  not  depend  upon 
frequency,  (3)  heating  coils  would  be  avoided  because  the  PED  system  performance 
changes  very  little  with  temperature,  (4)  the  same  PED  system  could  be  used 
anywhere  on  the  LSS  because  of  the  near  temperature  independence  of  the  PED. 

4.0  STRUCTURAL  DYNAMICS 

In  Section  1,  it  was  noted  that  the  AFWAL  12m  Truss  (TMT)  dynamically 
represents  large  space  structures  of  generic  interest.  To  suppress  the  vibration  of 
such  systems,  the  application  of  the  PED  as  an  auxiliary  mass  damper  was  discussed 
to  be  very  promising.  In  Section  3,  a  preliminarily  design  AM-PED  for  the  cantilevered 
12m  Truss  was  discussed.  It  was  observed  that  its  effectiveness,  reliability,  and  weight 
compare  favorably  to  actively  controlled  and  mechanical  passive  damping 
alternatives. 

The  structural  dynamics  of  the  TMT  with  AM-PED  is  now  comprehensively 
analyzed  to  further  investigate  these  promising  possibilities.  The  modal  analysis  is 
considered  first  to  gain  insight  and  then  realistic  transient  excitations  are  considered. 
Next,  the  effect  of  AM-PED  parameters  on  performance  is  examined. 

4.1  MODAL  CHARACTERISTICS 

The  study  begins  with  the  natural  frequencies  and  mode  shapes  of  the 
system.  These  were  obtained  through  the  ADINA  finite  element  model  of  Figure  3 
(Reference  1).  This  describes  each  of  the  16  bays  of  the  TMT  with  a  2-noded  beam 
element.  Complete  restraint  against  translation  and  rotation  is  assumed  at  the 
support.  The  AM-PED  is  modeled  as  a  lumped  mass  connected  to  the  free  end 
through  a  general  element  having  concentrated  damping  and  stiffness.  In  all,  33 
degrees  of  freedom  describe  the  planar  flexural  vibration  of  this  system.  The  modal 
characteristics  of  this  response  were  found  through  a  determinant  search  algorithm. 

The  undamped  TMT  was  first  considered  without  the  AM-PED.  The  total 
length  was  taken  to  be  471  in.  and  the  total  weight  220  lbs  in  accordance  with  reported 
data.  The  stiffness  parameters  of  the  beam  elements  are  adjusted  to  match  the  first 
two  frequencies  measured  by  the  AFWAL.  These  are  given  in  Table  2  and  reflect  the 
influence  of  shear  as  well  as  flexural  deformation.  The  corresponding  shapes,  Figures 
4  and  5,  contain  one  and  two  lobes  in  the  first  and  second  modes,  respectively,  as  one 
would  expect. 

Next,  the  influence  of  the  AM-PED  on  these  characteristics  was  studied.  For 
this,  the  parameters  of  the  preliminary  design  are  considered  which  are  repeated  in 
the  first  row  of  Table  3.  The  AM-PED  design  causes  the  system  to  have  two  modes 
corresponding  to  the  undamped  fundamental  mode  of  the  cantilever.  These  natural 
frequencies  and  shapes  appear  in  Table  2  and  Figure  4,  respectively.  The  first  of 
these  modes  has  a  slightly  lower  frequency  than  the  undamped  fundamental  and  is 
characterized  by  auxiliary  mass  motion  in  phase  with  the  beam.  The  second  has  a 
frequency  slightly  higher  than  the  fundamental  and  an  auxiliary  mass  motion  in 
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opposition  to  the  beam.  In  both  modes,  the  large  amplitude  of  the  auxiliary  mass 
motion  will  be  effective  in  dissipating  the  beam's  vibration.  Note  in  Table  2  that  the 
second  flexural  frequency  of  the  beam  is  minimally  influenced  by  the  design.  Neither 
is  the  corresponding  mode  shape,  Figure  5,  in  which  the  auxiliary  mass  experiences 
little  displacement. 

4.2  TRANSIENT  RESPONSE 

With  the  benefit  of  the  foregoing  modal  insight,  the  response  of  the  system  to  a 
transient  excitation  is  considered.  A  uniform,  unit,  initial  velocity  of  the  beam  is 
specifically  chosen.  This  approximates  the  excitation  of  an  impulsive  maneuver  by  the 
spacecraft  from  which  it  would  be  cantilevered.  It  may  also  represents  the  loading 
produced  by  the  fluence  of  a  hostile  impulsive  laser  attack  on  the  platform.  The 
response  to  this  initial  disturbance  was  calculated  using  the  ADINA  model  through  a 
direct  time  integration  with  a  step  of  0.010  sec. 

The  resulting  tip  deflection  for  the  undamped  case  is  shown  in  Figure  6.  This  is 
dominated  by  the  fundamental  mode  at  2.26  Hz.  With  no  dissipative  mechanism  in  the 
system,  the  oscillations  continue  indefinitely.  Such  behavior  is  not  consistent  with  the 
precise  stability  requirements  for  many  space  platforms. 

Fortunately,  the  situation  improves  dramatically  in  the  response  with  the 
preliminary  AM-PED  design  which  is  superimposed  in  Figure  6.  This  response  is 
initially  dominated  by  the  fundamental  bending  modes.  However,  these  are  effectively 
damped  in  a  few  cycles.  A  least  squares  fit  of  the  response  indicates  that  it  decays  with 
an  exponential  envelope  corresponding  to  6.2%  damping.  This  is  almost  twice  as 
large  as  predicted  in  Section  3.1  for  the  continuous  beam.  (Note  that  in  Section  3.1  we 
considered  an  8  lb  AM-PED,  here  the  simulation  was  for  a  4  lb  AM-PED.  Equations  6 
and  12  show  that  damping  is  expected  to  be  linearly  proportional  to  AM-PED  mass.) 


4.3  PARAMETRIC  ANALYSIS 

The  above  transient  analyses  indicate  that  the  preliminary  AM-PED  design 
should  be  quite  effective  in  suppressing  the  vibration  of  large  space  structures. 
Accordingly,  the  influence  of  its  design  parameters  on  this  effectiveness  is  studied. 
Auxiliary  mass  and  frequency  tuning  is  specifically  addressed. 

To  examine  the  effect  of  auxiliary  mass,  this  parameter  is  doubled  above  the  4 
lb  preliminary  design.  In  accordance  with  the  preliminary  design  procedure,  we  also 
double  the  stiffness  and  damping  values  to  maintain  the  same  tuning  relative  to  the 
cantilevers  fundamental  mode.  The  response  with  this  8  lb  device  is  compared  to  that 
previously  calculated  for  the  4  lb  design  in  Figure  7.  With  the  additional  mass,  the 
vibration  is  suppressed  even  more  rapidly.  The  equivalent  damping.  Table  3,  is  now 
10.9  %.  Thus  the  damping  effectiveness  increases  almost  linearly  with  the  size  of  the 
auxiliary  mass,  as  suggested  by  our  first  order  perturbation  analysis. 

To  examine  the  influence  of  AM-PED  tuning,  the  auxiliary  mass  is  returned  to 
the  initial  value  of  4  lb.  In  lieu  of  the  preliminary  design  of  Section  3,  an  alternative 
exists  which  attempts  to  limit  the  response  of  the  primary  system  over  a  range  of 
frequencies  in  the  neighborhood  of  its  fundamental  mode  (Reference  14).  The 
parameters  of  this  "optimal"  design  for  the  cantilevered  TMT  are  given  in  the  third  row 
of  Table  3.  The  response  of  this  system  is  compared  to  that  previously  calculated  for 
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our  preliminary  design  in  Figure  8.  The  effectiveness  of  the  AM-PED  is  seen  to  be  a 
fundion  of  frequency  tuning.  For  the  uniform  initial  excitation  imposed,  the  "optimal" 
design  achieves  3.6  %  damping  and  is  less  effective  than  the  preliminary  concept. 


TABLE  2  NATURAL  MODES  OF  12M  TRUSS 
Beam  Character  Undamped  Frequency  Hz  AM-PED  Frequency,  Hz 

Fundamental  2.26  1 .98 

2.56 

Second  10.70  10.71 


TABLE  3  AM-PED  EFFECTIVENESS 


12m  Truss 
Configuration 

mg 

lb 

c 

Ib-sec/in 

k 

Ib/in 

Damping 

ratio 

Cantilevered 

4 

0.1464 

2.069 

0.062 

Cantilevered 

8 

0.2928 

4.138 

0.109 

Cantilevered 

4 

0.0487 

1.577 

0.036 

Free 

2" 

0.422* 

34.4* 

0.048 

"Values  for  each  of  two  AM-PEDs.  Free-Free  analysis  not  presented. 
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Figure  4.  Fundamental  Mode  of  TMT 
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Figure  6.  Transient  Response  of  TMT 
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Figure  7.  Effect  of  AM-PED  Mass 
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Figured.  Effect  of  AM-PED  Tuning 
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5.0.  CONCLUSIONS  AND  RECOMMENDATIONS 

In  this  study  the  feasibility  of  Passive  Electrodynamic  Dampers  (PEDs)  for  Large 
Space  Structures  (LSS)  has  been  investigated.  The  overall  conclusion  is  that 
preliminary  PED  designs  appear  very  promising,  being  competitive  and  in  many  ways 
superior  to  current  active  damping  and  passive  damping  LSS  technologies.  The 
overall  recommendation  is  that  a  detailed  design  and  experimental  test  program  be 
undertaken  to  verify  the  conclusions  of  the  study.  The  detailed  conclusions  of  this 
study  are  presented  below. 

The  AM-PED  operates  by  converting  LSS  vibrational  energy  to  the  kinetic 
energy  of  the  magnetic-system  mass.  This  energy  is  then  dissipated  through  ohmic 
heating  in  the  armature.  Mechanical  springs  are  used  as  a  restoring  force  and  the 
system  is  "tuned"  to  damp  over  a  range  of  LSS  modal  frequencies.  Because  of  the 
simple  PED  force  relationship,  analytic  LSS  damping  estimates  can  be  made  when 
analytic  LSS  modal  solutions  exist.  Computational  solutions  are  required  for  realistic 
LSS  truss  structures  which  only  roughly  approximate  continuous,  analytically-tractable 
systems. 

Besides  computationally  evaluating  the  effectiveness  of  the  PEDs  it  was 
considered  important  to  compare  PED  effectiveness  with  experimental  data  and 
pretest  predictions  for  other  damping  systems.  The  AFWAL  12  Meter  Truss  (TMT) 
experiments  were  chosen  for  comparison.  The  majority  of  analyzed  TMT  data  is  for  the 
low-frequency  cantilevered  position.  The  AM-PED,  designed  according  to  the  analytic 
analysis,  and  the  TMT  were  ADINA  modeled. 

The  conclusions  of  the  study  are  the  following: 

(1)  The  maximum  practical  LSS  c/m  ratio  is  about  500  sec''  in  mks  units. 

(2)  The  maximum  c/m  ratio  dependents  on  magnetic  system  size. 

(3)  The  dominant  effect  which  reduces  c  is  the  dependence  of  skin  depth  on  the 
frequency.  PED  designs  should  be  independent  of  frequency  below  50  Hz. 

(4)  PED  damping  should  be  independent  of  amplitude  for  expected  LSS  vibrational 
amplitudes. 

(5)  PED  damping  should  vary  by  only  about  ±30%  over  the  full  1500C  space 
environment  temperature  variation. 

(6)  Compared  to  TMT  bending-mode,  active-damping  predictions,  for  a  roughly 
equivalent  weight  damping  system  (8  lbs  -  actually  the  total  active  damping  actuator 
weight  was  twice  the  AM-PED  weight),  the  AM-PED  is  more  effective  than  active 
damping.  AM-PED  damping  is  expected  to  be  about  11%.  The  largest  active  damping 
is  expected  to  be  9.4%  for  the  first  bending  mode.  The  AM-PED  is  not  only  expected  to 
be  superior  to  active  damping  in  performance  but  more  reliable  and  cost  effective.  The 
AM-PED  doesn't  require  a  power  supply,  motion  sensors  or  a  computer  control 
system. 

(7)  The  effectiveness  of  the  AM-PED  damper  is  only  slightly  decreased  (23%)  below 
the  cantilever  TMT,  for  the  free  TMT  (analysis  not  presented  in  this  paper). 

(8)  A  Strut-PED  system  is  expected  to  be  comparable  or  superior  to  VEM  strut 
damping  systems  in  performance,  should  weigh  less  and  be  far  superior  with  respect 
environmental  stability,  outgassing,  and  calcu lability. 
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A  METHOD  FOR  THE  MEASUREMENT  OF 
THE  COMPLEX  COMPRESSIONAL 
MODULUS  OF  THIS  LAYERS 
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ABSTRACT 

A  method  has  been  developed  for  the  direct  measurement  of  the  complex  com- 
pressional  modulus  of  thin  layers  at  low  frequencies.  The  test  method  utilizes  an 
electrodynamic  shaker  and  a  special  test  fixttu-e  which  maintains  the  plane  strain 
state  of  the  thin  layer.  Preliminary  tests  have  been  performed  on  high  damping 
materials  with  good  results.  An  improved  version  of  the  test  fixture  is  being  de¬ 
signed  to  improve  the  infinitely  distant  boundary  condition  simulation. 
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THE  EVALUATION  OF  YOUNG’S  COMPLEX  MODULUS  OF 
VISCOELASTIC  MATERIALS 

G.  OSTK3UY  and  M.  TARDIF 
£coIe  Polytechnique,  Montreal  Quebec,  Canada 

The  motion  of  a  root-excited  cantilever  beam  coated  on  both  sides  with  a  vibration- 
damping  viscoelastic  material  is  investigated. 

Measurements  of  relative  amplitudes  and  phase  lag  between  the  free  and  dr  iven  ends  of 
the  beam  are  used  to  characterize  the  variation  of  the  viscoelastic  material's  comolex 
Young's  modulus  with  frequency.  Effects  of  other  parameters  such  as  temperature  or 
humidity  on  the  complex  modulus  can  be  evaluated  provided  that  tests  are  done  in  an 
environmental  chamber, 

The  method  is  readily  applicable  to  beams  with  coatings  of  viscoelastic  material  of 
equal  thickness  on  both  sides  and  also  to  any  beam  manufactured  out  of  a  single,  self- 
supporting  material,  It  is  efficient,  fast  and  accurate.  It  is  a  valuable  alternative  to  the 
ASTM  E756-83  "Standard  Method  for  Measuring  Vibration-Damping  Properties  of 
Materials." 


Key  words;  vibration,  viscoelastic,  damping,  complex,  modulus, 
experimental,  measurement. 

INTRODUCTION 

Over  the  years,  numerous  methods  were  developed  for  the  purpose  of 
evaluating  the  damping  characteristics  of  non-self-supporting  viscoelastic 
materials,  A  large  share  of  those  methods  are  used  to  evaluate  extensional 
damping  properties  with  the  Young's  complex  modulus  approach.  This  is 
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explained  by  the  fact  that  simpler  analytical  developments  and 
experimental  rigs  are  required, 

Van  Oort  [1]  and  Oberst  and  Frankenfeld  [2,3]  first  studied  the 
behaviour  of  thin  fixed-free  beams  coated  with  viscoelastic  materials  on 
one,  or  both  sides  (Van  Oort  only).  The  relationships  derived  by  Van  Oort, 
because  of  their  assumptions,  are  not  used  for  the  investigation  of 
vibration  damping  materials  having  a  high  loss  factor,  The  work  by  Oberst 
and  Frankenfeld  was  aimed  at  vibration  damping  materials  having  a  low 
elastic  modulus  E  and  a  high  loss  factor  The  so-called  Oberst  beam 

method  has  since  been  generally  accepted  and  is  now  standardized  by  the 
DIN  [4]  and  the  ASTIi  [5], 

Schwarzl  analyzed,  in  a  more  rlgourous  manner,  vibrations  of  beams 
made  up  of  two  viscoelastic  materials  [6],  He  concluded  that  Van  Oort  and 
Oberst  and  Frankenfeld  theories  were  simplified  versions  of  his  own 
approach  because,  in  their  assumptions,  they  had  neglected  the  effects  of 
coupling  between  flexural  and  extenslonal  motions.  He  also  pointed  out 
that,  for  an  asymmetric  beam  made  of  two  materials  having  different  loss 
factors,  the  neutral  fibre  was  moving  through  the  cross-section  at  a 
frequency  twice  that  of  lateral  vibrations. 

Ross,  Kerwin  and  Ungar's  [7]  analysis  was  developed  for  a  three-layer 
system  and  included  extenslonal  and  shear  type  damping  tfeatments  fOi 
plates  as  well  as  for  beams.  In  the  special  case  of  unconstrained  damping 
treatment  of  a  beam  (zero  thickness  of  third  layer),  RKU  equations  simplify 
fo  tho'-.p  rpporfed  by  01v-*r'-,t  rjnd  Ft  anf  enfi-'ld 
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Nashtf  [8]  developed  a  method  using  the  Oberst  apparatus  [9]  with  a 
metal  supporting  beam  coated  on  both  sides  with  equals  thicknesses  of  a 
viscoelastic  material.  Bending  problems  at  high  -or  low-  temperature 
caused  by  the  large  diference  between  thermal  coefficient  of  expansion  of 
viscoelastic  materials  and  metals  were  eliminated.  Surprisingly,  no 
mention  to  Schwarzl's  [6]  neutral  fibre  movement  conclusion  was  made  by 
Nashlf  to  further  justify  the  use  of  symmetric  specimens. 

The  ASTM  has  published  a  "Standard  Method  for  Measuring  Vibration- 
Damping  Properties  of  Materials"  [5]  which  is  based  on  the  equations 
proposed  by  Oberst  and  Frankenfeld,  Nashif  and  Ross,  Kerwin  and  Ungar. 
Unfortunately,  these  methods  contain  a  number  of  assumptions  that  prevent 
them  from  being  generally  applicable: 

-  The  damping  effects  of  the  supporting  material  are  neglected; 

-  Eigenvalues  equations  are  derived  without  considering  the  effects 
of  damping  (added  stiffness,  phase  lag,  etc.); 

-  The  global  loss  factor  is  calculated  with  methods  that  were 
developed  for  lightly  damped,  single  degree  of  freedom  systems 
(half  power  bandwidth  or  logarithmic  decrement). 

To  eliminate  the  restrictions  of  existing  methods,  an  approach  based 
Oh  the  study  of  lateral  vibrations  of  root-excited  cantilever  beams  is 
proposed.  It  is  an  extension  of  the  work  on  damping  properties  of  rigid 
polymers  by  Ostiguy  and  Evan-lwanowski  [10],  Horio  and  Onogi  [11],  Bland 
and  Lee  [12]  and  Strel la  [13]. 
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THEORETICAL  ANALYSIS 

The  use  of  a  root-excited  beam  enables  one  to  use  both  amplitude  and 
phase  lag  measurements  for  the  eharacterizatton  of  damping.  The 
viscoelastic  material's  elastic  modulus  and  loss  factor  can  be  determined 
from  experimental  measurements,  without  using  any  approximations  or 
assumptions.  This  proves  valuable  particularly  for  materials  having  high 
loss  factors.  Symmetric  test  sections  are  used  so  that  the  neutral  fibre  is 
remains  in  the  geometric  center  of  the  cross-section  and  that  no  thermally 
induced  bending  occurs, 

V  +  (dV/dx)dx 


dx 


Figure  1:  Free  body  diegrain  of  differential  element 

A  free  body  diagram  of  a  differential  element  of  length  (fxof  a  beam 
is  shown  in  figure  1,  By  eguating  the  forces  in  the  Y  direction  to  the 
corresponding  inertia  force  and  by  summing  the  moments  about  the 
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element's  center  of  gravity,  we  obtain  the  standard  equation  of  motion  for 
Euler  beams  (shear  and  rotatory  inertia  effects  neglected) 

m  a2y/3t2  +  32M/3x2  =  0  ( 1 ) 

where  m  is  the  mass  per  unit  length.  From  the  classical  theory  of  pure 
bending  of  beams,  the  bending  moment  is  related  to  the  lateral  motion 
through  the  flexural  rigidity  term.  This  equation  can  be  applied  to 
viscoelastic  materials  by  replacing  the  standard  elastic  Young's  modulus  E 
by  the  complex  modulus  E^.  We  then  have 


Figure  2:  Test  beam  geometry  and  test  layout 
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(2) 


M  =  E*ld2y/^x^ 

Combining  equations  ( 1 )  and  (2)  we  get 
m32y/3t2  +  (E^|)8V^X''  =  0 

For  the  beam  shown  In  the  test  section  schematic  view  (figure  2), 
mass,  stiffness  and  Inertia  properties  are 

m  =  pi5i  +  p252  =  pibhi  +  2p2bh2 

I  =  Eid  +  lqi)  h  +  E2(1dri2)  I2  ^5) 

h=bhi3/12  (6) 

I2  =  bhi2h2/2  +  bhih22  +  2bh23/3  (7) 

With  the  use  of  the  following  parameters 

H  =  h2/hi 

Kh  =  6H  t  12H2  + 

equations  (3)  to  (7)  give 
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12  (pi  +  2p2H)  3^y/8t^  + 

hi2  {Ei(  1 +  1t|i )  +  Kh  £2(1  ■•■1^2))  ~  ^ 

By  separating  space  and  time  solutions  and  by  defining  the  q 
parameter  as  ' 

_ lZ.UL)l2Q.?\ilj£ _ _  (H) 

hj^  ((E|+ Kh  E2)  +  i(qiEi+ KHq2E2)) 

we  have 

d^Y/dx^  -  q4  Y  =  0  (12) 


For  the  beam  shown  in  figure  2,  the  boundary  conditions  are 

Y  =  Yo  dY/dx  =  0  at  X  =  0; 

d2Y/dx2  =  0  d3Y/dx3  =  0  at  x  =  L  (13) 

Only  the  motion  at  the  free  end  is  of  interest,  It  Is  found  by  solving 
equation  (12)  with  the  above  boundary  conditions  and  then  putting  x=L, 
Dividing  by  the  motion  at  the  driven  end  gives  the  ratio  of  amplitude  AR 
and  the  phase  lag  8  between  the  free  and  driven  ends 

ARe-‘9=  COSy.t..C.Q.Sh.^  (14) 

1  +  cos  S'  cosh  ^ 
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Equation  (14)  can  be  transformed  Into  two  functions  of  unknown 
parameters  ®tand  p  by  equatinq  the  real  and  Imaqlhary  parts  on  both  sides 
of  the  equation,  Once  simpl  If  led,  these  two  functions  are 

AR  ( 1  +  cos  a.  cos  p  cosh  a  cosh  p  +  sin  «.  sin  p  sinh  oc  sinh  p  ] 

-  cos  0  (cos  a,  cosh  p  +  cosh  «.  cos  p ) 

-  sin 0  (sinasinhp  -  sinhotsinp)  -  0  (>0) 

and 

AR  (cos  (X  sin  p  sinh  «.  cosh  p  -  sin  a  cos  p  cosh  cc  sinh  p ) 

+  cos  0  (sin  «- sinh  p  -  sinh  ct  sin  p ) 

-  sin  0  (coso-coshp  +  cosho-cos  p)  =.G  (17) 

These  non-linear  equations  are  solved  numerically  by  a  Newton- 
Raphson  scheme  [14],  Reasonably  close  starting  values  (oio,  Po)  are  required. 
For  that  purpose,  we  define  the  following  two  parameters 

1 2  (pi  2p2H) 

and 
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B  =  H2-E2I 

1 2  (0  (pi  +  2p2H) 

Equation  ( 1 2)  then  becomes 


(AH(DB)c!4Y/clx4-a>2Y  =  0 


(19) 


(20) 


which  Is  Identical  to  equation  (10)  In  Strella's  paper  [13].  With  the  current 
symbols,  equations  (30),  (3 1 )  and  (32)  of  Strel  la  become 


A 


(16ao2-F2) 


2 


(21) 


B  =  ni  (16tD.L2) 
ao3  (16ao2-F2) 


(22) 


F  =  -5,479^2y  7..5C>2^6.I.,5.AB2 


1.689  AR2 


(23) 


where  Is  a  resonant  frequency,  ap  is  the  eigenvalue  of  the  equivalent 
mode  number  for  a  fixed-free  beam  (ao=l.875,  4.694,  7.855,  etc.)  and  AR 
is  as  previously  defined.  Approximate  values  for  E2  and  112  are  found  with 
equations  ( 1 8)  and  ( 1 9).  These  approximations  are  given  by 
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Eo2-.L2iai^2p?H)j^-Ei 

^  KHhi2  Kh 


i2A) 


and 


no2  12  (pi  2p9H).(flr-^~  -41  £i 
I  Kh  hi^  E02  Kh  E02 

I 

We  then  obtain  from  equation  (15) 

oio  =  VR  cos(^/4) 
po  =  VR  s1n(#/4) 


and 

♦  =  tg-’ -(iit£ii_KH4D2£o2) 

(E,-KhEo2) 

These  starting  values  ao  and  Po  are  now  used  to  Iterate  to  the  final 
solution  for  a  and  p  with  the  Newton-Raphson  method.  The  numerical  value 
of  the  complex  angles  =  (ct+ip)  Is  now  known.  Again  rearranging  equation 
( 1 5),  we  obtain 
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(29) 


(Ei+  K,h  E2)  +  KtiiEi+  KHr)2E2)  =  ,12  (pi 


hi2  (a,  +  i  p)"> 


The  numerical  values  of  elastic  modulus  E2  and  loss  factor  of  the 
viscoelastic  coating  are  found  by  equating  the  real  and  imaginary  parts  on 
both  sides  of  equation  (29).  After  simplifications,  we  have 


E2  = 

KHhi2 


0^8+p8-6(x4p4-4ot2p2  (a4+p4) 


El 

Kh 


(30) 


and 


r\2  =  12  (pi  2p?H) 

KHhi2 


AvJSl{f-Vrn. 


<x8+p8  -  6  0t4p4  -  4a2p2  (ot4+p4) 


r  HiEi 
Kh  E2 


(31) 


To  evaluate  the  complex  modulus  of  a  non-self-supporting 

viscoelastic  material.,  the  procedures  outlined  below  must  be  followed. 


1-  record  the  following  parameters,  with  appropriate  units:  L,  pj,  hi, 
Ei,i|i.  P2  and  h2, 

2-  evaluate  H  and  Kh  with  equations  (8)  and  (9); 

3-  record  amplification  AR,  phase  lag  9,  resonant  frequency  wr  and 
mode  number  so  that  Strella's  approximate  method  can  be  used  as  a  first 
approximation; 

4-  evaluate  A,  B  and  F  as  per  equations  (21),  (22)  and  (23)  with 
appropriate  resonant  frequency  and  eigenvalue  ao; 
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5-  evaluate  E02  and  H02  with  equations  (24)  and  (25); 

6-  find  starting  values  ao  and  Po  with  equations  (26),  (27)  and  (28), 

7-  Iterate  toward  final  values  a  and  P; 

8-  evaluate  elastic  modulus  E2  and  loss  factor  H2  with  equations 
(30)  and  (31). 


CONCLUSIONS  AND  RECOMMENDATIONS 

When  testing  a  non-self-supporting  material,  the  support  beam  can 
be  manufactured  out  of  a  viscoelastic  material  because  Its  own  damping 
characteristics  were  carried  throughout  the  derivation  of  the  equations, 
For  self  supporting  materials  that  can  be  shaped  as  a  beam,  the  equations 
defined  in  this  paper  are  simplified  by  eliminating  all  terms  containing  2 
as  a  subscript.  The  equations  then  become  Identical  as  those  derived  by 
Ostiguy  and  Evan-lwanowski  [10]. 

An  eJ<perimental  setup  similar  to  those  used  by  Ostiguy  and  Evan- 
lwanowski  [10]  or  Strella  [13]  is  recommended.  Strella's  setup  Is 
particularly  useful  because  it  allows  quick  free  length  changes  to  be  made. 
The  length/thickness  ratio  should  remain  greater  than  50  so  that  shear  and 
Inertia  effects  can  be  neglected.  Non-contacting  electro-optical  or  laser 
Instrumentation  should  be  used  for  amplitude  and  phase  lag  measurements. 
Tests  should  be  done  inside  an  environmental  chamber  to  evaluate  the 
effects  of  temperature,  humidity,  vacuum,  etc.  Frequency  and  temperature 
effects  can  be  combined,  with  the  use  of  a  reduced  frequency  nomogram 


CBB-12 


[15,  16],  to  provide  a  complete  description  of  damping  properties  of  a 
material  on  a  single  chart. 

The  approach  proposed  in  this  paper  allo\A/s  one  to  evaluate  quickly 
and  precisely  the  Young's  complex  modulus  of  viscoelastic  materials. 
Additional  work  is  being  done  to  adapt  this  method  for  complex  shear 
modulus  evaluation.  The  method  can  be  used  for  any  material,  without  any 
restriction.  It  is  fast,  accurate  and  its  repeatability  has  been  demonstrated 
[10].  It  brings  significant  improvements  over  existing  test  methods. 
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NOMENCLATURE 

eigenvalues  for  a  clamped-free  beam 
parameters  defined  by  equations  ( 1 8)  and  ( 1 9) 
amplitude  ratio  of  free  vs  driven  end 
beam  width  (m) 

elastic  modulus,  real  part  of  E*  (N/m^) 
approximate  value  of  E  (N/m2) 

Young's  complex  modulus  (N/m2) 
parameter  def ined  in  reference  [  1 3] 
complex  shear  modulus  (N/m2) 
thickness  Cm) 
thickness  ratio 

unit  imaginary  number  (12  =  - 1 ) 
area  moment  of  inertia  (m^) 

=  6H  1  2H2  +  8H^ 

free  length  of  beam  (m) 

mass  per  unit  length  (kg/m) 

bending  moment  (N.m) 

complex  frequency  parameter 

parameter  defined  by  equation  (27) 

cross-section  (m2) 

time  (s) 

shear  force  (N) 

Statiori  alor»g  beam  (rn) 
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y(x.t) 

Y(x) 

Yo 

Yl 

«o,  Po 
n 
no 
X 

e 

p 

(D 

(Ur 

1,2  . 


transverse  displacement  of  beam  (m) 
vibration  amplitude  (m) 
vibration  amplitude  at  driven  end  (m) 
vibration  amplitude  at  free  end  (m) 
real  and  imaginary  parts  of  'P 
approximate  values  of  (x  and  p 
loss  factor 

approximate  value  of  t) 

angular  deformation  (rad) 

phase  lag  between  free  and  driven  ends  (rad) 

density  (kg/m^) 

angle  defined  by  equation  (28)  (rad) 
complex  angle  (rad) 
circular  frequency  of  vibration  (rad/s) 
resonant  frequency  (rad/s) 
subscript  for  beam  materials 
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ROLE  OF  MORPHOLOGY  IN  DAMPING 

EFFICIENCY 
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Bethlehem,  PA 

D.  A.  Thomas 
Lehigh  University 
Bethlehem,  PA 

ABSTRACT 

The  role  of  multiphase  morphology  in  damping  was  explored  using  interpenetrating 
polymer  networks  and  latex  blends.  Several  polymer  combinations  were  employed 
as  model  materials.  These  included  acrylics  and  methacrylics,  styrenics,  polybuta¬ 
diene,  and  poly(vinyl  methyl  ether).  The  loss  area,  LA,  imder  the  E” -temperature 
curves  was  measured  on  a  Rheovibron  at  110  Hz.  The  results  were  compared  to 
one-phased  statistical  copolymers. 

Several  IPN  compositions  were  foimd  which  damp  more  than  expected,  based 
on  the  group  contribution  analysis  found  to  hold  for  homopolymers  and  one-phased 
statistical  copolymers.  The  damping  increases  are  interpreted  in  terms  of  phase 
continuity  and  stiffness.  In  general,  high  tan5  values  would  be  expected  in  mor¬ 
phologies  where  the  lower  glass  transition  polymer  forms  the  continuous  phase,  and 
the  higher  glass  transition  polymer  forms  the  discontinuous  phase. 


FULL  PAPER  NOT  AVAILABLE  FOR 
PUBLICATION 
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THE  THERMORHEOLOGICALLY  COMPLEX 

MATERIAL 

Ronald  L.  Bagley^ 

Air  Force  Institute  of  Technology 
Wright-Patterson  Air  Force  Base,  OH 

ABSTRACT 

An  approximate  quantum  mechanical  description  of  molectilar  energy  transitions 
leads  to  fractional  order  time  derivative  descriptions  of  linear  viscoelastic  stress  re¬ 
laxation  in  polymers.  The  resulting  fractional  calculus  stress-strain  constitutive  laws 
are  mathematically  compact  and  suitable  for  rheological  and  engineering  analyses. 
The  mathematical  form  of  the  models  suggests  a  modification  to  the  thermorhe- 
ologically  simple  material  that  enables  the  description  of  temperature-dependent 
changes  to  the  shape  of  curves  representing  a  material’s  modulus  in  the  transition 
region.  The  fractional  calculus  models  are  seen  to  be  extensions  of  the  traditional 
exponential  models  of  stress  relaxation. 
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METHODS  OF  REDUCTION  OF  WIND  INDUCED  DYNAMIC  RESPONSE  IN  SOLAR 
CONCENTRATORS  AND  OTHER  SMALL  LIGHTWEIGHT  STRUCTURES 


Monte  A.  McGlaun 
LaJet  Energy  Company 


ABSTRACT: 

Wind  tunnel  studies  indicate  that  solar  concentrator  structures  with  low  damping 
properties  are  susceptible  to  dynamic  wind  loading  characteristic  of  the  earth’s  boundary  layer. 
Solar  concentrators  are  sensitive  to  deflections  in  optical  systems  and  can  be  costly  when 
required  to  have  minimal  deflections.  The  cost  and  performance  characteristics  be 
improved  through  structural  design  approaches  to  reduce  dynamic  response.  This  study 
evaluates  the  benefits  of  various  methods  to  control  dynamic  response:  passive  damping, 
multiple  supports,  friction  connections,  mass  alterations,  and  beam  length  modifications. 

The  Modal  Strain  Energy  Method  (MSEM)  is  an  efficient  analysis  tool  for  evaluating 
overall  structural  damping  on  complex  structures.  Modal  strain  energies  were  found  using  a 
finite  element  analysis  structural  program.  The  MSEM  was  used  to  analyze  the  complex 
structure  of  the  LaJet  Energy  LEG  1900  Solar  Concentrator.  MSEM  methodologies  are 
described  in-depth. 

Viscoelastic  (passive)  damping  and  bracing  were  found  most  efficient  at  reducing  dynamic 
response  in  the  structure.  Braces  were  located  to  develop  large  modal  strain  energies.  When 
bracing  and  damping  were  located  to  develop  high  modal  strain  energy  for  particular  modes, 
system  loss  factors  were  notably  improved.  Damping  was  effective  when  radial  girders  were 
dynamically  involved  in  the  mode  shape  definition. 


Monte  A.  McGlaun,  P.E. 
Director  of  R  &  D 
LaJet  Energy  Company 
3130  Aiitilley  Road 
Abilene,  TX  79606 
(915)  698-8800 
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1.0  INTRODUCTION 

1.1.  PROJECT  OBJECTIVE;  To  apply  the  modal  strain  energy  method  (MSEM)  to  design 

damping  and  bracing  to  achieve  greater  dynamic  stabiltiy  in  a 
large  solar  concentrator  dish. 

12.  FUNDING  OF  STUDY;  SBIR  Program,  DOE  Contract  No.  DE-AC05-87/ER805 19 

DOE  Report  No.  DOE/ER/80519-1 

13.  BACKGROUND 

LaJet  Energy  has  designed,  built,  tested,  and  marketed  solar  concentrators  since  1978.  In 
1983  and  with  internal  dollars  and  private  funding  LaJet  Energy  designed  and  buily 
SOLARPLANT 1,  a  solar  thermal  electric-generating  power  plant  at  Warner  Springs, 
California  with  700  LEC  460  solar  concentrators. 


LaJet  Energy’s  solar  concentrator  technology  is  licensed  to  Cummins  Power  Generation  (a 
wholly  owned  subsidiary  of  Cummins  Engine  Company)  for  worldwide  sales  for  electrical 
production.  Cummins  is  funding  the  commercialization  of  a  free-piston  Stirling  engine  -  solar 
concentrator  electrical  production  system.  The  project  is  in  the  second  year  of  a  five  year 
program. 

The  structural  design  used  in  this  study  is  designated  the  Large  Scale  Innovative  Concentrator 
(IC).  LaJet  Energy  designed  the  IC  under  U.  S.  Department  of  Energy  (DOE)  cost-share 
agreement  (DE-FC04-85  ET30171). 
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l^e  IC  accommodates  95  silver  polymer  film  mirrors  to  reflect  135kwth  through  a  20  inch 
diameter  aperture.  Fi^re  1  shows  the  IC  at  solar  noon  and  at  the  vernal  or  autumnal  equinox. 
The  structure  is  comprised  of  a  stationary  support  system  and  a  tracking  support  system.  The 
platform,  interface,  and  cantilever  are  the  stationary  structure.  The  lower  mast,  girders,  space 
frames,  mirror  facets,  tripods,  and  receiver  are  the  tracking  assembly. 

The  tracking  functions  are  performed  under  microprocessor  control  that  operates  one  or  both 
of  the  two  drive  motors  to  keep  the  optical  axis  (global  z  axis)  pointed  to  the  sun.  The  array 
of  concave  mirrors  reflects  and  focuses  the  incoming  solar  radiation  into  an  opening  in  the 
bottom  of  the  receiver.  The  receiver  can  be  any  device  designed  to  accept  concentrated  solar 
radiation  for  a  purpose  such  as  creating  steam,  generating  electricity,  or  high  temperature 
materials  processing. 

2.0  STRUCTURAL  LOADING 

2.1.  GRAVITY 

The  LaJet  Energy  solar  concentrator  structures  have  high  strength-to-weight  ratios;  therefore, 
gravity  loading  is  usually  secondary  to  wind  loading.  Ice  and  snow  loading  in  the  northern 
tier  locations  may  be  large  and  require  special  design  situations  (solar  devices  are  more  likely 
to  be  located  in  warmer  climates). 

22.  WIND 

Wind  is  characterized  as  a  spectral  loading,  and  the  majority  of  energy  imparted  occurs  at 
excitation  frequencies  up  to  30  Hz.  Since  solar  dishes  have  very  large  surface  areas,  wind  is 
the  primary  loading.  Wind  forces  near  the  earth  have  a  turbulent  boundary  layer  with 
characteristics  that  depend  on  the  roughness  of  the  surrounding  terrain.  A  model  of  the 
structure  under  study  was  tested  in  the  boundary  layer  wind  turmel  at  Colorado  State  University 
to  determine  the  loads  at  the  main  pivots  of  the  tracking  array  but  not  the  distributed  loads 
[19]. 


2.3.  APPLICATIONS 

For  example  free  piston  Stirling  engines  are  currently  being  tested  on  the  LaJet  Energy 
Concentrators  by  Cummins  Power  Generation.  The  engine  operates  at  60  Hz  and  a  .5  mm 
amplitude.  The  mass  of  the  associated  engine  mounting  components  on  the  solar  concentrator 
reduce  the  amplitude  by  the  inverse  ratio  of  the  masses.  The  concentrators  have  not  exhibited 
destructive  modes  in  the  region  of  60  Hz.  Application  dynamic  loading  is  less  of  a  design 
issue  than  gravity  considerations. 

2.4.  SEISMIC 

The  primary  destructive  mode  of  seismic  activity  is  through  the  application  of  lateral  forces. 
Since  the  dish  is  designed  for  wind  acting  as  a  large  lateral  load  and  since  the  dish  has  a  high 
strength-to-weight  ratio,  seismic  loading  is  always  evaluated  by  is  typically  a  secondary  factor 
of  design. 
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3.0  ANALYTICAL  MODEL  DEVELOPMENT 
3.1.  FINITE  ELEMENT  ANALYSIS  (IMAGES  3D) 

IMAGES3D  Finite  Element  Analysis  Program  is  a  copyright  of  Celestial  Software,  Inc.,  125 
University  Avenue,  Berkeley,  CA  94710,  telephone  (415)  420-0300  [13].  The  distribution  of 
the  components  of  the  finite  element  model  of  the  tracldng  portion  of  the  IC  is  shown.  All 
materials  used  in  the  As-Designed  model  were  steel.  The  components  of  the  IC  have  been 
sized,  modeled,  and  constructed  as  shown  in  the  tables  following: 


696  node  points  to  describe  the  geometry 

986  beam  elements  drawn  from  20  different  cross-sections 

290  plate  elements  to  describe  the  18  inch  diameter,  3/4  inch  wall  Lower  Mast. 

Girders 

5.56"  O.D.  X  .188"  wall 

8.625"  O.D.  X  .188"  wall 

a.  l.(X)"O.D.x. 035"  wall 

b.  1.25"  O.D.X. 035"  wall 

c.  1. 163"  O.D.x. 057"  wall 

d.  1.5 10"  O.D.x. 065"  wall 

Lower  Mast 

18"  O.D.  X  .75"  wall 

Simulated  Engine  Weight 

4,4(X)  Ibf  at  z  =  509  inches 

Table  1  -  Structural  &  FEM  Components  for  the  As-Designed  IC 
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View  at  11am  and  at  the  View  at  solar  noon  and  at  the  equinox 

summer  solstice 


FIGURE  2  -  IMAGES3D  Plots  of  the  IC  Tracking  System 


FIGURE  3  -  PHOTO  OF  IC  IN  THE  ORIGINAL  CONFIGURATION  IN  WESTERLY 

CONFIGURATIONS 
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32.  MODAL  STRAIN  ENERGY  COMPUTATION 


TABLE  2  -  Modal  Strain  Energy  Analysis  Flow  Chart 


In  the  following  tables,  successive  derived  mode  shapes  are  presented  graphically.  The  center 
panel  is  the  undeformed  geometry,  the  left  panel  subtracts  100  times  the  modal  deflections, 
and  the  right  panel  adds  100  times  the  modal  deflection.  Therefore,  a  sense  of  the  computer 
mode  shape  animation  can  be  derived  from  looking  left  to  right.  For  the  As-Built  analysis  the 
material  loss  factor,  t],  is  taken  at  a  very  low  value  of  .001  since  all  materials  are  metal. 
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3.3.  AS-DESIGNED  MODAL  ANALYSIS 


MODEl 


System  Loss  Factor,  X  ti  * 

0.001 

System  Strain  Energy, 

0.226287 

System  Loss  Product,  Z  ^ 

0.000226 

Element 

1 - 1 - 1 -  - i 

0.001  Modal  Frequency  0.024052  Hz 


Strain  Energy, 


3.77028E-06 

1.64302E-06 

1.48344E-06 

1.45392E-06 

1.28791E-06 

1.26862E-06 

1.26787E-06 

1.23123E-06 

9.42109E-07 

9.02250E-07 

8.78665E-07 

7.76672E-07 

7.38142E-07 

6.75916E-07 

6.18575E-07 

5.61057E-07 

5.00326E-07 

4.43813E-07 

3.82166E-07 

3.66264E-07 


0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 


Descending  Sort 
of  Component 

Loss  Factors, 


3.77028E-09 

1.64302E-09 

1.48344E-09 

1.45392E-09 

1.28791E-09 

1.26862E-09 

1.26787E-09 

1.23123E-09 

9.42109E-10 

9.02250E-10 

8.78665E-10 

7.76672E-10 

7.38142E-10 

6.75916E-10 

6.18575E-10 

5.61057E-10 

5.00326E-10 

4.43813E-10 

3.82166E-10 

3.66264E-10 


Description 

Component 

Portion  of 
Component 

GIRDER  1 
GIRDER  3 
GIRDER  1 
GIRDER  1 
GIRDER  1 
GIRDER  1 
GIRDER  1 

GIRDER  1 
GIRDER  3 
GIRDER  1 
GIRDER  3 
GIRDER  3 
GIRDER  1 
GIRDER  3 
GIRDER  1 
GIRDER  1 
GIRDER  3 
GIRDER  3 
GIRDER  3 
GIRDER  3 


Top 

Top 

Mid  Vert  Tie 

Bottom 

Top 

Top 

Outboard  Vert 
Tie 

Bottom 

Bottom 

Top 

Top 

Top 

Bottom 

Mid  Vert  Tie 

Bottom 

Top 

Bottom 

Top 

Bottom 

Bottom 


Figure  4  -  Undamped  Mode  Shape  1  oi  As-Designed  IC 
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Figure  6  -  Undamped  Mode  Shape  3  of  As-Desig^d  IC 

MODE  4 


Figure  7  -  Undamped  Mode  Shape  4  of  As-Designed  IC 
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MODES 


Figure  8  -  Undamped  Mode  Shape  5  oi  As-Designed  IC 


4.0  STRUCTURAL  BRACING  AND  DAMPING 

Figures  show  stiffeners  and  dampers  for  the  Girders  and  Tripods  on  the  Innovative 
Concentrator.  Two  options  were  analyzed:  stijfeners  only  and  stiffeners  with  dampers.  A  choice 
was  made  based  on  experience  with  the  IC  structure  to  install  stiffeners  and  dampers  sized 
as  shown  in  the  Table. 


Stiffeners 

3"  O.D.  with  .086"  wall,  A=.7854  in2  I=.8345  in^ 

Viscoelastic  Dampers 

6"  O.D.  with  A=28.3  in^,  1=3.98  in^  thickness  =  .25"  oft]  = 
1.0  material,  Two  .375"  steel  plates 

Table  3  -  Stiffener  and  Damper  Selections 


Young’s  Modulus,  linear  elastic 

£■=  1.083  ksi 

Weight  density 

Pu,  =  .001  Iby/in^ 

Poisson’s  Ratio 

v  =  .3 

Shear  Modulus,  linear  elastic 

G,=  .417  ksi 

Coeff.  of  Thermal  Expansion 

Not  Used 

Table  4  -  Viscoelastic  Material  Properties  Used  in  FEA 


GCA-9 


Figure  9  -  Stiffening  &  Damping  of  Lateral  Modes  in  the  Girders 
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TRACKING  SYSTEM 
GLOBAL  X  AXIS 
<NDRTH)A 


Figure  11  -  Girder  Lateral  Stiffener  Positions 

5.0  DAMPED  AND  STIFFENED  RESULTS 

The  following  mode  is  a  typical  indication  that  the  damper  location  was  selected  correctly  to 
develop  largest  strain  energies.  With  the  high  loss  factors  of  a  viscoelastic  damper,  the  loss 
product  sum  for  the  structure  is  much  larger  than  for  the  undamped  structure.  Note  that  the 
system  loss  factor  is  dramatically  increased  with  the  addition  of  a  dampers  in  relatively  few 
locations. 
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GIRDER 


MODES 


System  Loss  Factor,  Y.  ti  / 


System  Strain  Energy X 


System  Loss  Product,  E  ^  1'^  ^ 


Element 


No.  Strain  Energy, 


2.20234E+02 

1.56167E+02 

5.80972E+01 

5.07246E+01 

3.83241E+01 

3.65928E+01 

3.48538E+01 

2.92025E+01 

2.39679E+01 

2.21329E+01 


0.001 

0.001 

1 


0.16739  Modal  Frequency 


1.774E+03 


2.970E+02 


3.68319 

Hz 


Descending  Sort 
of  Component 

Loss  Factors, 


Description 


Component  Portion  of 
Component 


2.20234E+02  DAMPER 


0.001 

0.001 


1.56167E-01 

5.80972E-02 

5.07246E+01 

3.8324  lE-02 
3.65928E-02 
3.48538E-02 
2.92025E.02 
2.39679E-02 
2.21329E-02 


BRACES 
GIRDER  3 
DAMPER 

GIRDER  3 
BRACES 
GIRDER  3 
POD  1 
POD  1 
GIRDER  3 


Girder  3  Outbrd 
Active 

Girder  3  Outbrd 
Top 

Girder  1  Outbrd 

Active 

Bottom 

Girder  1  Outbrd 
Mid  Vert  Tie 


Figure  12  -  MODE  SHAPE  5  OF  DAMPED  AND  STIFFENED  IC 
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FIGURE  13  -  PHOTO  OF  IC  IN  THE  STIFFENED  CONFIGURATION 

The  modal  frequency  of  a  single  degree-of-freedom  mass-spring-damper  system  is 
ix>  =  .  Therefore,  it  is  to  be  expected  that  the  addition  of  bracing  to  the  Innovative 

Concentrator  structure  will  raise  the  modal  frequencies.  Since  hysteretic  damping  is  modeled 
as  a  very  low  stiffness  element  within  the  finite  element  model,  damping  should  reduce  the 
modal  frequencies  below  the  stiffened  only  model.  The  Fi^re  below  is  a  plot  of  the  modal 
frequencies  for  the  three  cases  analyzed  and  for  the  first  fifteen  modes,  and  shows  that  the 
expected  trends  in  modal  frequency  occur  as  expected.  The  frequencies  follow  the  same 
general  tendency  until  Mode  10  where  the  Tripod  excitation  dominates  the  response.  In  the 
stiffened  only  and  damped  and  stiffened  runs,  the  Tripod  members  are  braced  which  raises  the 
resonant  frequency. 

Modes  1  and  2  are  essentially  the  same  for  all  the  structural  cases  explored.  Mode  1  has  a 
41.7  second  period  which  is  accompanied  by  low  excitation  energy.  Mode  2  is  readily  observed 
on  both  the  LEG  460  and  the  IC  and  is  a  gross  rotation  about  the  z-axis  (optical  axis)  of  the 
dish.  The  z-rotation  results  in  a  widely  distributed  low  stress  level. 

Dampers  on  the  in-plane  Tripod  braces  did  not  develop  large  strain  energies  for  any  of  the 
modes.  Consequently,  where  the  mode  shapes  involved  large  modal  activity  of  the  Girders, 
the  system  loss  factor  was  high.  Conversely,  if  the  Tripod  modal  strain  energies  dominated 
the  mode  shape  summary,  then  the  system  loss  factor  was  low.  The  graph  in  Figure  below 
shows  the  system  loss  factor  for  each  Mode.  Note  that  Modes  3, 5,  6,  7,  9,  and  10  have  large 
Girder  related  modal  strain  energies  and,  as  a  result,  have  larger  system  loss  factors. 
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Figure  14  -  Modal  Frequencies 
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Figure  15  -  System  Loss  Factors  vs.  Mode  Numbers 

Modal  strain  energy  is  developed  in  all  portions  of  the  structure.  The  Lower  Mast  was  modeled 
with  plate  elements  while  the  balance  of  the  structure  was  modeled  with  beam  elements.  The 
strain  energy  associated  with  the  Lower  Mast  was  lower  for  all  modes  but  Modes  1  and  2. 
Damping  would  be  difficult  to  apply  to  the  Lower  Mast,  and  its  lower  modal  strain  energy 
values  indicate  that  damping  the  Lower  Mast  would  be  marginally  effective  in  increasing  the 
system  loss  factor  and  reducing  dynamic  response.  Therefore,  damping  was  not  considered 
for  the  Lower  Mast  in  this  study.  The  Figures  below  show  the  total  modal  strain  energy  by 
mode  for  both  beam  and  plate  elements  for  each  analysis. 
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-X-  As-Designed  Braced  -s-  Damped  &  Braced 


Figure  16  -  Total  Modal  Strain  Energy  by  Mode  Number 


Figure  17  -  Total  Beam  Modal  Strain  Energy  by  Mode  Number 
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— As-Designed  Braced  Dannped  k  Braced 


Figure  18  -  Total  Plate  Modal  Strain  Energy  by  Mode  Number 

6.0  CONCLUSIONS  &  OBSERVATIONS 

■  The  MSEM  is  efficient  and  easily  implemented  for  complex  structures. 

■  The  MSEM  is  an  effective  means  to  identify  wind  induced  modal  deflections  that  can 
effect  the  optical  stability  of  solar  concentrators. 

■  Bracing  to  reduce  modal  deflections  was  identified  by  the  MSEM  was  installed  on  the 
structure  studied. 

■  As  an  added  benefit,  bracing  to  reduce  modal  deflections  of  long  slender  elements  will 
provide  lateral  stability  against  elastic  buckling. 

■  Damping  has  the  potential  of  improving  solar  concentrator  performance,  survivability, 
durability,  reliability,  and  cost. 
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ABSTRACT 

This  paper  documents  the  analysis  and  application  of  the  five-layer 
beam  damping  system  which  consists  of:  undamped  beam  (layer  1) 
adhesive  layer  (layer  2),  stand-off  spacing  (layer  3),  viscoelastic’ 
damping  material  (layer  4),  and  constraining  layer  (layer  5)  It 
includes  the  derivation  of  equations  and  development  of  the  general- 
purpose  computer  program  to  compute  and  provide  graphical  plots 
of  modal  loss  factor,  modal  frequency,  RMS  response  and  peak 
resonance,  each  as  a  function  of  temperature.  Parametric  results 
are  presented  for  variation  in  thickness  of  each  layer  (except  the 
undamped  beam  layer).  This  technology  can  be  used  by  designers  as  a 
means  of  estimating  damping  in  beam-like  structures  with 
viscoelastic  constrained-layer  damping. 
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1.0  INTRODUCTION 

.A.  traditionai  design  approach  to  reduce  resonant  vibration  in  aircraft  and  space¬ 
craft  structures  is  to  either  stiffen  the  structure  by  increasing  the  thickness  of  members 
or  add  mass  -  both  approaches  typically  result  in  an  increase  in  vehicle  weight.  These 
approaches  are  not  viable  in  today’s  design  environment  because  demanding  mission 
requirements  dictate  a  need  for  lighter-weight  structures.  Two  alternatives  are  to  either 
properly  integrate  damping  technolog}'  into  the  structure  during  design  and  manufac¬ 
turing,  or  if  necessary  use  add-on  damping  treatments  to  reduce  resonant  response 
and  increase  structural  fatigue  life  without  significant  weight  increases.  In  either  case, 
simplified  analytical  equations  are  prerequisite  to  good  structural  designs. 

A  practical  stand-off  damping  treatment  for  a  beam  structural  element,  which 
is  one  variation  of  constrained-layer  damping  [1-4],  has  been  recently  devised  [5  - 
8).  This  treatment  consists  of  a  stand-off  layer,  the  viscoelastic  material  layer,  and  a 
constraining  layer  attached  to  the  base  beam  structure(Figure  l).  The  damping  system 
considered  in  this  report  consist  of  the  same  treatment  with  another  layer  -  an  adhesive 
layer  added  between  the  base  beam  and  the  stand-off  layer  (Figure  2).  The  purpose  of 
this  report  is  to  document  the  analysis  and  application  of  this  five-layer-beam  damping 
system. 

The  report  includes  the  derivation  of  equations  and  a  description  of  a  general  pur¬ 
pose  computer  program  V5LBD  (viscoelastic  five-layer  beam  damping)  to  compute 
results  and  provide  parametric  analysis.  V5LBD  computes  and  provides  graphical 
plots  of  modal  loss  factor,  modal  frequency,  RMS  response,  and  peak  resonance,  each 
as  a  function  of  temperature  over  the  range  of  —50  to  250®  F  (9j. 

Sections  2.0  and  3.0  of  this  report  present  theory  and  derivation  of  the  governing 
equations.  Section  4.0  discusses  the  development  of  V5LBD  which  calculates  results 
from  the  governing  equations.  Graphics  capabilities  and  carpet  plotting  programs  are 
presented  in  section  5.0.  Parametric  analysis  is  provided  in  section  6.0,  and  conclusions 
in  section  7.0. 

This  technology  can  be  used  by  designers  to  predict  damping  characteristics  of 
structures  so  that  viscoelastic  constrained-layer  damping  concepts  can  be  effectively 
used.  It  can  also  be  used  by  engineers  to  design  add-on  treatments  to  dampen  structures 
that  might  experience  vibration  problems  in  service. 
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2.0  DERIVATION  OF  GOVERNING  EQUATIONS 

The  five-layer  simpiy-supported  beam  model  is  depicted  in  Figure  2.  The  principal 
assumptions  used  to  derive  the  governing  equations  are: 

1.  Only  bending  and  shear  deformations  are  considered.  In-plane  extensional 
strains  are  assumed  to  be  small  and  negligible. 

2.  Bending  deformations  are  governed  by  classical  Euler-Bernoulli  beam  theory 

(10). 

3.  Shear  deformations  of  the  base  structure  and  constraining  layer  (Figure  3)  are 
identical.  The  principal  shearing-energ:,'  dissipation  mechtmism  occurs  in  the 
viscoelastic  damping  layers  (layers  2  and  4)  since  the  shear  stiffnesses  of  these 
layers  are  much  lower  than  those  of  the  other  layers. 

It  is  implicitly  assumed  that  the  structural  and  constraining  layers  are  made  of  metallic 
materials,  whereas  the  spacing  and  damping  layers  axe  made  of  polymeric  compounds. 
Additional  assumptions  required  to  complete  the  development  are  presented  as  re¬ 
quired. 

The  extensional  stress  (cr)  in  each  layer  is  given  by  the  following  equation: 

<^k  =  ^  =  1,  •••  ,5  (1) 

where  and  Cfc  are  The  Youngs  modulus  of  elasticity  and  strain  respectively. 

The  general  equation  for  the  extensional  forces  (F)  can  be  written  in  the  form: 

•ffc  =  ^k^k-^k-.  /:  =  1,  ...  ,5  (2) 

where  .1;.  is  the  cross  sectional  area  in  layer. 

For  the  simplified,  one-dimensional  analysis  described  below  the  sectional  proper¬ 
ties,  namely,  centroid  location.  Zj,  and  flexural  rigidity,  El,  are  needed.  .\s  shown  in 
Figure  3,  is  defined  to  be  the  distance  from  the  mid-plane  of  the  structural  layer  to 
the  sectional  centroid.  The  strain-displacement  relations  for  the  layers  are: 


£l  = 


(3) 


(4) 


CCB-8 


(3) 


€i  =  (ffi,  -  Zi)6'  -  (H,  +  JJj  +  -  (ffj  -H  -H,Vz  (■) 

where 

Hn  =  H^i+Hz) 

Bz,  =  Bi  +  \{,Hi  +  Hz] 

B„  =  Hi  +  Hz  +  H-ffi  +  Bi) 

Hzt  =  Hz+Bz  +  B,  +  ^{H,+Hz) 

The  prime  represents  differentiation  with  respect  to  x. 

By  substituting  the  strain  equations  (3)  through  (7)  into  (2)  we  get  the  force  equa¬ 
tions: 


fi  =  XiZj4>'  (8) 

Fz  =  Xz  [(ff„  -  Zi)4>'  -  ^y,]  (9) 

Fj  =  A'3[(J3i  -  ZM’  -  {Bz  +  (10) 

F,  =  A-,  [(F„  -  Zi)^'  -  (Hz  +Bz+  -  (^3  +^)’P2)-  (11) 

Fs  =  As  [{Fs,  -  Zj)^'  -  (Hz  +  Bz  +  ff,)^;  -  (Hz  +  Ht)v'z  -  (12) 

where 


Xt  =  EkHk  /:  =  !,. ..,5  (13) 

Applying  the  requirement  for  equilibrium  of  in-plane  forces,  i.e., 
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(14) 


V"  r.  _  0 


k= 


and  simplifying  produces  the  equation 


A’j  +  -Y2  T  X'i  +  .Y4  + 


Zdo' 


X2H21  +  X2H21  +  X^H^i  +  X^Hsi 


^2-Y  +  -^)  +  Xa^[H2  +  H^-r  -^]  +  X^{H2  +  Hi  +H^) 

H4 .  ^  ,  , 

02 


-H, 


H_i 

2 

X, 

9 


X,(iJ3-i-^)-X5(ir3+ 

03=0 


-rXs 


(15) 


Equation  (15)  is  rearranged  to  give: 


Xai^ai  +  Xa^Tai  +  X^if4i  +  Xsfi’si 


+ 

+ 

+ 

-rH, 


X\  +  X2  +  X3  -r  X4  +  X5 


X2  2*  ■  X3(^f2  H  ^)  4- A4  (ifa  + -^3  +  “^)  +  X5(jEr2  +  S’a  +  fT^) 


^Xa-^  4-  X’4(i73  -r  +  Xi[Hi  4-  H^) 


X, 


9  ‘  (pi 


9‘ 


a 

d>' 


(16) 


The  equilibrium  equations  for  the  shear  forces  (r)  in  the  X-direction  are: 


r3  =  -G201  =  Fl+F^^+F^ 


(17) 


U  -  -^^302  =  4-  F4  (I8j 

■5  =  -GiVz  =  F5  (19^ 
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where  is  the  shear  modulus  and  Vk  the  angle  of  deformation  in  the  layer  (see 
Figure  3).  The  quantities  FL  and  F'^  are  easily  obtained  by  differentiation  of 
tiqualiuiis  (i-^)  through  (12). 

At  this  point  in  the  derivation  it  is  necessary  to  assume  a  sinusoidal  mode  shape 
(which  satisfies  the  boundary  conditions  for  a  simply-supported  beam)  in  order  to 
determine  tpi,  u'a  *^’3  consistent  with  the  definition  of  loss  factor  presented  in  [12]. 
Assuming  for  simplicity  that 

w  =  sinKx  (20) 


then 


q  ■=  vj'  —  KcosKx 


(21) 


<p'  =  w"  =  —K^sinKx  (22) 

and 

4,"  =  w'"  =  -KhosKx  (23) 

Substituting  equation  (21)  into  (23)  provides 

q"  =  -K^q  (24) 


Assuming  that  rpi,  02  ^3  have  the  same  distribution  as  u;,  0i.  vo,  and  03  are 

related  to  q  by 

01  =  ai©  (25’) 

02  =  ©20  (26) 


and 


03  =  0:30 


(27) 


where  the  a's  are  coefficients  of  proportionality.  Subsequent  differentiations  of  Equa¬ 
tions  (25)  through  (27)  give 


~  0'  0« 


(28) 
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(29) 


^2 


o'  ~  o" 


ajid 


_  ti'3  _ 


(30) 


Returning  to  equation  (24)  and  using  the  relations  in  equations  (25)  through  (30), 
equation  (17)  can  be  written  as  ^ 


—  (?2  01 


_  0'/  _ 


Xsi^si  -  Zd)  +  -  Z^)  +  X3(il3i  -  Zrf) 


0" 
^3 


X;{H,  +  H,  +  H,)  ^  X^H,  X3(if,  +  :^)  I 


A-5(if3  +  H,]  +  X4H3  + 

Finally,  equation  (31)  can  written  in  the  form: 


X-,H,  +  X,^  + 


£3 

0 


-  Zd)  +  X4{H4i  -  Zd)  +  X'i{Hz\  -  Zd) 


\G. 


■h  +  ^3  d*  .5^4)  T-  X^[Hi  -f  if-3T — ^)  +  X^[H2  H — ^) 

^\Xs{H3+H4+X4H3  +  ^)+X3^]^ 


0',' 

<pll 


X3H,+X^^  +  X,^ 


2  J0' 


0i' 

<b" 


Similarly,  equation  (18)  is  written  as 


-G302 


_  ^3  02  _ 


A'2 


^3(i^31-^d)d-X4(ir4i-Zrf) 


0" 

^f4 


A'5(if2  +  i?3  +  H^)  +  ^4(^2  +  -^3  +  ^) 
Xs(if3  +  ff,)+X,(^f3  +  :^)],(,J' 

rlj'i 


XV 


Xs^r,+A-,^ 


Rearranging  equation  (33)  gives 


-^4  03  = 


_  <^4  03  _ 


ii'Z 


As(5'5i  -  Zd) 


d"- 


^5(^3 '+^4) 


02 


A'5(i^2+if3  +  ^r4)]0" 

XsH, 


03 


(31) 


(32) 


(33) 


(34) 
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Also  equation  (19)  can  be  written  as 

-G,v2  =  ^  =[x5(ffi,  -  Zi)\4,"  - 
-  X,{H2  + 

Rearranging  equation  (35)  gives 


XslHii  -  Zi)  =  Xi(H^  +  ffs  +  H,]  ^ 


+  +  if,)]  -  [|i  +  XsJ?,]  || 


Thus  equations  (17),  (18),  and  (19)  are  replaced  by  equations  (32),  (34),  and  (36) 
respectively. 

Since  the  assumption  that  plane  sections  remain  plane  is  being  used,  the  bending 
moment  M  can  be  related  to  deflection  by 

£7(?'  =  M  (37) 

where  El  is  the  flexural  rigidity.  The  total  bending  moment  is  expressed  by 

M  =  Mti  +  ^  -  Zj)  (3S) 

k=l  fc=l 

where  M^k  is  the  bending  moment  of  the  layer  given  by 

iVffcfc  =  (i>'EkIk  (39) 

Equations  (37)  and  (38)  deflne  the  flexural  rigidity  as  follows: 

El  =  Eil\  +  E2I2  +  +  E4I4  +  E$J^ 

+  X,Z/  +  A',(ffa,  -  -  Zj)^  +  .V,(F„  -  +  Xi[Hs^  -  Zif 

-  Eth  +  £,/,  +  £,/,  +  -  Zi)  +X^(H^^  -  ZMH2  + 

+  X,(J„  -  Zi){H2  +  +  ^)  +  X5(ffs,  -  Zj)(ff,  +H,  +  H,)]  ^ 

-  E3I3  +  E,I,  +  X3{H3,  -  Zj)^  +  X,{H„  -  Zj)[H3  +  ^]+  Xs{H33  -  Zj)(ff3  +  JJ,)] 

-  X^iH,,  -Z3)!^  +  -  Za]H,  +  £,/,)]  ^  (401 
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To  compute  the  loss  factor  rj  [t]  =  2^.  the  fraction  of  critical  damping)  for  the 
five-layer  system,  it  is  necessary  to  replace  the  elastic  {E2,  E^)  and  shear  moduli  (Gi. 
G4)  of  the  viscoelastic  layers  by  the  following  complex  moduli: 


£2  —  £2(1  +  *  ^2) 

(41) 

G2  —  ^2(1  +  1172) 

(42) 

£4  =  £4(1  -1- 1:74) 

(43) 

G4  =  ^4(1  -1- 1774) 

(44) 

where  i  = 

The  complex  flexural  rigidity  El  can  be  found  by  substituting  equations  (28) 
through  (30)  into  equations  (16), (32),  (34)  and  (36)  and  solving  for  ai,  aj,  and  03. 

By  substituting  these  values  into  equation  (40)  and  replacing  the  moduli  with  equations 
(41)  through  (44), 

^ ^  ~  ^^reai  "h  ^^imag  (45) 


The  intermediate  manipulations  required  to  determine  EJ„a/  and  Eli^rtag  are 
straightforward  but  very  lengthy;  consequently,  they  are  not  included.  The  system 
modal  loss  factor,  is  found  from 

^  _  ^^imag 

-  £7^:7  (46) 

Using  the  boundary  conditions  for  a  simply-supported  beam  leads  to  the  equation  for 
the  eigenvalues  sinKL  =  0  where  KL  —  tt,  2”,  3;r,...  and  the  wave  number  is 

The  modal  frequency  (///)  for  Nth  mode-of  vibration,  is  calculated  from 


In  = 


2;r 


xKl, 


\  Z  HkPk 

N  ifc=i 


(47) 
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where: 

ffj.  =  layer  thickness; 

P).  =  k^^  layer  density,  mass/iiinii  volume; 
N  =  mode  number;  and 
g  =  acceleration  of  gravity. 


In  practice  the  complex  modulus  is  evaluated  for  a  given  temperature  and  an  esti¬ 
mated  modal  frequency,  fg.  The  modal  frequency  is  calculated  from  fi\  and  compared 
to  the  convergence  criteria 


!1 


A 

In 


^  ^FREQ  —  0-01 


(48) 


i 

If  this  condition  is  not  met,  the  new  estimated  frequency  is  taken  as  the  old  calculated 
frequency  and  the  process  repeated. 

First-order  verification  of  the  equations  derived  for  the  five-layer  beam  damping 
system  was  made  by  comparing  predictions  with  those  for  a  degenerate  case.  This 
comparison  was  made  by  setting  the  four-layer  beam  system  thicknesses  for  layers 
three  and  four  equal  to  zero  (stand-ofF  and  viscoelastic  layers)  in  the  five-layer  program 
and  thickness  for  layer  two  equal  to  zero  (stand-ofF  layer)  in  the  four-layer  program, 
Predicted  outputs  for  modal  loss  factor,  modal  frequency  ratio,  RMS  response  and 
pe3ik  resonance  were  compared  and  found  to  be  identical  (See  Figures  4  and  5).  This 
comparison  partially  validates  the  five-layer  equations,  but  other  extensive  comparisons 
beyond  the  scope  of  this  study  could  be  made  to  totally  validate  them. 


3.0  COMPARISON  OF  RESPONSE 

The  undamped/damped  amplitude  ratio  for  a  single-degree-of-freedom  system  un¬ 
dergoing  sinusoidal  excitation  is 

2 

^peakundamp  _  ^  ^  (49) 

^peakdamp  \fuJ 

where  m  is  the  weight  density  of  the  structure.  The  subscript  ”u”  refers  to  the  vm- 
damped  base  structure  and  the  subscript  ”d”  the  response  with  damping  treatment. 


The  root-mean-square  amplitude  response  Wr^si  Is  obtained  by  using  the  equation 
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Figure  4 
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derived  in  (13);  which  is 


..  [■ 

2^/2171^  L 


^/1  ^ 


ri-^ 


n- 


Noting  that 


K  =  mvj~  =  m(27r/)^ 

The  undamped/damped  response  ratio  is  given  by 


(50) 


(51) 


_  (^rm5/-^(t^))u  ^ 

i^rms!  F{w))d  \/l  + 


1  +  \/l  +  r7u 

1  +  \/l  + 


(52) 


the  response  with  damping  treatment. 

In  summary  the  four  main  governing  equations  derived  are:  modal  loss  factor 
equation  which  results  by  solving  equation  (45)  and  calculating  the  response  ratio 
(46),  modal  frequency  equation  (47),  peak  amplitude  equation  (49),  and  RMS  response 
equation  (52). 

4.0  PROGRAM  DEVELOPMENT  AND  COMPUTATIONS 

An  overview  of  the  computer  program  V5LBD  computations  scheme  is  presented 
in  the  flow  diagram  shown  in  Figure  6.  The  geometry  of  the  base  beam,  thickness  and 
material  properties  for  each  layer,  and  the  viscoelastic  dcimping  parameters  are  input 
variables.  The  following  quantities  are  calculated  for  a  specifled  temperature:  frequency 
estimate  (approximate  frequency),  temperature  shift  function,  reduced  frequency,  shear 
modulus,  ajid  the  material  damping  of  the  viscoelastic  layer.  Next,  modal  damping 
and  frequency  are  calculated.  The  calculated  modal  frequency  is  then  compared  to  the 
estimated  frequency  using'the  convergence  criterion.  If  the  convergence  criterion  is  not 
satisfled,  the  calculation  is  iterated  for  an  improved  value  of  the  frequency  estimate. 
Once  convergence  is  achieved,  the  RMS  and  peak  response  values  are  calculated. 

The  five-layer  damping  system  analyzed  in  this  report  includes  two  different  vis¬ 
coelastic  materials  for  one  damping  application.  When  using  only  one  viscoelastic  ma¬ 
terial  the  effective  temperature  range  of  that  material  may  be  narrower  than  the  re- 
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Figure  6  -  Flow  Diagram  for  the  Five-Layer  Model  Computer  Program 
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quired  temperature  range  for  an  effective  damping  design.  One  way  of  broadening  the 
temperature  range  over  which  maximum  damping  can  be  achieved  is  to  use  multiple 
^  iscoeiastic  materials  with  peaks  in  loss  lactor  occurring  at  different  temperatures  (see 
Figure  7).  .\s  an  example,  suppose  the  temperature  range  for  which  the  damping  de¬ 
sign  has  to  operate  is  from  0  to  150°  F.  Using  the  analysis  procedure  in  section  2.0,  two 
materials  are  selected:  LTlMP  and  3M-468.  The  first  material  has  its  peak  damping 

—25  F  (Figure  8)  the  second  at  55°  F  (Figure  9).  By  placing  the  two  materials 
in  the  order  shown  in  Figure  10  the  combined  effect  gives  the  desired  results  over  a 
broader  temperature  range  than  provided  by  either  material  used  separately. 

The  order  in  which  the  viscoelastic  layers  are  applied  is  also  important.  Analysis 
has  shown  that  the  layer  nearest  the  structure  has  to  have  the  higher  temperature 
damping  properties  to  get  a  wider  range  of  damping  performance.  To  illustrate  this 
concept  consider  two  cases.  In  the  first  case,  3M-468  was  used  as  the  second  laver  and 
LTlMP  as  a  fourth  layer.  In  the  second  case  these  materials  were  reversed.  It  was 
found  for  a  loss  factor  of  7  ^  0.1,  that  the  first  case  gave  a  wider  temperature  coverage 
-20  through  130°  F  (see  Figure  10),  while  the  second  case  resulted  in  a  more  narrow 
temperature  coverage,  -60  through  34°  F,  (see  Figure  ll). 

5.0  GRAPHICS 

Graphical  plotting  capability  was  built  into  the  program  using  DI3000  software. 
The  software  allows  user.s  to  plot  the  following  four  curves  on  the  same  graph:  modal 
loss  factor,  modal  frequency,  RMS  response  ratio,  and  peak  resonance  ratio,  each  as  a 
function  of  temperature.  Users  also  have  the  option  of  inputting  the  required  range  of 
temperatures  and  choosing  whether  to  plot  results  on  the  printer  or  only  display  them 
on  the  screen. 

general  purpose  computer  program  CP5LB  (carpet  plot  for  five-layer  beam)  to 
generate  carpet  plots  for  the  five-layer  damping  system  was  also  developed  [9].  The 
first  part  of  the  program  consists  of  developing  carpet  plots  of  maximum  modal  loss 
factor  values  versus  temperature  (Figure  12)  .  The  second  part  of  the  program  gen¬ 
erates  carpet  plots  of  maximum  RMS  response  ratios  versus  temperature  for  different 
combinations  of  layer  thicknesses  of  viscoelastic  (H4)  and  constraining  (H5)  layers  (Fig¬ 
ure  lo).  The  input  data  for  the  program  consists  of  the  material  properties;  geometry 
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Figure  11  —  Combined  Effect  of  the  Two  Materials/  LTIMP 
{for  Layer  2)  and  3M— 468  (for  Layer  4) 
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XRUSu/XRUSd  . 
XPEAKu/XPEAKd 


CARPET  PLOT  FOR  FIVE-LAYER  BEAM.  MODE  1 

Isl  CASE 


Figure  12  -  carpet  Plot  of  Maximum  Modal  Loss  Factor 
vs.  Temperature  (Degrees  Fahrenheit) 
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CARPET  PLOT  FOR  FIVE-LAYER  BEAM,  MODE  1 

1st  USE 

(1)  BJiSE  BEAU  111=0.055  in.  R0I=.098  Ib/in3.  E=0.l00£i08  psi 

L=5.00  in,  Freq»  198.  hi 

(2)  ADHESIVE  H2=0.005  in.  i!02-.035  Ib/in3.  3U-t68 

{3)  SPACER  113=0.100  in,  l!03  =  008  lb/in3.  G=0iOOEt06  psi 

(A)  VEU  R04»  035  Ib/in3.  LTIUP 

(5)  CONST.  UYER  R05=.098  Ib/in3.  E=0.I00E>08  psi 


TEMPERATURE  (DEG  F) 


Figure  13  -  Carpet  Plot  for  Maximum  RMS  Ratio 

vs.  Temperature  (Degrees  Fahrenheit) 
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of  the  undamped  beam  structure,  the  adhesive  layer,  and  stand-off  layer:  and  desired 
thickness  values  for  H4  and  H5  (four  different  thickness  values  for  each  H4  and  H5 
are  used,  see  Figure  12).  The  program  calculates  the  maximum  modal  loss  factor  at 
different  combinations  of  H4  and  H5  and  uses  an  IM5L  subroutine  to  fit  a  quadratic 
function  to  the  data  which  forms  the  carpet  plot  curves.  These  carpet  plots  can  then 
be  used  to  choose  optimum  damping  configurations  for  the  five-layer  systems.  This 
shows  the  effect  on  damping  properties  created  by  different  combinations  of  system 
layer  thicknesses. 

The  computer  program,  CP5LB  which  generates  carpet  plots,  can  provide  a  conve¬ 
nient  way  to  show  trends  in  the  maximum  values  of  modal  damping  and  RA'IS  response 
ratio  as  functions  of  temperature. 

6.0  AN  EXAMPLE  PARAMETRIC  STUDY 

To  obtain  an  understanding  of  the  behavior  of  the  five-layer  beam  damping  system, 
an  example  parametric  study  was  conducted  by  varying  the  thickness  of  each  layer 
(except  the  base  beam)  by  20  %.  The  baseline  model  consists  of:  a  base  beam  0.005 
inches  thick  amd  5.0  inches  long;  0.005  inches  of  3M-468  adhesive;  a  0.10  inches  stand¬ 
off  layer;  0.005  inches  of  LTlMP  viscoelastic  material:  and  an  aluminum  constraining 
layer  0.01  inches  thick.  The  results  of  the  example  parametric  study  are  shown  in  Table 
1.  These  results  indicate  that  the  stand-off  layer  is  the  most  significant  parameter  to 
effect  damping.  It  decreased  the  damped  response  by  19.18  %  compared  to  0.89  %  for 
the  adhesive-layer. 

7.0  CONCLUSIONS 

This  dcimping  technology*  is  very  effective  in  helping  designers  predict  damping 
characteristics  in  beam-like  structures.  The  temperature  range  can  be  broadened  over 
which  maximum  damping  is  achieved  by  applying  two  different  viscoelastic  materials 
with  peai  in  loss  factors  occuring  at  different  temperatures.  By  using  the  computer 
program  V5LBD,  which  utilizes  the  developed  governing  equations,  it  was  shown  that 
the  order  in  which  the  viscoelastic  layers  zure  applied  is  very  important.  The  viscoelastic 
layer  nearest  the  structure  must  be  the  layer  that  has  peak  damping  at  the  higher 
temperature,  in  order*  to  achieve  maximum  damping  over  the  broadest  temperature 
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range. 

The  carpet  plotting  program.  CPoLB  is  an  effective  tool  to  show  trends  in  damping 
characteristics  as  a  function  of  temperature  for  parametric  changes  in  the  geometry  of 
applied  layers.  It  was  demonstrated  by  conducting  parametric  studies  for  the  five-layer 
system  by  varying  the  thickness  of  each  layer  (except  the  base  beam)  by  20  %  that  the 
stand-off  layer  had  the  most  significant  damping  effect  on  response:  decreasing  RMS 
response  by  19.18  9c  compared  to  0.89  %  for  the  adhesive-layer.  Additional  verifications 
of  V5LBD  need  to  be  done  as  well  as  a  comparison  of  the  program  output  with  actual 
test  data.  The  five-layer  system  presented  can  be  a  ver\'  effective  technique  in  helping 
the  designer  to  select  proper  damping  treatments  for  reducing  resonant  vibrations. 
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TABLE  1  -  Parametric 


H2 

(in. ) 

H3 

( in. ) 

H4 

( in. ) 

H5 

( in. ) 

E5 

(psi ) 

XRMSu/XRMSd 

(MAX) 

TEMP 
(®F.  ) 

X 

CHANGE 

0.005 

0.10 

0.005 

0.010 

10E6 

24.66 

5 

BASE 

0.006 

0.10 

0.005 

0.010 

10E6 

24.88 

5 

0.89 

0.005 

0.12 

0.005 

0.010 

10E6 

29.39 

5 

19.18 

0.005 

0.10 

0.006 

0.010 

10E6 

24.98 

0 

1.30 

0.005 

0.10 

0.005 

0.012 

10E6 

27.52 

0 

11.60 

0.005 

0.10 

0.005 

0.010 

12E6 

27.06 

0 

9.73 

/ 
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ABSTRACT 


The  dynamics  of  a  class  of  struts  with  one  viscous  chamber  at  one  end  of  the 
strut  is  developed  using  formulation  and  methods  consistent  with  finite  element 
dynamic  analysis  of  structural  system.  This  technique  is  developed  to  enable 
consistent  and  systematic  design  and  analysis  of  large  truss  structures  passively 
damped  by  viscous  struts.  Modeling  and  model  reduction  methods  for  accurate 
analysis  with  a  minimum  number  of  design  parameters  are  developed.  Design 
parameters  for  optimum  damping  characteristic,  and  the  associated  dynamic 
stiffness  and  bandwidth  characteristics  are  derived.  A  design  procedure  and  design 
curves  to  size  the  stmts  for  system  level  integration  are  presented. 
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INTRODUCTION 


Large  flexible  structures  are  characterized  by  many  flexible  mcxies  within  the  disturbance  and 
control  bandwidth.  For  most  precision  structures,  the  performance  requirements  are  very 
stringent.  However,  this  class  of  structures  often  has  very  low  intrinsic  damping,  less  than  0.1% 
equivalent  viscous  damping  ratio^  which  results  in  significant  dynamic  responses.  For  truss  type 
structures,  a  strut  with  go(^  stiffness  and  damping  characteristics  will  significantly  enhance  the 
structural  performance. 

Struts  with  viscoelastic  materials  have  been  designed,  tested  and  implemented  in  demonstration 
test  articles  and  structures^.  Modal  Strain  Energy  method  is  often  used  in  the  design  and  analysis 
of  this  type  of  struts  and  structures^.  The  mathematical  problem  of  struts  and  structures  are  posed 
in  a  frequency  dependent  form.  Results  from  this  approximate  solution  technique  matched  quite 
well  with  test  data^. 

Viscous  energy  dissipation  is  a  well  understood  damping  mechanism.  Incorporating  a 
damping  chamber  in  a  strut  can  provide  the  necessary  damping  characteristics.  An  effective  design 
of  this  type  of  viscously  damped  struts  has  been  implemented  by  HoneywelH.  In  order  to 
successfully  integrate  the  viscous  struts  into  a  system  level  design,  the  dynamics  of  the  struts  must 
be  totally  understood.  The  same  analysis  method  should  be  used  to  study  the  strut  dynamics  and 
system  level  dynamics  so  that  the  integrated  design  and  analysis  can  be  performed  consistendy  and 
systematically^.  Also,  in  order  to  understand  the  behavior  of  the  struts  as  contributing  members  of 
a  large  structure,  the  problem  must  be  simplified  to  a  few  key  design  parameters  by  applying 
engineering  assumptions.  Simplified  design  procedure  with  design  curves  are  presented  to 
compute  the  kdy  strut  design  parameters.  However,  the  details  of  the  mechanical  design  is  not  the 
subject  of  this  paper. 


VISCOUS  STRUT  CONFIGURATION 

The  viscous  strut  is  a  mechanical  device  comprised  of  three  basic  elements:  an  outer  tube,  an 
inner  tube  and  a  small  viscous  damper.  A  typical  strut  configuration  is  shown  in  Figure  l'^.  The 
damper  is  placed  in  series  with  the  inner  tube.  The  outer  tube  is  placed  in  parallel  with  the 
damper/inner  tube.  An  axial  displacement  across  the  strut  produces  a  displacement  across  the 
damper.  The  damper  forces  fluid  through  a  small  diameter  orifice,  thereby  causing  a  shear  flow  in 
the  fluid.  For  Newtonian  viscous  fluids,  the  fluid  shear  is  actually  proportional  to  the  displacement 
rate  across  the  damper  and  thus,  a  velocity  dependent  viscous  damping  force  is  obtained.  Under 
quasi-static  load,  the  fluid  flows  and  provides  no  resistance  and  the  outer  tube  provides  the  static 
stiffness  to  the  strut.  The  stiffness  of  the  inner  tube  is  important  to  impart  sufficient 
displacement/velocity  to  the  damper.  The  damping  coefficient  of  the  damper  is  a  function  of  the 
fluid  material  properties  and  the  geometry  of  the  viscous  chamber.  Since  the  strut  has  other  small 
components,  they  will  introduce  additional  flexibility  to  the  strut  and  degrade  the  performance.  It 
is  important  to  account  for  these  flexible  elements  accurately. 


Figure  1  Configuration  of  Viscously  Damped  Strut^ 
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pe  formulation  presented  here  is  applicable  to  a  general  class  of  viscously  damped  struts 
^ich  are  axially  symmetric  with  the  viscous  chambers  rigidly  attached  to  one  end  of  the  struts, 
pis  considerably  simplifies  the  mathematics  and  lead  to  a  design  model  with  a  minimum  number 
of  key  parameters. 


STRUT  ANALYTICAL  MODEL 

A  viscous  strut  is  a  structural  component  which  can  be  analyzed  by  standard  structural  analysis 
methods.  As  such,  it  c^  be  analyzed  using  conventional  structural  analysis  techniques  and  tools, 
or  a  complex  sunt  design,  a  finite  element  model  can  be  developed  easily  using  a  combination  of 
beam,  plate,  solid  and  viscous  elements,  pe  analysis  is  quite  straight  forward  except  for  the 
VISCOUS  element  which  is  not  often  used  in  conventional  structural  analysis.  In  general,  the 
governing  differential  equation  for  a  strut  can  be  expressed  as: 

Mii  +  Cii  +  Ku  =  p  g(t)  (1) 

Thepmping  matrix  has  contributions  from  two  sources:  the  intrinsic  material  and  joint  damping, 
and  dpiping  from  the  viscous  dashpot.  The  intrinsic  damping  is  insignificant  compared  with  the 
contnption  from  the  viscous  dashpot  and  hence  ignored.  Equation  (1)  is  normally  cast  in  the  first 
order  form  for  solution: 


'c 

M' 

"u" 

1  ^ 

-M 

0. 

-ii- 

g(t) 


(2) 


The  strut  can  be  modeled  by  many  structural  nodes  to  provide  a  general  description  of  its 
dynamic  phavior  in  3  dimensional  space.  Let  one  end  of  the  strut  be  fixed,  the  displacement 
vector  of  the  end  node  be  Uj,  and  the  displacement  vector  at  the  viscous  chamber  be  U2.  Many 

other  interiOT  structural  nodes  may  be  needed  to  model  the  stiffness  distribution  in  the  finite  element 
model  (see  Figure  2). 


“1 

“2 


(3) 


I  'ilS  END  VISCOUS 


FORCE 


Figure  2  An  Idealized  Viscous  Strut 

The  lumped  mass  matrix,  damping  matrix,  and  stiffness  matrix  can  be  expressed  in  the  following 
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Since  there  is  no  applied  force  at  the  interior  nodes,  the  force  vector  is  given  by: 


P 


(4) 


(5) 


This  finite  element  model  is  capable  of  predicting  all  the  details  of  the  global  and  local  strut 
behavior.  However,  the  strut  is  normally  designed  to  act  only  as  an  axial  load  carrying  member 
providing  strength,  stiffness  and  damping  to  meet  the  design  requirements.  The  analysis  model  in 
this  form  also  does  not  explicitly  express  the  relationship  between  the  essential  dynamic 
characteristics  and  the  key  parameters.  It  should  only  be  used  if  the  detailed  local  dynamics  is 
important  or  as  a  verification  model  after  the  stmt  parameters  are  selected  by  other  means. 


STRUT  MODEL  REDUCTION 


In  order  to  understand  the  dynamic  characteristics  of  the  stmt,  the  analytical  model  should  be 
simplified  to  a  small  set  of  parameters.  The  reduction  of  the  component  level  model  will  also 
significantly  reduce  the  complexity  of  the  system  level  model.  For  design  purpose,  only  axial 
behavior  of  the  stmts  are  considered.  Consequently,  the  analysis  model  is  constrained  to  have 
displacement  only  in  the  axial  direction.  At  each  node,  only  the  axial  degree  of  freedom  and  two 
rotations  are  retained.  For  stmctural  problem,  the  internal  dynamics  is  generally  not  important  and 
the  internal  mertial  effect  is  ignored. 

There  are  only  two  degrees  of  freedom  necessary  to  characterize  the  stmt:  uj  -  the  axial  degree 
of  freedom  at  the  stmt  end  for  connectivity  and  U2  -  the  axial  degree  of  freedom  at  the  dashpot  for 
damping.  The  standard  static  condensation  reduces  the  stiffness  matrix  to  a  symmetric  2x2  matrix 
with  only  3  independent  terms: 


(6) 


Therefore,  any  complex  viscous  stmt  design  can  be  reduced  to  only  3  equivalent  stiffness 
constants.  For  the  same  3  stiffness  constants,  there  can  be  many  designs  having  the  same 
condensed  characteristics.  Since  for  the  class  of  stmts  of  interest,  the  dashpot  is  at  the  supported 
end,  the  condensed  damping  matrix  is  very  simple: 


(7) 


As  for  the  mass  matrix,  normally  a  simple  lumping  procedure  is  sufficient  since  the  inertia 
effect  of  the  stmt  is  considered  not  important. 
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STRUT  DESIGN  MODEL 


Static  condensation  of  a  relatively  complex  strut  design  allows  a  simple  equivalent  mechanical 
modeling  of  the  strut  for  understanding  its  dynamics.  Due  to  the  design  details,  many  strut 
configurations  also  have  an  additional  characteristic^  that  ki2  «  -k22.  This  allows  a  further 
simplification  such  that  the  abstract  2x2  stiffness  matrix  of  Equation  (6)  can  be  represented  by  an 
equivalent  lumped  parameter  model  as  shown  in  Figure  2.  A  viscously  damped  strut  can  now  be 
represented  by  3  frequency  independent  parameters,  kj  -  the  outer  spring,  k2  -  the  inner  spring  and 
c  -  the  dashpot. 


P(t) 


Figure  2  3-Parameter  2  DOFs  Viscous  Strut  Model 
The  equation  of  motion  of  the  3-parameter  viscous  strut  model  can  be  written  as: 


mu  +  cii  +  ku  =  p  g(t) 

(8) 

where. 

m  -  r*”  k  -  -ki' 

-  Lo  Oj’  [  -k2  k2. 

ro  Ol  rm 

J>  '  =  Lo  cj’  P  =  [0] 

(9) 

If  the  strut  is  used  to  support  a  rigid  mass  which  is  include  in  the  mass  matrix,  the  characteristics  of 
this  structural  system  is  given  by  the  free  vibration  problem: 


mil  -i-  cii  +  ku  =  0 
or,  in  the  first  order  form^: 


[S]  ^  [S  .®J  [“]  =  [S] 


(10) 


(11) 


For  this  three  parameter  model.  Equation  (1 1)  can  be  written  explicitly  as: 
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The  eigenvalue  problem  is  therefore  given  by: 


' 

’0  0  m‘ 

'ki-t-k2  -k2  0  ■ 

0  c  0 
-m  0  0- 

+ 

'k2  k2  0 

L  0  0  -mj 

I 

(12a) 


(12b) 
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The  eigenvalues,  and  eigenvectors,  yj,  are  generally  complex.  For  a  lightly  damped 
system,  there  is  one  pair  of  complex  eigenvalues  which  represent  the  under-damped  modes  and 
one  real  eigenvalue  which  represents  the  over-damped  mode.  Eigensolvers  used  in  structural 
codes  normally  assume  the  structures  to  be  lightly  damped  and  solve  for  complex  pairs  only. 
However,  solving  the  eigenvalue  problem  does  not  give  any  physical  insight  into  the  design  of 
struts.  Therefore,  a  simpler  design  approach  is  more  appropriate. 


APPROXIMATE  ANALYSIS  OF  DAMPED  STRUTS 


When  a  strut  is  functioning  as  a  member  of  a  large  structure  or  as  an  individual  member  under  a 
harmonic  force  given  by; 

g(t)=ei»t  (13) 


the  steady  state  solution  t^s  the  form: 


u 


(14) 


Assuming  tthat  he  mass  at  the  internal  degree  of  freedom,  03,  is  small,  and  the  internal  dynamics  of 
the  strut  is  not  important  to  the  problem,  the  governing  differential  equation  is  given  by: 


'ki+ka 

- 


-^2 

k2 


+  i  0) 


fo  O'!  If 

Oil  rpi 

lo  cj  li 

U2J '  LoJ 

(15) 


The  equations  of  motion  are  described  by  frequency  independent  coefficient  matrices.  The  internal 
degree  of  freedom,  U2,  is  not  subject  to  any  external  force.  Again,  the  static  condensation 
technique  is  used  to  reduce  the  internal  degree  of  freedom  by  considering  the  second  equation  of 
Equation  (15): 


-k2  Ui  +  (k2+itoc)  U2  ~  0 


U2  = 


Ul 


k2+imc 

Therefore,  the  effective  strut  dynamics  is  given  by: 


(16a) 

(16b) 


-co^ni  +  (ki+k2) 


k2+icoc 


Ui  =  p 


(17a) 


The  term  in  parenthesis  is  the  strut  dynamic  impedance  which  is  frequency  dependent.  However  it 
is  more  useful  to  describe  the  strut  in  terms  of  complex  stiffness  (i.e.,  k(ci))  =  k*^(a))  +  ik^(o)) ): 


(-co^m  +  jfR  +  uj  =  p 


(17b) 
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where, 


_  k.k.U  (t,tkj(c0))2 
+  (ca))2 

+  (CC0)2 


(18a) 

(18b) 


The  complex  stiffness  can  further  be  expressed  in  a  different  form  in  terms  of  the  real  part  of  the 
stiffness  and  the  loss  factor  as: 


k  =  k*^(l+iTi)  (19a) 

where, 


k2^  (CO)) 

kik22  +  (ki+k2)(ca))2 


(19b) 


These  relationships  can  be  presented  in  a  more  useful  form  for  design  purposes  in  terms  of 
normalized  parameters.  Define  the  stiffness  ratio  as: 


K 


(20a) 


the  strut  frequency  constant  as: 


(20b) 


and  the  normalized  excitation  fi-equency  as: 

P  =  —  (20c) 

“c 

Rewrite  the  strut  real  stiffness  and  loss  factor  in  terms  of  the  normalized  ratios: 


1^  _  'k^  +  (1+K)p2 
ki  "  [  p2  +  k2 

^  ~  k2  +  (1+K)p2 


(21a) 

(21b) 


In  this  normalized  form,  useful  design  curves  can  be  generated  to  aid  damping  design.  The 
damping  and  frequency  relationships  of  a  few  selected  stiffness  ratios  are  shown  in  Figure  4.  The 
loss  factor  has  a  slope  of  one  and  negative  one  at  the  low  and  high  frequency  range  on  the  log-log 
scale  and  has  a  distinct  maximum  at  the  mid  frequency  range.  The  damping  loss  factor  increases 
with  the  stiffness  ratio. 
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k=0.50 
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k:=1.00 


K=:1.25 


k^I.50 


)c=1.75 


Figure  4  Normalized  Design  Curves 

For  design  purposes,  it  is  important  to  understand  the  frequency  and  damping  characteristics  of 
the  damped  strut  in  terms  of  an  equivalent  single  degree  of  freedom  (SDOF)  system.  This 
approximation  bypasses  the  eigenvalue  problem  of  Equation  (12).  An  equivalent  SDOF  system  is 
shown  in  Figure  5,  The  equation  of  motion  of  this  system  subject  to  steady  state  force  is  given  by: 

(-co^m  +  k  +  icoc)  u  =  p  (22) 


\-^  Md) 


C 


Figure  5  Equivalent  Single  Degree  of  Freedom  System 

Comparing  Equation  (22)  to  Equation  (17),  for  lightly  damped  systems,  say  4  <  0-2,  the 
equivalent  natural  frequency  of  the  damped  strut  system  can  be  approximated  by: 


=  (23) 

The  equivalent  viscous  damping  ratio  can  be  found  by  equating  the  energy  loss  of  the  strut  to  that 
of  an  equivalent  SDOF  viscous  system.  The  energy  dissipated  per  cycle  of  the  strut  as  described 
by  Equation  (19)  under  a  harmonic  force  is  given  by”^: 

D^  =  TCT)  uj2  (24) 

The  damping  of  an  equivalent  SDOF  viscous  system  is  given  by: 

D^  =  7t  4cq  (2ma)cq)  co  u^  (25) 
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Equating  the  energy  dissipation  at  resonance,  co  =  co^q: 


Ti(oy 


(26) 


OPTIMUM  STRUT  BEHAVIOR 

For  a  given  a  design,  i.e.  kj,  k2  and  c,  the  strut  dynamic  stiffness  and  damping  can  be 
computed  using  Equations  (21a)  and  (21b).  A  typical  plot  of  the  stiffness  and  loss  factor  of  a  strut 
is  shown  in  Figure  6. 
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Figure  6  Typical  Viscous  Strut  Stiffness  and  Loss  Factor  vs.  Frequency 

For  design  purposes,  it  is  important  to  find  the  optimum  performance  region  of  the  strut  so  that 
the  strut  can  be  designed  to  perform  effectively,  i.e.  high  damping  at  the  desired  frequency  range. 
The  maximum  loss  factor  with  respect  to  frequency  can  be  found  by  setting  the  derivation  of 
Equation  (19b)  to  be  zero: 

^  .. 

(27) 


3(0 


=  0 


The  condition  at  which  the  damping  is  at  maximum  is  denoted  by  the  subscript  op. 


(28a) 

(28b) 

(28c) 

(28d) 
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It  is  imponant  to  note  that  the  maximum  loss  factor  is  governed  by  k,  the  ratio  of  the  inner  and 
outer  stiffnesses.  A  flexible  inner  tube  is  not  effective  in  providing  force  to  the  damper  to  activate 
energy  dissipation.  A  stiff  inner  tube  is  very  desirable  for  high  damping  but  the  strut  will  also  be 
heavier.  It  is  also  important  to  note  that  there  is  not  much  damping  at  low  and  high  frequency. 
The  stiffness  corresponding  to  maximum  loss  factor  is  at  the  transition  between  the  static  stiffness, 
kj,  and  asymptotic  stiffness,  ki+k2.  The  frequency  at  which  the  maximum  loss  occurs  is 

proportional  to  the  damper  non-dimensional  frequency,  cOj..  As  a  matter  of  fact,  the  normalized 
optimum  frequency  is  twice  the  maximum  loss  factor.  Using  these  relationships,  frequency 
independent  parameters  can  be  computed  easily  to  match  the  key  points  of  test  data  in  order  to 
characterize  the  dynamic  behavior.  Comparisons  between  analytic^  and  test  data  were  excellent. 

These  relationships  can  easily  be  used  to  size  the  key  strut  parameters.  For  a  desired  level  of 
damping,  Tj^,  use  Equation  (28a)  to  find  the  required  stiffness  ratio,  k^. 

Kr  =  2  T1j2  +  2  Hr  V ^  1  (29) 

Then  use  Equation  (28c)  to  compute  the  damping  coefficient,  c^,  required  to  locate  the  frequency, 
cOr,  where  the  maximum  damping  is  required. 


Cr  =  (30) 

"V  1+Kr  “r 


STRUT  BANDWIDTH 

Another  important  performance  parameter  is  the  bandwidth  of  the  strut  over  which  there  is 
significant  amount  of  damping.  The  effective  bandwidth  can  influence  the  design  of  struts  for  a 
large  structure  with  a  wide  range  of  natural  frequencies. 

The  bandwidth  of  the  strut  can  be  defined  as  the  frequency  range  over  which  the  strut  has  a 
damping  efficiency  7: 


Y  = 


Ib_ 

fiop 


(31) 


The  bandwidth  can  be  found  by  solving  Equation  (21b).  For  a  given  damping  efficiency,  there  are 
two  frequency  points: 


Pi 


.2 


K  1  ±  V  1  - 
Y  ^|h^ 


(32) 


The  corresponding  normalized  frequency  bandwidth  is  given  by: 


The  actual  frequency  bandwidth  is  given  by: 


Aco  = 


2)cV  1  - 
yV  1+k 


c 


(34) 


The  damping  bandwidth  is  shown  graphically  in  Figure  7.  The  damping  within  the  bandwidth  is 
guarantee  to  be  higher  then  the  specified  efficiency.  The  bandwidth  concept  can  be  used  for  many 
other  design  reasons.  The  recipricol  of  damping  efficiency  can  be  interpreted  as  a  safety  factor  for 
damping  design.  The  bandwidth  can  be  used  to  cover  the  uncertainty  in  the  natural  frequencies  of 
a  large  structure. 


Figure  7  Strut  Damping  Bandwidth 


DESIGN  EXAMPLE 

The  method  developed  can  be  used  to  size  the  key  parameters  of  a  strut.  Only  simple  algebraic 
equations  rre  solved  and  an  eigenvalue  problem  is  totally  avoided.  Suppose  a  20-pound  weight  is 
supponed  by  a  strut.  The  system  is  required  to  have  20  Hertz  natural  frequency  and  5%  viscous 
damping.  By  using  the  design  equations,  the  strut  parameters  were  computed  to  be:  kj  =  758.8 
Ib/in,  k2  =  166.86  Ib/in,  c  =  1.2  Ib-sec/in.  The  frequency  and  damping  characteristic  of  the  system 
with  these  parameters  were  checked  with  an  exact  eigensolution.  The  results  compare  favorably 
and  are  summarized  in  Table  1. 


Table  1  Comparison  of  Results 


Parameters 

Design  Goal 

Eigensolution 

Error 

Frequency 

20.0  Hz 

20.2  Hz 

1% 

Damping 

5% 

5.25% 

5% 
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CONCLUSION 


The  dynamics  of  a  class  of  viscously  damped  struts  is  presented.  The  derivation  is  based  on 
the  principles  of  structural  dynamics  and  governing  equations  of  motion  of  a  finite  element  model. 
This  approach  is  consistent  with  the  system  level  analysis  methods.  The  use  of  condensation 
technique  allows  a  complex  strut  design  to  be  reduced  to  3  stiffness  parameters  which  are  further 
reduced  to  2  lumped  stiffness  parameters.  The  dynamics  of  the  struts  can  be  understood  through 
non-dimensional  design  variables.  Design  curves  can  be  used  to  facilitate  component  sizing.  The 
bandwidth  characteristics  of  the  struts  provide  further  insight  into  the  performance  of  this  class  of 
struts.  Results  from  using  this  method  compared  favorably  with  the  exact  solution  from  a  complex 
eigenvalue  problem.  Therefore,  a  3-parameter  model  can  be  used  to  characterize  the  performance 
of  a  viscously  damped  strut  for  system  level  design  and  analysis.  The  method  can  be  used  to 
derive  component  specification  to  meet  system  level  design  requirements^. 
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NOMENCLATURE 


Symbols 


C  ,c,c 
D 

g 

i 

K,k,k 


viscous  damping  matrix  or  scalar 
energy  dissipation  per  cycle 
forcing  function 

imaginary  unit, 
stiffness  stiffness  or  scalar 


M,m,m  = 

P 

u,  u  = 

P 

Y 
A 
X 

V 

K  = 

CO 


mass  matrix  or  scalar 
spatial  force  vector 

displacement  vector  and  axial  displacement  degree  of  freedom 

non-dimensional  forcing  frequency 

damping  efficiency  factor 

change/bandwidth 

complex  eigenvalue 

complex  eigenvectors 

loss  factor 

stiffness  ratio  of  inner  spring  to  outer  spring 
damping  ratio 
frequency,  radian/second 


Subscripts 


eq 

c 

i 

op 

r 

11 


=  equivalent 
=  pertaining  to  damping 

=  for  the  i-th  mcxle 
=  condition  at  maximum  loss  factor 
--  pertaining  to  the  required  conditions 
=  pertaining  to  viscous"  damping 
=  pertaining  to  viscoelastic  (hysteretic)  damping 


Superscripts 

I  =  Imaginary 

R  =  Real 

T  =  matrix  transpose 
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ABSTRACT 

A  vibration  absorber  was  studied  to  control  the  dynamic 
behavior  of  a  rectangular  plate.  The  absorber  consists  of  a 
vibration  damping  composite  steel  beam  and  an  additive  mass. 
By  evaluating  the  loss  factor  and  the  bending  rigidity  of 
the  composite  steel  beam  using  the  Ross-Kerwin-Ungar  model, 
the  length  and  the  thickness  of  the  composite  steel  beam  and 
the  additive  mass  were  determined  in  order  to  tune  the 
resonance  frequency  of  the  absorber  to  any  resonance 
frequency  of  the  rectangular  plate.  The  dynamic  behavior  of 
the  rectangular  plate  with  the  absorber  was  measured  and 
compared  with  the  calculation.  The  close  agreement  achieved 
suggests  that  the  present  method  is  sufficiently  reliable  to 
predict  the  dynamic  behavior  of  the  vibration  absorber 
consisting  of  the  vibration  damping  composite  steel  beam. 


1-5-5  Takatsukadai  Nishi-ku  Kobe  651-22,  Japan 
Phone  078-991-5640  Fax  078-991-5605 
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INTRODUCTION 


A  vibration  absorber  is  an  effective  method  to  solve 
vibration  and  noise  problems  in  several  industrial 
structures  and  machines.  The  absorber  is  a  passive  damping 
device  to  reduce  the  amplitude  of  vibration  at  resonance. 
The  optimum  design  method  for  the  single  of  degree  system 
was  already  derived  .  Though  many  investigations  of 
vibration  absorbers  have  been  reported  ■  /  there  is  few 
reports  to  study  the  absorbers  using  a  vibration  damping 
composite  steel  beam  as  a  spring  and  damping  element. 

In  this  paper,  we  propose  a  method  to  design  the 
absorber  consisting  of  the  composite  steel  beam  and  an 
additive  mass.  By  evaluating  the  loss  factor  and  the  bending 
rigidity  of  the  beam  using  the  Ross-Kerwin-Ungar 
model^° ' '  ,  the  thicknesses  of  the  steel  and  viscoelastic 
resin  layers  and  the  length  of  the  beam  are  determined  to 
tune  a  resonance  frequency  and  of  a  vibrating  main  body  to 
be  damped . 

The  vibration  absorber  was  designed  to  control  the 
first  vibration  mode  of  the  rectangular  aluminum  plate  using 
the  above  method.  The  frequency  response  curve  of  inertance 
of  the  plate  with  the  absorber  is  calculated  to  be  compared 
with  the  experimental  results.  The  close  agreement  achieved 
suggests  that  this  method  is  sufficiently  reliable  to 
predict  the  dynamic  behavior  of  the  absorber  consisting  of 
the  composite  steel  beam. 

1.  CALCULATION  METHOD  OF  DYNAMIC  BEHAVIOR  OF  THE  ABSORBER 


1.1  CALCULATION  MODEL 

The  vibration  absorber  is  shown  in  Fig.  1.  It  consists 
of  the  vibration  damping  composite  steel  beam  and  the 
additive  mass  placed  on  the  both  ends.  The  beam  is 
supported  at  the  center  and  attached  to  the  vibrating  main 
body  (  a  rectangular  aluminum  plate  in  this  paper  )  to 
controlled.  As  the  shape  of  the  absorber  is  symmetric,  the 
calculation  model  is  assumed  to  be  the  cantilever  with  an 
additive  mass  at  the  free  end  as  depicted  in  Fig.  2. 

1.2  CALCULATION  OF  THE  DYNAMIC  BEHAVIOR  OF  THE  ABSORBER 

The  vibration  damping  composite  steel  beam  is 
considered  to  be  equivalent  to  the  homogeneous  beam  '^ith 
the  structural  damping.  To  incorporate  the  damping  into  the 
beam,  it  is  necessary  to  replace  a  bending  rigidity  El  of 
the  beam  by  a  complex  bending  rigidity  EKl+j*^).  The  complex 
bending  rigidity  EI(l+j>2)  can  be  calculated  by  using  the 
Ross-Kerwin-Ungar  model (  referred  to  hereafter  the  RKU 
model)^°  .  Bending  wave  equation  for  the  vibration  absorber 

is  given  by 
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where  w,p,A,and  I  are  the  displacement  in  Y-axis,  the  mass 
per  unit  length  ,  the  cross-sectional  area  ,  and  the  area 
moment  of  inertia  of  the  composite  steel  beam,  respectively. 
7  is  the  loss  factor.  The  general  solution  to  Eq.(l)  is 
given  by 


W=Wexp(3^tJ  t) 


(2) 


Vf=Aiexp(-jkbX)+A2exp(jkbX)+A3exp(-kbX)+A4exp(kbX) 


(3) 


where  W  is  the  amplitude  of  displacement  in  Y-axis,  A1-A4 
are  undetermined  constants,  and  is  a  complex  wave 
number  defined  by 


kb  =  [ 

a  =cos(  I-  tan“‘  rj ) 
yS  =sin(  I-  tan"*  t]  ) 


(4) 

(5) 

(6) 


The  boundary  conditions  at  the  clamped  end(X=0)  and  the 
free  end(X=L)  are  given  by 


Clamped  end(X=0)  W  =  0 

dW_ 


dx 


=  0 


Free  end(X=L) 


Fo 


mmI'H 


d’W 


EKl+j??)  EKl+jT?)  dX" 


dx' 


=  0 


(7) 

(8) 

(9) 

(10) 


where  m  is  the  additive  mass  and  CO  is  the  circular 
frequency.  Substituting  Eqs.(3)-(6)  into  Eqs . ( 7 ) - ( 10 ) ,  we 
obtain 


Ai=  j (coskbL-sinkbL+coshkbL-sinhkbL)F/D 


(11) 


A2=  j (coskbL+sinkbL+coshkbL+sinhkbL)F/D 


(12) 


A3=  [-sinkbL-sinhkbL-j (coskbL+coshkbL)]  F/D 
Aa=  [  sinkbL+sinhkbL-j (coskbL+coshkbL)]  F/D 


(13) 

(14) 


where 


F=  Fokb/P  A  w"  (15) 

D=  4  [l+coskbLcoshkbL+  H(coskbLsinhkbL-sinkbLGoshkbL)]  (i6) 


H=  mkbL/ p  A 


(17) 


Substituting  Eqs.(ll)-(17)  into  Eq . ( 2 ) , ( 3 ) ,  we  can 
calculate  the  amplitude  of  the  displacement.  The  frequency 
response  curve  of  inertance  of  the  absorber  is  found  by 
def ferentiating  the  displacement  W  exp(ja)t)  twice  with 
respect  to  time  t  and  divided  by  the  sinusoidal  force  FO 
exp(ja)t)  which  acts  on  the  free  end. 

1.3  RKU  MODEL  OF  THE  VIBRATION  DAMPING  COMPOSITE  STEEL  BEAM 
The  vibrating  damping  composite  steel  beam  has  three 
layers  as  shown  in  Fig.  3.  The  complex  bending  rigidity 
Ei(l+j^  )  of  the  beam  can  be  calculated  by  substituting 
Young's  moduli  Ei,  Eo  and  the  thicknesses  ti  ,  t3  of  the 
steel,  the  complex  shear  modulus  Gj^+jG2  and  the  thickness  t2 
of  the  viscoelastic  layer  into  Eqs . ( 18 ) - ( 20 ) . 

The  value  of  Gi+jG2  used  in  this  calculation  is  the 
reduced  data  of  the  modulus  over  the  frequency  range  lO.OHz 
to  2.0kHz  at  +24’ C  obtained  from  the  measured  data  over  the 
frequency  range  0.03  to  80.0  Hz  and  the  temperature  range 
-30  to  +50*  C  by  using  the  temperature-frequency 
superposition  principle 

.  Eibti*  Eabta®  ++  )  (18 


+DE ibt 


(18) 


gEatj  ,t,+t3  (19) 

n  =  - - -  ^  (  +12; 

Eiti+gCEiti+Eata)  2 

G,+jG,  ,  EKl+ii;),  (20) 

g  = - L  .  J 

wEststa  pA 

2.  OPTIMUM  DESIGN  OF  THE  ABSORBER 

2.1  DETERMINATION  OF  THE  OPTIMUM  DIMENSIONS  OF  THE  BEAM 

The  vibration  absorber  is  applied  to  control  the  first 
mode  of  the  rectangular  aluminum  plate ( 1000x1000x4mm)  in 

this  section.  After  measuring  the  resonance  frequency  fg  an 
the  equivalent  mass  M  for  the  plate,  The  optimum  values  o 
the  resonance  frequency  fopt 

absorber  can  be  calculated  using  Eqs . ( 21 ) - ( 23 ) 


^  =2ni/M 


(21) 
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1 

^opt~.  fo  (22) 

1  +  // 


n  opt=  C3;z/2(l+;z)]  (23) 

The  values  of  fQ  and  M  can  be  evaluated  by  applying  the 
half-power  bandwidth  method  ^  to  the  frequency  response 
curve  of  inertance,  measured  at  the  center  of  the  plate 
where  the  maximum  amplitude  of  the  first  vibration  mode 
occurs.  The  frequency  response  curve  measured  is  shown  in 
Fig.  4.  We  obtain  fo=24.5Hz,  M=2.88  kg,  and  7  =0.0171. 
Assuming  the  additive  mass  m=110g  (yU=3.82%),  we  obtain 
fopt=23.7H2,  >?opt=°-235. 


To  achieve  these  values,  the  frequency  response  curve 
of  inertance  for  several  dimensions  of  the  absorber  were 
calculated.  The  resonance  frequency  f  and  the  loss  factor 
71  of  the  absorber  were  estimated  by  applying  the  half-power 
bandwidth  method  to  the  frequency  response  curve  of 
inertance  calculated  by  using  Eqs . ( 3 ) - ( 20 ) .  The  calculation 
of  the  frequency  response  curves  of  inertance  was  carried 


out  for  the  cases  of  t2=30 , 50 , 70 , 100  /Jim  and  L=90 , 100 , 110 , 120 
mm  under  the  condition  that  the  both  of  ti  and  t3  are  fixed 
at  1.6mm.  The  calculated  results  for  t2=70yUm,  L=100 , 110 , 120 
mm  are  shown  in  Fig.  5.  The  optimum  values  of  t2  and  L  are 
determined  by  choosing  their  optimum  combination  so  that  the 


calculated  results  of  f  and  equal  fgpt  ^opt' 
respectively.  The  relation  between  f  and  of^the  absorber 
for  each  values  of  to  and  L  is  shown  in  Fig.  6.  This  shows 
that  f=24.9Hz  ,  ^  =0.245  can  be  achieved  by  setting  t2=70/«n, 
L=110mm. 


2.2  CALCULATION  OF  THE  REDUCTION  OF  VIBRATION  AMPLITUDE 

The  frequency  response  curve  of  inertance  of  the 
rectangular  aluminum  plate  with  the  absorber  can  be 
calculated  from  the  values  of  the  equivalent  mass  M  ,  the 
spring  constant  K  ,  and  the  loss  factor  ■7  of  the  first 
vibration  mode  of  the  plate  and  that  of  the  absorber  as 
shown  in  Table  1. 

The  calculated  results  of  the  frequency  response  curve 
are  shown  in  Fig.  7.  The  solid  line  represents  a  calculated 
result  without  the  absorber.  The  dashed  line  represents  a 
calculated  one  with  the  absorber  setting  t2=70/im.  The  broken 
line  represents  a  calculated  one  with  the  absorber  setting 
t2=30  /im.  The  former  is  tuned  to  the  optimum  value,  and  it 
reduces  the  vibration  amplitude  by  about  20  dB.  On  the  other 
hand,  the  loss  factor  of  the  latter  is  about  half  of  the 
optimum  value,  and  it  causes  3  dB  inferiority  in-  the 
reduction  in  the  vibration  amplitude  of  the  absorber. 
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3.  COMPARISON  OF  CALCULATIONS  WITH  EXPERIMENT 

3.1  THE  INERTANCE  TRANSFER  FUNCTION 

The  measuring  system  of  the  dynamic  behavior  of  the 
absorber  is  shown  in  Fig.  8  (  the  temperature  of  the 
thermostatic  oven  is  set  at  +24"  C) .  An  absorber  is  made  to 
realize  the  optimum  dimension  and  the  frequency  response 
curve  of  inertance  of  the  absorber  is  measured.  The  result 
is  shown  in  Fig.  9.  The  values  of  the  equivalent  mass  m,  the 
spring  constant  k,  and  the  loss  factor  of  the  absorber 
can  be  obtained  from  the  measured  frequency  response  curve, 
and  compared  with  the  calculated  result  as  shown  in  Table  2. 
These  results  show  the  close  agreement,  and  it  can  be 
concluded  that  the  present  method  is  sufficiently  accurate 
to  predict  the  dynamic  behavior  of  the  absorber. 

3.2  THE  EFFECT  OF  THE  VIBRATION  ABSORBER 

Figure  10  shows  the  frequency  response  curve  of 
inertance  at  a  center  of  the  aluminum  plate  with  the 
absorber.  The  solid  line  represents  the  calculated  result 
and  the  broken  line  represents  the  measured  result.  The 
close  agreement  of  the  measured  and  calculated  results 
suggests  that  the  present  method  is  sufficiently  reliable  to 
predict  the  reduction  in  the  vibration  amplitude  at 
resonance. 

CONCLUSION 

In  this  paper,  the  effective  method  to  design  the 
vibration  absorber  using  the  vibration  damping  composite 
steel  beam  was  proposed  to  tune  the  resonance  frequency  and 
the  loss  factor  of  the  absorber  to  the  optimum  value.  The 
following  results  were  obtained; 

(1)  We  proposed  a  method  to  design  the  vibration  absorber 
consisting  of  the  composite  steel  beam  and  the  additive 
mass.  The  optimum  values  of  the  thicknesses  of  the  steel 
and  viscoelastic  layers  and  the  length  of  the  beam  can  be 
determined  by  using  this  method. 

(2)  The  dynamic  behavior  of  the  rectangular  aluminum  plate 
with  the  absorber  can  be  predicted  with  a  practical  accuracy 
by  using  this  method. 

(3)  The  remarkable  reduction  of  25dB  in  the  amplitude  of 
vibration  can  be  achieved  by  applying  the  absorber  to  the 
rectangular  aluminum  plate. 
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Fig.  5  Calculated  Frequettcy  Besponse  Curve 


of  Absorber 


Fig.  6  Relation  between  Resonance  Frequency 


and  Loss  Factor  of  Absorber 
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Fig. 7  Prediction  of  Reduction  in  Vibration 
by  Absorber 
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Fig. 8  Measuring  Systen  of  Dynanic  Behavior  of  Absorb 
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Fig.  9  Frequency  Response  of  Vibration  Absorber 


Fig. 10  Frequency  Response  of  Aluminun  Plate 
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Table. 1  M.K,  v  of  Aluiinum  Plate  &  Vibration  Absorber 


M  kg 

K  N/a 

V 

1st  Mode  of  Plate 

2.  88 

6. 90x10" 

0. 0171 

Absorber 

tt  =  10  u  a 

.  109 

2. 56x10* 

0. 2450 

B 

1 

.  108 

2. 54X10* 

0. 1204 

Table. 2  Conparison  of  Calculated  &  Measured 
Values  of  a. k,  9  of  Absorber 


a  kg 

k  N/a 

V 

Calculated 

1.09x10-* 

2. 56x10* 

0. 2450 

Measured 

1. 12x10-* 

2. 74x10* 

0. 2521 
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IMPEDANCE  MATCHED  MASS-DAMPERS: A  NEW 
APPROACH  FOR  IMPROVING  STRUCTURAL 

DAMPING 

Craig  Gardner,  General  Electric-Power  Generation* 

Richard  H.  Lyon,  MIT 


ABSTRACT 

Statistical  Energy  Analysis  (SEA)  techniques  are  used  to  analytically  determine  the  damping 
effect  achieved  by  attaching  a  quantity  of  mass-dampers  to  a  damped  flat  plate.  Mass-dampers 
are  defined  as  SDOF  oscillators  which  are  over  damped  and  have  a  resonant  frequency  below 
the  frequency  range  of  interest.  The  analysis  has  shown  that  the  damping  effect  achieved  by  this 
approach  is  maximized  when  damper  impedance  is  matched  to  a  particular  ratio  of  the  average 
drive  point  impedance  of  the  plate.  The  analysis  indicates  that  the  damping  effect  achieved  is 
significant  for  mass-damper  mass  to  plate  mass  ratios  as  low  as  0.05  to  0.2. 

A  prototype  mass-damper  system  was  designed  and  tested  to  verify  the  analytical  results.  The 
experimental  results  showed  that  significant  improvements  in  damping  were  achieved  and  that 
the  amplitude  of  modal  frequencies  were  reduced  by  as  much  as  10-15  dB  over  a  wide  frequency 
range. 

This  approacr  differs  from  visco-elastic  techniques  in  that  it  does  not  share  strain  energy  with 
base  structure.  This  characteristic  may  make  this  approach  effective  for  damping  stiff  structures 
at  low  frequencies. 


‘  1100  Western  Ave.,  Lynn  MA  01910,  MS:GPNR7,  Tel.(617)  594-6241 
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1.0  INTRODUCTION 


The  low  frequency  damping  characteristics  of  many  structures  are  critical  to  their  performance. 
Among  such  structures  are  submarines,  which  must  have  low  structurebome  noise  levels  to 
remain  undetected  and  tall  buildings  which  need  to  minimize  wind  induced  and  seismic 
vibrations  for  comfort  and  safety  considerations.  Other  applications  may  include  reducing  low 
frequency  vibrations  in  aircraft  and  automobiles  to  improve  passenger  comfort. 

Designing  and  implementing  structural  damping  systems  which  perform  well  on  stiff  structures 
at  low  frequencies  is  a  challenging  task.  Visco-elastic  materials  are  often  used  in  the  design  of 
such  damping  systems.  In  order  for  such  designs  to  be  effective,  they  must  share  a  significant 
portion  of  the  dynamic  strain  energy.  This  requirement  can  at  times  be  difficult  to  obtain  in 

practice. 

Because  of  this  difficulty,  a  damping  system  which  did  not  rely  on  sharing  stmn  energy  with 
the  base  structure  might  have  an  advantage.  Such  a  system  would  ideally  function  over  a  broad 
frequency  range  and  not  be  tuned  to  a  particular  resonance  of  the  base  structure  as  is  the  case 
with  tun^  absorbers. 

Our  approach  began  by  analyzing  the  effect  of  adding  a  quantity  of  masses  and  a  dashpots 
combined  in  series  on  plate  dynamics.  Figure  1  shows  a  plate  with  6  Mass-Darnpers.  It  was  felt 
that  impedance  matching  of  the  Mass-Dampers  to  the  plate  could  result  in  dissipating  a 
significant  amount  of  power  and  therefore  increase  the  damping  of  the  plate. 


Figure  1  Plate  with  6  Mass-Dampers. 

Statistical  Energy  Analysis  (SEA)  techniques  were  used  to  analyze  the  effectiveness  of  these 
Impedance  Matched  Mass-Dampers.  A  prototype  system  of  Mass-Dampers  was  designed  based 
on  squeeze  film  damping  principles.  The  effectiveness  of  these  dampers  was  experimentally 
verified  and  compared  with  analytical  predictions. 
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2.0  SEA  ANALYSIS  OF  A  PLATE  WITH  MASS-DAMPERS 


Figure  2  Rectangular  plate  with  mean-square  input  force  <l^> ,  average  m.s.  velocity  <Vp> , 
drive  point  conductance  Gp,  loss  factor  rjp,  and  mass  Mp. 


Lyon*  has  shown  that  for  the  plate  shown  on  Fig.  2  the  power  input  to  the  plate  and  dissipated 
by  the  plate  are  equal  and  therefore  the  average  mean-square  transfer  function  TF  is  given  by 


eq.  (1). 


<ll>  ^%Mp 


(1) 


where: 

<v*>=  average  mean  square  plate  velocity 
</f>=  average  mean  square  input  force 
^  =  average  plate  drive  point  conductance  =  Real  part  of  plate  mobility 
CO  R,"  effective  plate  resistance 

pLte  loss  factor  and  mass  respectively 


Note  that  the  basic  form  for  the  plate  TF  is  a  ratio  of  the  plate  conductance  to  the  plate 
resistance,  Rp. 

We  expand  on  this  concept  to  derive  an  expression  for  the  plate  TF  with  mass-dampers.  Fig.  3 
shows  the  system  which  we  will  analyze,  a  plate  with  two  Mass-Dampers.  The  mass-dampers 
shown  on  Fig.  3  are  basically  SDOF  systems  that  have  the  same  components  as  a  tuned  damped 
absorber. 

Our  approach  to  using  these  elements  will  be  different  from  the  tuned  damped  absorber  approach 
in  two  important  aspects.  First,  these  mass-dampers  are  designed  to  improve  structural  damping 


DAA-3 


at  frequencies  well  above  their  undamped  natural  frequency  by  using  an  impedance  matching 
approach.  Tuned  absorbers  are  frequency  tuned  to  add  damping  for  a  particular  structural  mode. 

Second,  these  mass-dampers  are  very  much  overdamped  (typical  f=1.2)  whereas  tuned  damped 
absorbers  are  typically  underdamped.  Because  they  are  very  much  overdamped  they  could  be 
accurately  modeled  as  a  simple  mass  and  damper  combination.  The  primary  purpose  of  the 
spring  is  to  support  the  static  weight  of  the  mass-damper  mass. 

We  derive  an  equation  for  the  mean  square  transfer  function  (TF)  <v/>  I  <  //>  for  this  system 
where  the  number  of  Mass-Dampers,  Nis2  but  in  general  N  can  have  any  value.  From  the 
expression  for  the  TF  we  will  be  able  to  derive  an  equation  for  the  effective  resistance, 
resulting  from  the  mass-dampers. 


Figure  3  Plate  with  2  Mass-Dampers. 


We  make  the  following  assumptions  in  performing  the  analysis: 

1.  Points  on  the  plate  move  independently,  i.e.  the  attachment  points  are  separated  by  a 
distance  greater  than  half  a  bending  wavelength. 

2.  The  dynamic  properties  of  the  plate  can  be  described  by  average  parameters  and  mean 
square  response. 

3.  The  addition  of  passive  discrete  elements  does  not  significantly  affect  the  average  drive 
point  conductance  of  the  plate,  Gp. 
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We  analyze  this  system  by  exercising  two  reciprocal  analytical  "experiments".  In  "experiment 
1"  as  shown  in  Fig.  4  a  mean-square  force  </;^>  is  applied  to  the  plate  and  the  points  on  Ae 
plate  that  attach  to  the  two  dampers  are  "blocked”.  Forces  <4///>  and  are  applied 

such  that  the  mean  square  velocities,  <V;/>  and  <V;/>  at  these  points  are  zero.  We  assume 
that  the  system  is  linear  and  that  locations  11  and  13  are  typical  and  therefore  the  blocked 
forces  applied  at  these  points  are  equal. 


Figure  4  "Experiment  1"  with  input  force  <//>  and  "blocked"  forces  <4h5^>  ^nd  <lbiu>- 


We  also  assume  linearity  so,  that  the  "blocked"  force,  <4/>  is  proportional  to  the  mean  square 
plate  velocity,  <v/>  as  shown  by  eq.  (2). 

<lj’>  =  t'<v^> 


Since  the  power  input  to  the  plate  equals  the  power  dissipated. 


^in  ^dissipated 


<li>G^=oir]^M<v/> 


(3) 

(4) 
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where: 

</j*>=  mean  square  input  force 

Real  Part  of  plate  mobility  =(8p,xCj)‘^ 
surface  mass  density 
K»  radius  of  gyration 
h=  plate  thickness 
C|»  loQgitudinalwave  speed 
plate  loss  factor 
plate  mass 

average  ma.  plate  velocity  over  space  and  time 


In  "experiment  2"  we  prescribe  2  equal  mean-square  velcxiities  <v’^>  and  <V;/>  as  shown 
on  Figure  5.  Relating  the  prescribed  velocities  to  "blocked"  forces  from  'experiment  1  ,  i.e.j 
<^>  =  <lj>\  y^l^  we  obtain  (5). 


Figure  5  "Experiment  2"  with  prescribed  velocity  inputs. 


<v'io">=<v'„^>= 


(5) 


where: 

The  mean  square  plate  mobility  |  y,o|^  is  given  by^  as  shown  in  equation  (6). 
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<v\q>-  prescribed  velocity  at  plate-  daii^)er  juncdon 
drive  pcrint  mobility  of  mass-damper 
drive  pcMDt  mobility  of  plate 


(6) 


where: 


input  conductance  variance  »9G^M 
M=  modal  overlap  =II/ti^/26/ 
oj  =  input  susccptance  variance 

/=  frequency  (Hz) 

6/=  average  modal  spacing 


If  we  assume  that  the  locations  of  the  mass-dampers  are  typical  and  therefore  the  velocities  at 
the  mass-damper  plate  are  the  same,  then  each  mass-damper  will  dissipate  the  same  amount  of 
power.  Furthermore,  in  order  for  energy  to  be  conserved  the  power  input  to  a  mass-damper  must 
equal  the  power  dissipated  by  it  as  shown  by  equation  (7). 


where: 

/{io=  Gjq  ^  mass-damp^  drive  point  impedance 

Gj0=  drive  point  conductance  of  mass-dan^>er 

mean  square  drive  point  mobility  of  mass -damper 
mass-dan^)er  mass  velocity 
damper  constant 


The  power  input  and  dissipated  by  the  plate  is  given  by  equation  (8). 

>R^^  =  (^  r\p  M<v],  >  (8) 

By  reciprocity^  the  ratio  of  the  input  force  to  the  blocked  force  of  "experiment  1"  is  equal  to  the 
ratio  of  the  prescribed  velocity  to  the  mean  square  plate  velocity  of  "experiment  2"  as  shown 
by  equation  (9). 

<'?>  (9) 

<lli>  <v"> 

Substituting  equations  (2), (4)  and  (8)  in  (9)  and  we  get  (10). 
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1 


(10) 


We  can  now  get  an  expression  for  the  plate  velocity  at  the  mass-damper  plate  junction 
terms  of  the  "free"  plate  velocity,  by  substituting  (2),  (5)  and  (8)  in  equation  (10)  which 


V'//  in 
yields 


(11). 


<v>  ' 


(11) 


It  can  be  shown*  that  by  considering  v„  to  be  a  velocity  source  applied  to  the  mass-damper 
oscillator  then  the  relative  velocity  across  the  damper  can  be  defined  in  terms  of  the  mass- 
damper  mobilities  and  the  junction  velocity  as  shown  by  equation  (12). 


(yM^y^y^^yj 


(12) 


where; 

Vj^*  velocity  at  plate,  juBss-dampct  junction 
fytagg  -rlamper  mass  velocity 
mobility  of  mass-dan^  dan^ 

Yj^=  mobility  of  mass-damper  spring 
mobility  of  mass-damper  mass 


We  will  now  use  these  results  to  determine  the  mean-square  transfer  mobility  for  a  plate  with 
N  mass-dampers.  Since  the  system  is  conservative, 


y^input  ~  ^cfiss.  plM!  *  mass-^atnpers 


(13) 


The  input  power  is  simply  the  product  of  the  plate  drive  point  conductance  and  the  mean  square 
input  force  as  shown  by  eq.  (14). 


n.  =<1>G 

^^input  1  P 


(14) 


The  power  dissipated  by  the  plate  is  given  by  eq.  (15)  and  is  equal  to  the  effective  resistance  of 
the  plate  times  the  mean-square  plate  velocity. 


(15) 


The  power  dissipated  by  the  mass-dampers  is  equal  to  the  product  of  the  number  of  mass- 
dampers,iV  the  damper  resistance  and  the  relative  mean-square  velocity  across  the  damper  as 

shown  by  eq.(16). 
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(16) 


n 


diss.  mass -dampers 


If  we  can  now  combine  the  results  from  eqs.  (11)-(16)  to  solve  for  the  average  mean-square 
transfer  function  for  a  plate  with  N  mass-dampers  which  is  given  by  eq.  (17). 


<v 


p  _ 


</?> 


{itx\M+NC, 

Ip  p  c 


(17) 


It  can  be  seen  from  eq.  (17)  that  the  TF  for  a  plate  with  mass-dampers  has  a  similar  form  to  that 
for  the  plate  alone  eq.  (1),  i.e.  ratio  of  conductance  to  resistance,  the  only  difference  being  the 
additional  term  in  the  denominator  of  (17)  which  is  the  effective  resistance  of  the  mass-dampers. 
Consequently,  eq.(17)  can  be  written  in  the  form  shown  by  eq.  (18). 
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where: 
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We  define  the  ijeff  as  shown  in  equation  (19). 
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Several  FORTRAN  programs  were  then  written  to  evaluate  the  expressions  derived  here.  The 
results  are  discussed  in  the  following  section. 

3.0  DISCUSSION  OF  ANALYTICAL  RESULTS 

We  will  now  look  at  some  of  the  trends  predicted  by  these  analyses.  More  specifically  we  will 
analyze  trends  predicted  for  configurations  for  which  we  have  experimental  data. 

The  plate  studied  was  1/8  in.  (3mm)  thick  aluminum  24  in.  (.61m)  wide  by  30  in.  (.76m)  long. 
It  was  partially  covered  with  a  free  layer  visco-elastic  damping  treatment  and  had  an  initial 
average  loss  factor  of  .(X)7  over  a  frequency  range  of  3(X)-2500  Hz.  We  studied  this  plate  with 
0,  10,  25  and  35,  20  gram  mass-dampers. 
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The  plate  weighed  approximately  4  kg.  and  the  mass  dampers  added  were  from  5  to  20%  of  the 
plate  mass.  For  the  35  mass-damper  system  we  evaluated  the  effect  of  varying  the  damper 
constant,  Q  on  system  performance.  Because  we  were  primarily  interested  in  the  500-2500  Hz 
frequency  range,  the  mass-damper  natural  frequency  was  set  to  40  Hz. 


Figure  6  shows  the  magnitude  of  the  average  acceleration/force  TF  versus  the  ratio  of  the  mass- 
damper  resistance,  to  the  Real  part  of  the  plate  impedance,  Re{Zp}.  These  calculations  are 
for  frequencies  ranging  from  500  to  10,000  Hz. 
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Figure  6  TF  vs.  CJRe{Zp}  for  plate  with  10  mass-dampers  evaluated  at  several  frequencies. 


It  can  be  seen  from  Fig.  6  that  there  is  an  optimum  ratio  for  which  the  transfer  function  response 
is  minimized  and  that  the  optimum  value  increases  with  frequency.  As  one  might  expect  with 
either  too  low  or  too  high  an  impedance  ratio,  the  reduction  in  response  is  minimal. 

This  makes  sense  if  we  take  this  concept  to  extremes.  For  example  if  Q=0,  there  would  be  no 
power  dissipated  by  the  mass-dampers.  On  the  other  hand  if  Q=oo  the  damper  mass  would 
essentially  be  rigidly  attached  to  the  plate  and  hence  would  only  be  adding  mass,  again  with  no 
power  dissipation. 

It  can  also  be  seen  from  Figure  6  that  reduction  in  the  transfer  function  is  most  significant  at 
lower  frequencies.  This  data  shows  that  at  500  Hz  the  magnitude  of  the  TF  is  reduced  «6dB 
when  the  impedance  ratio  is  optimized.  Calculations  using  eq.  (17)  showed  that  if  we  rigidly 
attach  10  mass-dampers  (5%  plate  mass)  we  would  only  expect  about  a  0.2  dB  decrease  in  the 
TF  at  500  Hz. 

Figures  7  and  8  show  the  TF  magnitude  vs.  impedance  ratio  for  25  and  35  mass-dampers 
respectively.  Theses  curves  show  the  same  trends  as  the  10  mass-damper  case  but  with  a 
stronger  effect  as  the  number  of  mass-dampers  is  increased.  With  35  mass-dampers  the  optimum 
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Figure  8  TF  vs.  Cd/Re{Zp}  for  plate  with  35  mass-dampers  evaluated  at  several  frequencies. 

Figure  9  shows  as  defined  by  eq.  (19)  as  a  function  of  the  ^ 

dampers.  These  curves  show  that  loss  factors  greater  than  0.05  are  achieved  from  500-2000  Hz. 
It  caTalso  be  seen  from  these  curves  that  considering  the  log  scale  of  the  x  axis,  there  is  a  fair  y 

broad  range  of  impedance  ratios  for  which  the  y  is  nearly  maxmiz^.  1000  Hz  and  plot  the 
If  we  choose  C,  so  that  the  damping  by  the  mass-dampers  is  maximized  at  1000  Hz  and  plot  he 

TF  for  the  plate  with  visco-elastic  material  alone,  10,  25  and  35  mass-dampers  we  obtain  th 
TF  curves  shown  on  Figure  10.  These  curves  show  results  similar  to  other  addiUve  dampi  g 
treatm-rts  in  that  large  improvements  are  made  initially  and  incrementally  sm^er  improvements 
if  maie  by  adding  more  mass-dampers.  We  should  note  however,  ftat  the  plate  had  some 
damping  to  begin  with  and  that  the  improvement  in  damping  attnbutable  to  the  mass-dampers 


DAA-11 


-  500.0  Hz 

III  1.0k  Hz 

*  *  *  1 .5k  Hz 

*  *  *  2.0k  Hz 

XXX  2.5k  Hz 
0  o  o  5.0k  Hz 

:  :  :  10.0k  Hz 


Figure  9  tj^vs.  Cd/Re{Zp}  for  plate  with  35  mass-dampers  evaluated  at  several  frequencies. 


further  reduces  the  TF  as  much  as  10  dB  at  the  lower  frequencies. 


■»'  - - no  dampers 

I  I  I  «=  10 
A  ♦  *  in=25 
+  m=35 


Figure  10  TFs  for  damped  plate  alone  and  with  10,  25,  and  35  mass-dampers. 


4.0  MASS-DAMPER  DESIGN 

Visco-elastic  materials  were  originally  considered  for  a  prototype  mass-damper  system  but, 
initial  calculations  showed  that  a  material  with  a  loss  factor  of  at  least  100  would  be  needed  for 
such  a  system  to  work,  while  present  materials  have  a  maximum  loss  factor  of  « 1.  A  fluid  film 
damper  approach  was  chosen  because  of  the  simplicity  of  the  design  and  the  large  damping 
constants  that  can  be  achieved.lt  can  be  shown*  that  the  damping  resistance  for  a  circular  fluid 
film  damper  is  governed  by  eq.  (20). 
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where: 


'•'d-  , 


(20) 


damper  constant,  Nsecim 

ji*  dynamic  viscosity,  Nsecim^ 
d-  damper  diameter 
e«  film  thickness 

On  Figure  11  can  be  seen  a  sketch  of  the  prototype  mass-damper  system.  It  consists  of  an 
aluminum  disk  which  serves  as  both  the  damper  mass  and  the  fluid  film  damper  area.  The  disk 
diameter  was  34mm,  chosen  so  that  it  is  less  than  1/2  a  bending  wavelength  on  the  plate  at  2500 
Hz.  The  disk  is  supported  by  3  small  cylinders  of  polyurethane  foam  whose  spring  rate  was  such 
that  the  natural  frequency  of  the  system  was  40  Hz.  The  polyurethane  "springs"  were  bonded 
to  set  screws  which  were  used  to  vary  the  film  thickness,  e  and  hence  the  damping  constant,  Q. 
A  bead  of  silicone  sealant  was  used  to  contain  the  glycerol.  Glycerol  was  chosen  as  the  damping 
fluid  because  of  its  high  dynamic  viscosity. 


Top  View 


d  » iim3‘<Un]per  diameter 


Cross-Scctional  View 


mail 'Clamper 


(not  to  seals,  actual  e  <  d) 


Figure  11  Sketch  of  fluid  film  mass-damper  design. 
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5.0  EXPERIMENTAL  APPROACH 

The  experiments  were  designed  to  measure  the  effect  of  varying  the  number  of  mass-dampers 
and  their  damping  constant,  Cj  on  the  average  TF  and  loss  factor,  17  of  the  plate.  A  sketch  of 
the  experimental  setup  is  shown  on  Figure  13.  The  plate  was  supported  by  foam  rubber  to 
simulate  free-free  boundary  conditions.  A  8  channel  FFt  analyzer  was  used  to  measure  plate 
transfer  functions  for  the  locations  shown  on  Figure  14  for  the  3  different  quantities  of  mass- 
dampers  tested.  Average  TFs  were  calculated  by  averaging  the  magnitude  of  the  4  measured 
frequency  response  functions  using  the  GenRad  signal  processing  language  TSL2.  A  frequency 
resolution  of  0.25  Hz  was  used  for  all  measurements.  The  average  loss  factor  was  measured  for 
4  frequency  bands  using  the  integrated  impulse  technique  . 

6.0  EXPERIMENTAL  RESULTS 

6.1  EVALUATION  OF  MASS  LOADING  EFFECT  OF  MASS-DAMPERS  ON  PLATE 
VIBRATION 

Figure  12  shows  a  comparison  of  the  average  TF  Of  the  plate  with  10  mass-dampers  and  the 
average  TF  of  the  plate  at  the  mass-damper  locations.  It  can  be  seen  from  this  figure  that  the 


—  Average  normalized  plate  acceleration  below  mass-dampers 
***  Average  normalized  plate  acceleration  of  Tree”  plate 


Figure  12  Comparison  of  the  average  "free"  plate  TF  with  average  TF  of  the  plate  below  the 
mass-dampers. 

2  curves  are  quite  similar.  From  this  comparison  we  conclude  that  the  mass-dampers  are  not 
mass  loading  the  plate  but  are  acting  as  a  mass  damper  system  as  intended. 
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6.2  EFFECT  OF  MASS-DAMPERS  ON  PLATE  ij  AND  AVERAGE  TF 

The  analytical  data  shown  in  Figure  8  showed  that  an  impedance  ratio  of  0.32  should  minimize 
the  TF  at  1000  Hz.  This  is  approximately  the  mid  point  of  the  0-2500  Hz  frequency  band  of 
interest.  On  Table  1  can  be  seen  the  estimated  plate  loss  factor,  tj  for  0,  10,  25  and  35  mass- 
dampers  tested  with  the  impedance  ratio  equal  to  0.32.  It  can  be  seen  from  Table  1  that  there 
is  a  significant  increase  in  the  measured  plate  loss  factor  as  the  number  of  mass-dampers  is 
increased.  The  increase  is  on  the  order  of  200-500%  and  is  evident  over  frequency  span  of 
almost  2000  Hz.  It  should  be  noted  that  due  to  the  difficulty  of  measuring  the  fluid  film 
thickness  of  this  softly  sprung  system,  the  impedance  ratios  can  only  be  considered  approximate. 


1/8  in.  ihkx24in>30in. 
Aluminum  pUle 


Figure  13  Experimental  Set-up  for  measuring  TFs  and  ij. 
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Figure  14  Accelerometer,  shaker  and  mass-damper  locations. 


Table  1;  Measured  Plate  Loss  Factor  17,  for  N— 0,10,25,35 

— 

#  Mass- 
Dampers 

H 

Impedance 

Ratio 

Center  Freqs.  of  320  Hz  Wide 

Bands 

N 

% 

Cd/Re{Zp} 

320  Hz 

960  Hz 

1600  Hz 

2240  Hz 

None 

0 

N/A 

0.007 

0.0040 

0.007 

0.008 

10 

5 

0.32 

0.009 

0.014 

0.012 

0.011 

25 

13 

0.32 

0.012 

0.014 

0.024 

0.026 

35 

18 

0.32 

0.015 

0.019 

0.025 

0.035 
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Table  2  shows  the  affect  of  large  changes  in  the  impedance  ratio  on  the  plate  loss  factor  for  a 
fixed  quantity  of  mass-dampers.  We  would  expect  lower  ratios  to  provide  a  larger  loss  factor 
at  lower  frequencies  and  higher  ratios  to  provide  larger  loss  factors  at  higher  frequencies.  In 
general  that  data  on  Table  2  show  this  trend  except  that  we  would  have  expected  the  largest 
impedance  ratio  to  have  the  best  performance  in  the  2240  Hz  band. 


Table  2:  Measured  Plate  Loss  Factor  rj,  for  N=35  Cd/Re{Zp}=.21,.32,.94 

ft  Mass- 
Dampers 

Added 

Mass 

Impedance 

Ratio 

Center  Freqs.  of  320  Hz  Wide  Bands 

N 

% 

Cd/Re{Zp} 

320  Hz 

960  Hz 

1600  Hz 

2240  Hz 

35 

18 

0.21 

0.021 

0.025 

0.026 

0.029 

35 

18 

0.32 

0.015 

0.019 

0.025 

0.035 

35 

18 

0.94 

0.016 

0.014 

0.019 

0.028 

Figures  15  and  16  show  the  average  TF  for  the  damped  plate  alone  and  the  same  plate  with  35 
mass-dampers,  over  frequency  ranges  of  10-640  Hz  and  640-2540  Hz  respectively.  It  can  be 
seen  from  these  curves  that  above  300  Hz  the  magnitude  of  the  TF  is  reduc^  by  as  much  as  15 
dB. 

7.0  COMPARISON  ON  ANALYTICAL  AND  EXPERIMENTAL  DATA 

A  comparison  of  experimental  and  analytical  TFs  can  be  found  on  Figure  17.  It  can  be  from 
these  curves  that  the  analysis  overestimates  the  TF  above  1000  Hz.  We  also  find  that  although 
the  experimental  and  analytical  data  have  the  same  trend  the  analysis  predicts  a  larger  reduction 
in  the  TF  due  to  the  addition  of  the  mass-dampers  than  was  measured  experimentally.  On 
average  a  9  dB  reduction  is  predicted  while  a  6  dB  reduction  was  measured.  Recent  data 
suggests  that  these  differences  may  be  influenced  in  part  by  mass  loading  effects  of  the  silicone 
bead  used  to  contain  the  glycerol. 
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—  35  pools 
***35  mass-dampers 


Figure  15  Comparison  of  average  TF  (10-640  Hz)  for  damped  plate  alone  and  damped  plate 
with  35  mass-dampers,  CJRc{2,p}  —  .yi  . 


***35  mass-dampers 


Figure  1«  Comparison  of  average  TF  (640-2540  Hz)  for  damped  plate  alone  and  damped  plate 
with  35  mass-dampers,  Cj/R6{Zp}  =  .32  , 
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Analytical  w/o  Dampers 


Analytical,  35  Mass-Dampers 


Figure  17  A  Comparison  of  analytical  and  experimental  average  TFs  with  and  without  35  mass- 
dampers. 

8.0  CONCLUSIONS 

SEA  techniques  have  been  used  to  predict  the  effect  of  impedance  match^  mass-dampers  on  the 
damping  of  a  rectangular  plate.  This  analysis  indicates  that  plate  damping  can  be  significantly 
improved  using  this  approach.  The  analysis  also  indicates  that  this  method  is  most  effective 
below  2500  Hz  for  the  plate  evaluated.  Analytical  work*  done  to  model  3  dimensional  structures 
as  2  dimensional  ones  has  indicated  that  this  approach  can  even  be  effective  below  50  Hz.  It 
appears  that  theoreUcally,  there  is  no  lower  limit  to  the  frequency  at  which  this  approach  is 
effective,  although,  more  mass  is  required  to  get  the  same  effect  at  lower  frequencies  and  the 
damping  effect  at  higher  frequencies  is  lessened. 

A  prototype  impedance  matched  mass-damper  system  which  utilized  fluid  film  damping 
principles  was  built  and  tested.  Experimental  data  has  shown  that  this  approach  can  significantly 
improve  the  damping  of  a  plate.  Because  this  technique  does  not  share  strain  energy  with  the 
base  structure  but,  rather  looks  at  the  base  structure  as  a  velocity  source,  it  may  prove  useful 
in  damping  structures  where  it  is  difficult  to  design  a  strain  energy  sharing  visco-elastic  system. 
Such  applications  would  typically  be  the  low  frequency  modes  of  structures  which  generally  have 
lower  bending  strain  energies.  Typical  applications  might  be  in  marine  hardware  to  reduce 
structurebome  noise  levels,  in  buildings  to  reduce  wind  and  seismically  induced  vibrations  and 
in  automobiles  or  aircraft  to  reduce  low  frequency  vibrations  and  improve  passenger  comfort. 

A  conceptual  sketch  of  one  such  design  is  shown  on  Figure  18.  It  consists  of  a  housing  which 
could  be  made  of  aluminum  or  plastic  and  a  hockey  puck  shaped  mass  which  is  softly  sprung 
from  the  housing  in  3  orthogonal  directions. 
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Figure  18  Conceptual  sketch  of  a  mass-damper  design  which  provides  damping  m  3  orthogonal 
directions. 


The  fluid  level  and  film  thickness  between  the  mass  and  housing  are  designed  such  that  the 
system  provides  damping  in  3  orthogonal  directions,  independent  of  its  mounting  onentation. 
TOs  approach  is  the  subject  of  a  MIT  patent  application.  Many  other  configurations  are  i^ssible 
but,  further  work  needs  to  be  done  to  evaluate  the  design  parameters  required  by  particular 

appplicatons. 
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Abstract 

A  test  structure,  namely  a  two-tiered  structure  (TTS),  was  used  as  a  physical  model  for  obtaining 
modal  parameters  of  flexible  structures.  These  parameters,  which  were  determined  analytically  and 
experimentally,  are  natural  frequencies,  mode  shapes,  and  damping  ratios.  In  the  analytical 
portion,  finite  element  method  (FEM)  was  used  with  MSC/NASTRAN,  MSC/pal  2,  and 
MSC/MOD.  In  the  experimental  part,  the  structure  was  excited  by  random  noise,  and  frequency- 
response  function  (FRF)  plot  and  modal  parameters  were  obtained.  Both  the  HP  3566A/3567A 
(Hewlett  Packard  Spectrum/Network  Analyzer)  and  STAR  System  (Structural  Measurement 
Systems  software)  were  utilized.  An  exact  model-reduction  technique  was  used  to  obtain  a 
complete  mathematical  model  of  a  reduced- order  system,  which  includes  the  reduced-order 
physical  mass,  stiffness,  and  damping  matrices. 
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Introduction 

Analytical  and  experimental  modal  analysis  can  be  used  to  determine  dynamic  properties  or  modal 
parameters  of  flexible  structures.  These  modal  parameters  are  natural  frequencies,  mode  shapes, 
Ind  damping  ratios.  The  characteristics  of  flexible  structures  are  low  natural  frequencies,  low 
damping,  and  some  of  the  modes  are  closely  spaced. 

In  finite  element  analysis,  it  is  necessary  that  the  structure  under  consideration  is  modeled  using  a 
large  number  of  degrees  of  freedom  (DOF's)  for  accurate  results  But  if  the  number  of  DOF  s  is 
large,  the  results  from  finite  element  program  become  unmanageable  for  the  purpose  of  design  and 
analysis  of  vibration  control  or  for  subsequent  studies.  A  model  reduction  technique  [1]  c^  b 
used^to  reduce  a  large-DOF  model  to  a  small-DOF  model  which  exactly  represents  the  first  few 

modes. 

In  experimental  modal  analysis  [2-4],  also  called  modal  renting  natural  frequencies  and  damping 
ratios^ can  be  obtained  from  the  frequency  response  function  (FI^)  plot.  In  rnodal  testing  it  is 
important  to  haye  high-quality  test  setup,  testing  craftsmanship,  and  data  processing,  etc. 


The  equations  of  motion  of  a  stmcture  can  be  written  in  the  configuration-space  form  [5]  as 


mx  -1-  cx  +  kx  =  f 


ai 


where  m,  k,  and  c  are  the  physical  mass,  stiffness,  and  damping  matrices,  respectively;  and  f  is 
the  applied  forcing  vector. 

The  physical  mass  and  stiffness  matrices  of  a  structure  under  consideration  can  be  obtained 
analytically  by  the  given  physical  properties,  dimensions,  and  boundary  conditions;  however,  the 
physical  damping  matrix  must  be  determined  experimentally. 

A  complete  mathematical  model  of  a  reduced-order  system  will  be  determined,  which  includes  the 
reduced-order  physical  mass,  stiffness,  and  damping  matrices. 


The  Test  Structure 


The  test  structure,  a  two-tiered  structure  (TTS),  shown  in  Fig.  1,  is  chosen  ^  it  can  be  used  for 
studying  vibration  characteristics  of  flexible  structures.  It  was  designed  specifically  to  possess  the 
following  characteristics; 


.  low  natural  frequencies,  light  damping,  and  intuitive  mode  shapes  for  the  first  few  modes 

.  inexpensive  and  easy  to  build  .  ,  j  i  i  •„ 

.  instructive  for  analytical  analysis  and  computer  simulation,  and  expenmental  modal  analysis 


Finite  Element  Model 


A  finite  element  model  of  the  structure  is  created  using  MSC/MC)D  (Fig.  2).  The  floors  and  the 
columns  are  modeled  by  plate  elements  and  bar  elements,  respectively.  The  brackets  connecting 
the  plates  and  columns  are  modeled  by  concentrated  mass  elements.  The  model  has  136  elernents, 
146  nodal  points  and  790  (active)  degrees  of  freedoms  (n  =  790).  It  may  appear  that  the  number  of 
plate  elements  is  more  than  adequate;  however,  in  this  study,  the  model  is  relatively  small  and 
simple  so  that  mesh  optimization  is  ignored. 


The  finite  element  model  is  then  analyzed  by  using  two  commercially  availaWe  finite  ebment 
analysis  packages:  MSC/NASTRAN  (on  main-frame  computer),  and  MSC/MOD  and  MSC/pal  2 
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(on  MS-DOS  machine)  [6].  The  undamped  natural  frequencies  obtained,  using  these  packages,  are 
given  in  Table  1,  and  the  corresponding  mode  shapes  (from  MSC/pal  2)  are  shown  in  Figs.  3-8. 

Exact  Model  Reduction 

For  the  undamped  free  vibration  or  eigenvalue  problem,  Eq.  (1)  reduces  to 


mx  +  kx  =  0  (2) 

When  the  structure  vibrates  in  its  natural  modes,  we  have 

(k  -  =  0  r  =  l,2,...,n  (3) 

where  cOr  and  (pr  are  the  undamped  natural  frequencies  and  the  corresponding  mode-shape  vectors, 
respectively. 

The  orthogonality  properties  are  mass  normalized  so  that  the  modal  mass  and  stiffness  matrices  are 
given  as 


M  =  0^m<J)  =  I 

(4) 

K  =  <^\^  =  diag[o},^]  r  =  l,2,...,n 

where  the  full-order  (mass-normalized)  mode-shape  matrix  is  given  as 

*  =  h  -  ^.1  (5) 


The  full-order  physical  mass  and  stiffness  matrices  can  be  written,  from  Eq.  (4),  as 

m  = 

k  =  r  =  l,2,...,n 


(6) 


The  790-DOF  full-order  model  (n  =  790)  is  reduced  to  a  6-DOF  reduced-order  model  (m  =  6) 
which  exactly  represents  the  first  six  modes  using  [1].  The  reduced-order  model  is  obtained  by 
selecting  the  four  translational  DOF's  located  at  the  centers  of  the  floors  for  the  first  four  bending 
modes.  For  each  of  the  first  two  torsional  modes,  the  angular  DOF  is  defined  by  a  set  of  any  two 
translational  DOF’s  of  a  given  floor.  Using  the  numerical  values  of  the  full-order  mode-shape 
matrix  (from  MSC/TSfASTRAN,  not  shown),  the  reduced-order  mode-shape  matrix  can  be  selected 
as 
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where  the  subscript  R  denotes  reduced-order  model. 

The  differential  equations  for  undamped  free  vibration  of  the  reduced-order  model  are  given  as 


+k^Xjj  =0 

where 

]<!>/*  r  =  l,2,  m 

yi  ^2  yi  ^'^2} 


(8) 

(9) 

(10) 


The  numerical  value  1  in  Eq.  (10)  has  dimension  of  length  so  Xg  is  dimensionally  homogeneous, 
and  the  subscripts  1  and  2  denote  the  middle  floor  and  the  top  floor,  respectively  (Fig.  1). 

Introducing  from  Eq.  (7)  and  (O^  from  Table  1  (MSC/NASTRAN)  into  Eq.  (9),  we  have 
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The  numerical  value  1^  in  Eq.  (11)  has  dimension  of  length  squared  so  the  elements  of  and  k^ 
have  proper  dimensions. 
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Modal  Testing 

The  experimental  setup  is  shown  in  Fig.  9.  Continuous  random  signal  and  Hanning  window  were 
used  to  obtain  the  FRF  plot  (Fig.  10).  This  plot  includes  the  first  six  naodes  of  the  structure,  of 
which  the  natural  frequencies  can  be  read  directly.  In  the  process  of  obtaining  the  modal  damping 
ratios,  the  FRF  data  was  first  converted  from  the  HP  3566A/3567A  format  to  the  STAR  System 
format,  then  curve  fitting  methods  were  used.  For  widely  spaced  modes,  the  determination  of 
damping  ratios  by  curve  fitting  is  straight  forward;  because  in  these  modes,  the  structure  behaves 
as  if  it  were  single  degree  of  freedom  (SDOF).  However,  for  closely  spaced  modes,  the  damping 
ratios  are  difficult  to  obtained  with  great  accuracy.  The  experimental  results  for  natural  frequencies 
(Or  and  damping  ratios  l^r  are  given  in  Table  2. 

Physical  Damping  Matrix 

A  physical  damping  matrix  can  be  determined  as 

Cjj  =  ^R'''diag[2g,(0^]  <!>/'  r  =  1, 2 . m  (12) 

The  modal  damping  matrix  is  given  as 

{C,)^  =  diag[2g,(o;\  =  diag[QiAm  0.3314  0.1633  0.9068  0.8671  0.2771]—  (13) 

s 

or 

{C^)^  =  diag[2g^(O,]  =  diag[0Am2  0.3191  0.1184  0.9392  0.8767  0.2205]— (14) 

s 

where  (0^  in  Eqs.  (13)  and  (14)  are  the  experimental  and  analytical  (MSC/NASTRAN,  Table  1) 
natural  frequencies,  respectively. 


The  numerical  value  P  in  Eq.  (15)  has  dimension  of  length  squared  so  Cg  is  dimensionally 
homogeneous. 

Concluding  Remarks 

A  complete  mathematical  model  of  the  reduced-order  system  has  been  determined,  as  given  by 

mgXg+CgXg+kgXg  =  0  (16) 
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of  motion  can  be  decoupled  via  orthogonality  properties  [7J. 

these  discrepancies  is  currently  being  sought 
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Table  1  Comparison  of  Experimental  and  Analytical  Natural  Frequencies 


Mode 

Number 

Experimental 

(Hz) 

MSC/pal  2 
(Hz)  (%  Diff.) 

MSC/NASTRAN 
(Hz)  (%  Diff.) 

1 

2.125 

2.184  (+2.78) 

2.228  (+4.85) 

2 

2.334 

2.225  (-4.76) 

2.247  (-3.73) 

3 

3.938 

2.796  (-29.00) 

2.854  (-27.53) 

4 

5.594 

5.746  (+2.72) 

5.794  (+2.77) 

5 

5.750 

5.789  (+0.68) 

5.814  (+1.11) 

6 

9.188 

7.224  (-21.38) 

7.311  (-20.43) 

Table  2  Experimental  Natural  Frequencies  and  Damping  Ratios 


Mode 

Number 

Frequency 

(Hz) 

Damping  Ratio 
(%) 

1 

2.125 

1.44 

2 

2.334 

1.13 

3 

3.938 

0.33 

4 

5.594 

1.29 

5 

5.750 

1.20 

6 

9.188 

0.24 
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Fig.  1  The  test  structure  (Aluminum  6061-T6)  Fig.  2  Finite  element  model 


Fig.  3  First  x-z  bending,  2.184  Hz  Fig.  4  First  y-z  bending,  2.225  Hz 


Fig.  5  First  z  torsion,  2.796  Hz  Fig.  6  Second  x-z  bending,  5.746  Hz 


Fig.  7  Second  y-z  bending,  5.789  Hz  Fig.  8  Second  z  torsion,  7.224  Hz 
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DEVELOPMENT  OF  A  MAGNETIC 
SUSPENSION  SYSTEM  FOR  RELIABLE 
VIBRATION  DAMPING  MEASUREMENT 

Dantam  K.  Rao^ 

Mechanical  Technology,  Inc. 

Latham,  NY 

ABSTRACT 

The  damping  properties  of  viscoelastic  polymeric  materials,  as  measured  by  dif¬ 
ferent  organizations  and  test  techniques,  often  differ  considerably.  Sources  for  the 
discrepancy  include  parasitic  energy  dissipation  at  clamped  supports  of  sandwich 
beam  configurations,  as  well  as  imperfect  simtdation  of  a  perfect  clamped  end  condi¬ 
tion.  This  uncertainty  can  be  eliminated  by  magnetically  suspending  the  test  beam 
in  a  free  configuration,  without  mechanical  contact  for  pickup  or  excitation. 

This  paper  will  describe  an  approach  to  develop  a  proof-of-principle  magnetic 
suspension  system  to  levitate  a  typical  test  beam.  The  magnetic  suspension  system 
consists  of  an  attraction  electromagnet  whose  stiffness  is  controlled  by  closed  loop 
feedback  system. 

Controllable  stiffness  of  magnetic  suspension  will  help  eliminate  measiurement 
discrepancies  attributable  to  the  use  of  different  fixtures  by  different  organizations 
to  clamp  sandwich  beams. 


FULL  PAPER  NOT  AVAILABLE  FOR 
PUBLICATION 
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VEM  CHARACTERIZATION  PROGRAM 


Bryce  L.  Fowler* 
CSA  Engineering,  Inc. 
Palo  Alto,  California 


ABSTRACT 

The  development  and  use  of  an  interactive  computer  program  for  the  characteriza¬ 
tion  of  complex  modulus  data  is  described.  The  program  uses  the  collocation  process 
which  accurately  fits  the  real  part  of  the  complex  modulus  data  and  then  uses  the 
lack  of  fit  of  the  loss  factor  to  adjust  the  temperature  shift  function.  This  iterative 
method,  which  has  converged  when  both  the  real  modulus  and  the  loss  factor  are 
fit  simultaneously  (the  real  directly  and  the  loss  factor  indirectly),  yields  the  most 
accurate  estimate  of  the  temperature  shift  function  possible. 


*CSA  Engineering,  560  San  Antonio  Hoad,  Suite  101,  Palo  Alto,  CA  94306-4682,  (415)  494-7351 
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1.  Introduction 

Successful  design  of  passive  damping  treatments  using  viscoelastic  materials  (VEM’s) 
such  as  elastomers  depends  upon  several  factors.  One  important  factor  is  accurate 
knowledge  of  the  sensitivity  of  VEM  properties  to  variations  in  temperature  and  fre¬ 
quency.  Since  it  is  impossible  to  test  a  viscoelastic  material  at  every  combination  of 
temperature  and  frequency,  the  material  is  tested  at  discrete  temperatures  and  fre¬ 
quencies  and  a  mathematical  relationship  is  developed  that  characterizes  the  material 
at  all  other  combinations  of  temperature  and  frequency.  This  process  is  referred  to 
as  characterization. 

The  equations  used  in  characterization  are  parametric  in  nature.  They  are  easily 
represented  on  computers.  The  difficulty  lies  in  correctly  choosing  the  equation  pa¬ 
rameters  so  that  they  accurately  represent  the  VEM’s.  Interactive  computer  graphics 
have  greatly  improved  the  process  of  choosing  and  adjusting  the  correct  parametric 
values. 

This  paper  describes  a  recently  developed  computer  program  which  implernents 
the  Collocation  process  [1]  to  accurately  characterize  viscoelastic  materials. 


2.  VEMINT  MAC 

VEMINT  MAC  is  a  computer  program  developed  to  run  on  Apple  Macintosh  II 
computers.  It  fully  utilizes  the  Macintosh  windowing  environment  to  allow  point- 
and-click  manipulation  of  complex  modulus  data.  VEMINT  MAC  incorporates  new 
characterization  models  as  well  as  many  of  the  models  used  in  the  past. 

Five  analytical  representations  of  the  temperature  shift  function  (TSF,  or  qx )  are 
available.  They  are 

1.  Spline  fit  of  slope 

2.  WLF  equation 

3.  log(aT)  is  an  exponential 

4.  d(log(aT)) /dT  is  quadratic  in  l/T 

5.  Arrhenius  equation 

The  “Spline  fit  of  slope”  model  is  discussed  later  in  more  detail.  VEMINT  MAC 
also  has  the  capability  to  use  the  historical,  discretized  (tabulated  for  each  experi¬ 
mental  temperature)  representation  of  ot- 
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Figure  1.  VEMINT  MAC  data  window 
Seven  complex  modulus  equations  are  available  in  VEMINT  MAC.  They  are 


1.  Ratio  of  factored  polynomials 

2.  Rogers  empirical 

3.  Bagley  fractional 

4.  Huet  fractional 

5.  Capps  polynomial 

6.  Nashif  8  parameter 

7.  Nashif  15  parameter 


Data  and  model  parameters  are  displayed  by  VEMINT  MAC  in  a  spreadsheet-like 
window  in  which  characterization  models  are  chosen  using  popup  menus  (Figure  1). 
VEM  data  is  read  into  VEMINT  MAC  in  the  form  of  ASCII  text  files  with  the  format 
shown  in  Figure  2.  Tab-delimeted  and  English  data  formats  are  also  supported.  The 
data  in  Figure  2  has  already  been  characterized.  New  uncharacterized  data  must  have 
the  same  general  format,  but  only  the  first  four  data  fields  are  necessary,  as  shown  in 
Figure  3. 
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Figure  2.  VEM  data  previously  characterized 

The  Macintosh  windowing  interface  is  fully  utilized  to  allow  the  user  to  simulta¬ 
neously  display  multiple  plots  and  data  side-by-side.  Erroneous  points,  as  might  be 
observed  in  the  Wicket  or  the  reduced  frequency  plots,  may  be  double-clicked  on  and 
their  corresponding  values  are  displayed  in  the  data  window. 

The  Collocation  method  is  used  to  characterize  all  new  data.  The  method  uses 
the  “Spline  fit  of  slope”  temperature  shift  model  in  conjunction  with  the  “Ratio 
of  factored  polynomials”  complex  modulus  model.  This  is  described  in  more  detail 
below. 

Once  characterized,  hardcopy  of  plots,  such  as  the  International  and  Wicket  plots, 
as  well  as  numerical  data  may  be  laser  printed.  VEMINT  MAC  provides  all  the  plots 
and  data  described  in  the  proposed  ISO  standard  [4].  These  are 

1.  An  updated  tabulated  data  file 

2.  Plots  of  log(77)  vs.  log(G*Af  (/)  T"))  in  S.I.  and  English,  (Wicket  plot) 

3.  A  plot  of  \og{aT),d{\og{aT))/dT,  and  apparent  activation  energy  vs.  tempera¬ 
ture 
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Figure  3.  Uncharacterized  VEM  data 
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4.  A  plot  of  log(ar)  vs.  l/temperature 

5.  Plots  of  log  (frequency)  vs.  temperature,  (S.I.  and  English) 

6.  Plots  of  log(G*fl(/,T)),log(G*/(/,r)),  and  log(77)  vS.  temperature,  (S.I.  and 
English) 

7.  Plots  of  \og{T})  vs.  log(G*fl(/,r))  with  constant  temperature  lines  and  an  ex¬ 
perimental  frequency  axis  (Reduced  Wicket  plot)  in  both  S.I.  arid  English 

8.  Plots  of  log(G*fi(/,T)),log(G*/(/,T)),  and  log(77)  vs.  reduced  frequency  with 
constant  temperature  lines  and  an  experimental  frequency  axis  (International 
plot)  in  both  S.I.  and  English 


3.  Temperature  Shift  Function 


Historically,  the  WLF  equation  [2]  has  been  used  to  define  the  TSF.  This,  however,  has 
not  been  able  to  shift  all  viscoelastic  material  data  correctly  outside  the  transition.  A 
new  approach  is  to  use  a  spline  fit  of  the  slope  of  log  ax  for  a  relatively  small  number 
of  temperature  points  (e.g.,  7  points)  to  define  the  TSF.  The  temperature  points  are 
calculated  such  that  the  corresponding  ar  values  are  equally  spaced  on  the  vertical 
log  scale. 

The  Wicket  plot  (Figure  4)  is  used  interactively  to  obtain  values  for  the  maximum 
loss  factor  (77max),  the  rubbery  modulus  asymptote  (Ge),  and  the  glassy  modulus 
asymptote  (Gg).  The  transition  region  is  defined  by  Tycutoffi  which  is  calculated  as 

fi-7?7max- 

The  reference  temperature,  T^ef,  is  obtained  in  two  steps,  first  as  the  average  of 
the  temperatures  defining  the  transition  region,  Trefi  =  (Tcutoff-min  +  Tcutoff_max)/2. 
In  [3]  it  was  shown  that  the  time-dependent  stress-strain  relations  for  a  viscoelastic 
material  in  the  transition  region  is  described  by 


where 


P 

C 


G* ifn)  = 


2 

— axctan 

TT 

GJG, 


W  [(1  -  C^)  +  2  (1  -  C) 

[(1  -  Cf  -  4Ci;Lx] 


(1) 
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Figure  4.  Wicket  plot  used  to  determine  parameters 

Solving  for  oltUr^  gives 

Qr  (^t)  _  ^ 

//io  jfi 

By  fitting  a  quadratic  through  the  data  points  defined  within  the  transition  by 
rj  >  ?7cutoff  an  initial  value  for  the  slope  of  the  log  of  ar  at  Treti  is  calculated.  Next, 
a  quadratic  fit  of  log  77  versus  reduced  temperature,  where  the  reduced  temperature 
is  giyen  by 

.  log(/.xp,//r.f)Te,p, 

is  used  to  calculate  Tref  =  Tred  evaluated  at  r/max-  A  value  of  100  Hz  is  presently  used 
for  /ref.  The  final  reference  slope,  iSref,  is  re-calculated  from  the  quadratic  through 
Equation  2. 

A  plot  of  loga^  versus  T  is  then  displayed,  where  is  calculated  from  the 
“d(log(Q;7’))/dT’  is  quadratic  in  1/T”  equation.  As  shown  in  Figure  5,  the  user  may 
adjust  the  temperature  shift  function  outside  the  transition  by  changing  the  values 
of  d(log(aT))/dT  (designated  as  SAL  and  SAZ)  at  the  endpoints.  Finally,  is 
calculated  as  the  integral  of  the  spline  of  the  slope,  where  the  constant  of  integration 
is  given  by  ar  =  1.0  at  Tref. 


Gg-Gl 


(2) 
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Figure  5.  Adjust  d(log(aT))/dT  endpoints 

The  accuracy  of  the  TSF  parameters  is  checked  by  looking  at  a  plot  of  the  complex 
modulus  data  versus  the  reduced  frequency.  The  spline  knots  may  be  interactively 
adjusted  if  any  isotherm  “shingles”  are  observed  (Figures  6  and  7).  Note,  the  reduced 
frequency  at  each  temperature  knot  is  calculated  as 

fRi  =  OtT  (Tknoti)  /ref  (^) 

where  /ref  here  is  calculated  as  the  geometric  mean  of  the  experimental  frequencies 

log  (/ref)  =  log  /expi^  /«  (5) 


4.  Complex  Modulus 


The  “Flatio  of  factored  polynomials”  model  is  given  by 

N  i  +  efi'l'’* 

GW  =  G.n— 7^ 


where 


(6) 


z  =  j27r/n 

e  =  (G,/G.)''“ 
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Figure  6.  Spline  knots  may  be  interactively  adjusted 


Figure  7.  Reduced  frequency  after  gross  spline  knot  adjustment 
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In  the  present  effort  /3fc  =  0.7  although  values  from  0.5  to  1.0  have  been  used  in 

the  past.  ,  , 

Initial  values  of  u  are  generated  by  first  calculating  logarithmically  even  spaced 
values  between  Gg  and  Gg  with 

Gfiti  = 

Gfit2 
G'fitn  = 


Gee 

GfitiC^ 

Gfitn-ie^ 


A  smoothing  spline  is  fit  to  the  magnitude  complex  modulus  versus  the  reduced 
frequency.  To  ensure  full  coverage  from  rubbery  to  glassy  plateaus,  the  spline  is 
extended  six  decades  below  and  above  the  minimum  and  maximum  experimental 
reduced  frequencies  respectively.  Each  Vi  is  initialized  as  the  reduced  frequency  at 
each  Gati  on  the  spline.  The  n  values  are  then  iteratively  refined  with 


^inew  ^iold  ' 


f 

curve 


to  fit  Equation  6  to  the  magnitude  modulus  spline,  where  /flcurvei  the  reduced 
frequency  for  Equation  6  which  returns  Gati-  The  exponent  C  is  set  less  than  unity  to 
keep  individual  iterative  steps  from  overshooting  the  spline.  A  value  of  0.5  is  presently 

used. 


5.  Collocation 

In  addition  to  the  smoothing  spline  fit  through  the  magnitude  modulus  versus  reduced 
frequency,  a  smoothing  spline  is  also  fit  through  rj  versus  the  reduced  frequency.  This 
is  assumed  to  be  the  best  estimate  of  the  experimental  loss  factor.  Starting  with 
the  TSF  knot  closest  to  the  reference  temperature  and  alternately  working  out,  the 
corresponding  reduced  frequency  is  calculated  using  Equation  4.  The  equation 

_  c  arctan  (?ycurvei) 
arctan  [rje^pi) 

is  then  used  to  iteratively  adjust  the  TSF  based  on  the  lack  of  fit  of  Equation  6.  (Note, 
within  the  program,  S'newi  is  constrained  to  be  within  a  user-defined  percentage  of 

‘S'oidiO 

This  is  in  contrast  to  [1]  where  the  Wicket  plot  was  used  to  make  the  comparison 
between  and  The  change  to  using  rj  versus  reduced  frequency  alleviates 
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Figure  8.  Loss  factor  divergence  at  xq 

possible  problems  encountered  with  numerical  ill  conditioning  outside  the  transition 
where  the  slope  of  the  Wicket  typically  gets  steep.  The  plot  of  rj  versus  reduced 
frequency  is  easily  extended  to  allow  the  interactive  adjustment  of  the  TSF  knots 
directly  on  the  computer  screen  as  seen  in  Figures  6  and  7. 

After  all  the  TSF  knots  have  been  adjusted,  the  smoothing  splines  are  re-fit  for 
both  the  magnitude  modulus  and  the  loss  factor  to  the  new  reduced  frequency  and 
Equations  7  and  8  are  repeated.  The  process  stops  when  S„ew  is  within  1%  of  5oid 
for  every  knot,  or  when  a  user  specified  number  of  iterations  have  taken  place. 


6.  Observations 

The  need  for  good  characterization  has  always  been  present.  With  advances  in  damp¬ 
ing  design  tools  the  need  has  become  even  more  critical. 

The  program  VEMINT  MAC  has  gone  a  long  way  toward  more  accurate  charac¬ 
terization  of  VEMs;  however,  numerical  difficulties  still  exist.  It  has  been  observed 
that  outside  the  transition,  rycurve  and  r^exp  may  begin  to  diverge  at  some  reduced 
frequency.  This  may  be  especially  true  when  coverage  of  experimental  frequency  is 
limited  (Figure  10).  A  correction  can  be  applied  to  the  r^s  that  does  not  change  the 
modulus  appreciably  but  does  correctly  adjust  the  loss  factor  and  is  the  subject  of 
further  study. 
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VEMINT  MAC,  provides  a  great  increase  in  the  speed  and  accuracy  with  which 
damping  material  characterizations  may  be  processed.  The  materials  user  may  quickly 
find  particular  data  points  and  set  initial  parameter  values  using  the  graphical  inter¬ 
face. 

The  use  of  the  Collocation  method  effectively  allows  the  data  to  define  the  TSF, 
thus  precluding  possible  errors  due  to  operator  bias.  Numerical  instabilities  still  need 
to  be  addressed,  however. 
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ABSTRACT 

Measurements  of  the  damping  properties  of  materials  continues  to  be  a  major 
effort  at  Anatrol  to  provide  the  basis  for  using  both  the  damping  and  isolation 
technologies.  The  current  library  of  the  damping  properties  at  Anatrol  contains 
over  a  thousand  materials  and  is  being  expanded  on  a  daily  basis.  Those 
materials  have  been  completely  characterized  for  their  damping  properties  and  are 
stored  on  the  computer  in  terms  of : 

Vf  temperature  and  frequency 

*  dynamic  and  static  non-linearities 

creep  and  relaxation  behavior 

aging,  outgassing,  etc. 

The  properties  for  most  of  these  materials  have  been  measured  by  more  than  one 
technique  covering  wide  ranges  of  temperatures  and  frequencies  to  ensure  their 
accuracies  and  to  arrive  at  the  appropriate  shift  factor  reducing  the  data. 

This  paper  will  give  examples  of  the  properties  for  various  families  of  materials 
currently  on  the  data  base  and  how  they  can  be  accessed  by  various  users  working 
in  the  damping  and  isolation  areas. 


Anatrol  Corporation,  10895  Indeco  Drive,  Cincinnati,  Ohio,  45241 
Tel:  (513)  793-8844 
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I .  INTRODUCTION 

Reducing  noise  and  vibration  levels  in  various  products  has  been  receiving  more 
and  morf  attention  in  recent  years.  This  increased  level  of  awareness  has  been 
caused  not  only  by  the  need, to  build  better,  more  efficient  items,  but  also 
because  products  with  low  noise  and  vibrational  response  are  now  being  perceived 
as  having  better  quality.  Products  with  low  noise  and  vibrational 
characteristics  can  be  designed  by  implementing  both  passive  and  active  control 
systems.  The  approach  for  passive  control  systems  consists  of  mai^nly  using 
structural  modifications,  damping,  and  isolation.  Before  either  the  damping 
and/or  the  isolation  technologies  can  be  properly  utilized,  however  a  good 
knowledge  of  the  dynamic  behavior  of  the  materials  as  functions  of  different 
environments  needs  to  be  known.  Without  such  properties  on  hand  it  becomes  very 
difficult  to  perform  the  analysis  and  optimize  the  design  for  a  given  system. 


Available  information  on  the  properties  of  materials,  either  from  manufacturers 
or  in  the  open  literature,  is  limited,  has  considerable  scatter,  and  covers  only 
some  environmental  ranges.  To  overcome  these  limitations,  Anatrol  has  underta  en 
the  task  of  measuring  and  evaluating  the  dynamic  properties  of  materials  un  er 
various  conditions.  This  information  has  been  gathered  to  establish  an  extensive 
data  base  used  to  assist  in  the  design  and  implementation  of  passive  contro 
systems.  Over  the  past  fourteen  years,  measurements  have  been  made  on  several 
thousand  different  materials  including  structural  adhesives,  PSA's,  plastics, 
enamels,  rubber  materials,  foams,  and  composites. 


The  various  techniques  that  have  been  used  to  measure  the  dynamic  properties  of 
materials  at  Anatrol,  include  those  that  are  in  the  frequency  domain,  such  as  the 
impedance  and  beam  techniques,  and  those  that  are  in  the  time  domain,  such  as  the 
relaxation  and  creep  techniques.  From  those  measurements  the  properties  of  the 
specific  material  of  interest  is  then  generated  in  terms  of  temperature, 
frequency,  static  non-linearity,  dynamic  non-linearity,  and  time  under  oa  . 
Those  properties  are  then  curve  fitted  with  analytical  expressions  and  stored  on 
the  computer  as  analytical  functions  along  with  other  information,  such  as  their 
form  of  availability,  resistance  to  solvents,  outgassing,  aging  effects,  and  so 

on. 


The  purpose  of  this  paper  is  to  describe  the  current  data  base  that  is  now 
available  at  Anatrol,  and  how  it  can  be  accessed  by  users  to  design  various 
passive  control  systems.  Specific  details  regarding  the  measurement  techniques, 
presentation  of  the  data,  and  the  curve  fitting  analysis  can  be  found  in 
Reference  [1]. 


II.  MEASUREMENT  TECHNIQUES 

Different  measurement  techniques  are  needed  to  evaluate  the  dynamic  properties 
of  materials  because  such  properties  vary  greatly  with  the  differen 
environments,  and  currently  there  is  no  one  technique  that  is  capable  of  covering 
such  extreme  ranges.  Another  important  reason  for  generating  the  data  by  more 
than  one  technique  is  to  cover  wide  temperature  and  frequency  ranges  for  the 
measurements  to  establish  confidence  in  using  the  temperature -frequency 
superposition  principle.  Without  having  measured  the  data  over  such  wide 
temperature  and  frequency  ranges  and  verified  the  accuracy  of  the  shift  factor, 
the  use  of  the  temperature -frequency  superposition  principle  is  likely  o  e 
questioned.  Anatrol  has  put  forth  the  extra  effort  to  make  the  measurements  by 
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several  techniques  and  over  wide  temperature  and  frequency  ranges  to  establish 
good  confidence  in  the  data  base. 

The  various  techniques  that  have  been  primarily  used  to  generate  the  material 
properties  in  the  data  base  include,  the  beam  technique,  the  impedance  technique, 
and  the  relaxation  and  creep  techniques.  Both  the  beam  and  impedance  techniques 
are  used  to  measure  the  dynamic  properties  of  materials  in  the  frequency  domain 
at  different  temperatures  and  dynamic  loading  conditions.  The  creep  and 
relaxation  techniques  are  used  to  measure  the  relaxation  modulus  and  the  creep 
compliance  as  functions  of  time  under  different  loading  conditions. 

11.1  BEAM  TECHNIQUE 

The  beam  technique  is  used  to  measure  the  dynamic  properties  of  materials  in 
either  shear  or  tension/compression  over  wide  temperature  and  frequency  ranges, 
in  the  linear  region  of  the  material  in  terms  of  strain  amplitude.  The  frequency 
range  where  this  technique  is  typically  used  is  between  from  about  50  to  5,000 
Hz.  The  technique  is  based  on  combining  the  material  of  interest  to  a  metal  beam 
and  making  measurements  on  the  composite  system.  By  knowing  the  frequencies  of 
the  various  modes  of  vibration  and  their  damping  values  along  with  the  geometry 
of  the  beam,  the  dynamic  properties  of  the  material  under  test  can  be  computed 
independent  of  the  geometry.  Typical  properties  for  a  material  measured  in  shear 
by  the  beam  technique  are  given  in  Figure  1 . 

1 1. 2  IMPEDANCE  TECHNIQUE 

The  impedance  technique  consists  of  applying  a  known  force  into  a  sample  and 
measuring  the  resultant  displacement.  The  force  and  displacement  signals  and  the 
phase  angle  between  them  are  used  to  compute  the  dynamic  properties  of  the 
materials.  Loading  is  typically  applied  in  either  tension/compression  or  shear, 
depending  on  the  geometry  of  the  sample,  to  generate  either  Young's  modulus  or 
the  shear  modulus.  The  impedance  technique  can  cover  frequency  ranges  from  as 
low  as  10'®  Hz  to  1000  Hz.  It  is  difficult  to  use  the  impedance  technique  at 
higher  frequencies  because  of  fixture  resonances.  Also,  it  is  difficult  to  use 
this  technique  for  may  materials  when  testing  in  the  glassy  region  because  the 
test  specimen  can  approach  the  stiffness  of  the  fixture.  Even  with  such 
limitations  however,  the  material  properties  can  be  generated  over  wide 
temperature  and  frequency  ranges.  Also,  by  using  simple  geometry  and  varying  the 
force,  the  behavior  of  the  material  in  terms  of  loading  (static  or  dynamic)  can 
be  measured. 

Figure  2  represents  the  results  measured  by  the  impedance  technique  in  shear  over 
a  wide  frequency  range  and  at  some  selected  temperatures. 

1 1. 3  RELAXATION  AND  CREEP  TECHNIQUES 

The  relaxation  and  creep  techniques  are  used  to  determine  the  response  of  the 
materials  under  load  as  a  function  of  time.  With  the  relaxation  technique,  a 
fixed  displacement  is  applied  to  the  sample  and  the  resultant  force  is  measured 
as  a  function  of  time.  From  such  a  measurement  the  relaxation  modulus  as  a 
function  of  time  can  be  computed.  On  the  other  hand,  the  creep  technique  is 
based  upon  applying  a  fixed  force  to  the  sample  and  measuring  the  resultant 
displacement  as  a  function  of  time,  which  will  yield  the  creep  compliance  as  a 
function  of  time.  The  relaxation  technique  is  usually  used  for  soft  materials 
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while  the  creep  technique  is  used  for  stiff  materials.  Tension/compression  or 
shear  specimens  could  be  used  with  either  technique . 

Not  only  the  behavior  of  the  material  under  load  as  a  function  of  time  can  be 
determined  from  such  measurements,  but  the  results  can  also  be  used  to  compute 
the  dynamic  properties  of  the  material  at  extremely  low  frequency,  by 
transforming  the  measured  data  from  the  time  domain  into  the  frequency  domain. 

Figure  3  represents  typical  results  for  the  relaxation  modulus  measured  at 
different  temperatures  with  time. 

II. 4  CORRELATION  OF  THE  PROPERTIES 

Figure  4  combines  the  results  of  Figure  1  and  2  together.  It  can  be  seen 
that  good  correlation  has  been  achieved  between  the  two  techniques  even  though 
those  measured  by  the  impedance  technique  are  for  low  frequencies,  while  those 
for  the  beam  technique  are  for  high  frequency.  This  kind  of  correlation  gives 
confidence  in  the  shift  factor  used  to  collapse  all  the  data.  Figure  4  is  curve 
fitted  with  analytical  expressions  which  are  then  stored  on  the  computer  for 
later  use. 


The  correlation  of  the  measured  results  by  the  impedance,  beam,  and  relaxation 
techniques  is  shown  in  Figure  5  for  several  samples.  The  agreement  between  the 
various  techniques  illustrates  that  each  technique  is  being  well  used  within  its 
limitation  and  no  erroneous  data  is  generated. 

III.  DESCRIPTION  OF  THE  DATA  BASE 

III.l  MEASDREMENT  CONDITIONS 

All  materials  in  the  data  base  are  measured  either  in  tension/compression  to 
generate  the  properties  in  extension  (Young's  modulus  and  loss  factor)  and/or  in 
shear  to  generate  the  properties  in  shear  (shear  modulus  and  loss  factor).  If 
the  properties  are  measured  in  both  states  of  stress,  then  Poisson's  ratio  can 
be  computed.  If  the  properties  are  measured  in  one  state  of  stress  only,  and  the 
material  has  a  rubber-like  behavior,  then  Poisson’s  ratio  can  be  assumed  to  be 
almost  0.5  and  the  properties  in  the  other  state  of  stress  can  be  computed. 
Figure  6  represents  the  properties  for  the  material  of  Figure  4  but  for  both 
states  of  stress. 


All  materials  in  the  database  are  measured  over  wide  temperature  and  frequency 
ranges  to  enable  curve  fitting  of  the  data  with  analytical  expressions  as  shown 
in  Figure  4.  Such  analytical  expressions  are  then  stored  on  the  computer  for 
later  analysis  or  literature  search  as  necessary.  In  the  following  Figures,  the 
analytical  expressions  are  used  to  describe  the  material  properties  in  terms  of 
temperature  for  some  discrete  frequencies.  Other  frequencies  could  be  generated 
from  the  stored  curve  fitted  data  as  necessary. 

In  addition  to  the  above  conditions,  many  of  the  materials  in  the  data  base  are 
also  measured  in  terms  of  static  non-linearity,  dynamic  non-linearity,  aging, 
exposure  to  high  temperatures,  and  exposure  to  fuel  and  oil,  and  others.  Figures 
7  through  10  represents  the  effects  of  such  environments  on  the  measured 
properties . 
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1 1 1. 2  TYPES  OF  MATERIALS 


Although  it  is  difficult  to  classify  all  the  materials  in  the  data  base,  some 
classifications  could  be  used  as  follows. 

ELASTOMERS 

This  heading  includes  all  materials  with  rubber-like  behavior  at  room 
temperature.  Specifically,  such  materials  include  the  silicones,  natural 
rubbers,  vitons,  butyls,  nitriles,  ABS,  and  so  on.  Figure  11  through  14 
illustrate  the  properties  of  some  of  the  materials  in  this  category.  Such 
materials  are  used  in  various  isolation  systems,  tuned  dampers,  and  some 
constrained  and  unconstrained  layer  damping  treatments . 

PRESSURE  SENSITIVE  ADHESIVES 

Pressure  sensitive  adhesives  are  widely  used  as  the  damping  materials  in 
constrained  layer  damping  treatments.  Such  materials  could  be  of  the  acrylic, 
silicone  or  rubber  base  type.  Figure  15  and  16  give  the  properties  of  some  of 
these  materials. 

PLASTICS 


Many  plastics  are  used  as  structural  materials  and  as  damping  materials  at  high 
temperatures.  Those  materials  could  include  the  various  vinyls,  styrenes,  PMMA, 
PEEK,  PVC,  polypropylenes,  polysul phone s ,  nylons,  and  so  on.  Figure  17  and  18 
contain  the  properties  of  some  of  the  plastics  from  the  data  base. 

FOAMS 


Foams  can  be  made  from  several  materials  such  as  acrylics,  polyurethanes, 
silicones,  etc.  and  therefore,  can  have  varying  properties,  as  shown  in  Figures 
19  and  20. 

SPRAYABLE  MATERIALS 

Materials  in  this  category  include  those  that  could  be  sprayed  on  the  structure, 
for  ease  of  application.  The  use  of  such  materials  is  to  provide  extensional 
damping  Over  wide  frequency  ranges.  Figures  21  and  22  illustrate  the  dynamic 
properties  of  only  two  of  the  materials. 

AUTOMOTIVE  BODY  PANEL  MATERIALS 


The  materials  under  this  heading,  which  are  called  "Mastics",  are  usually  applied 
to  automotive  body  panels  to  provide  damping.  The  materials  can  be  either  of  the 
heat  bondable  type  or  the  type  that  requires  a  pressure  sensitive  adhesive  for 
application.  These  materials  have  good  damping  properties  around  room 
temperature  as  shown  in  Figures  23  and  24. 

DAMPED  LAMINATES 

Laminates  are  now  being  used  in  various  sheet  metal  applications  in  the 
automotive,  aircraft,  and  appliance  industries  to  provide  high  damping.  Because 
such  materials  are  sold  in  the  laminate  form  (two  layers  of  metal  sandwiching  a 
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very  thin  layer  of  damping  material),  the  properties  are  given  in  Figure  25,  in 
terms  of  the  composite  properties  for  the  indicated  configuration. 


PRFSSTTBF.  SENSITIVE  FOAM  TAPES 

Pressure  sensitive  foam  tapes  have  been  used  as  damping  materials  in  constrained 
layer  surface  damping  treatments  and  in  damping  link  configurations.  These 
materials  are  generally  acrylic,  rubber,  or  urethane  based,  and  are  generally 
available  in  thicknesses  on  the  order  of  1mm  thick.  Figures  ,  26  and  27  give 
sample  properties  of  several  of  these  materials. 


COMMERCIAL  FOIL  BACK  TAPES 

These  products  are  often  utilized  as  off-the-shelf  constrained  layer  damping 
systems  They  combine  acrylic  or  rubber  based  pressure  sensitive  adhesives,  with 
an  aluminum  constraining  layer.  These  products  are  commonly  utilized  by  the 
aircraft  industry  in  fuselage  skin  damping  applications.  Figure  28  describes  the 
damping  performance  of  several  foil  back  tape  systems • 


POLYMERIC  STIFFENERS 

These  products  are  designed  to  provide  reinforcement  to  automotive  body  panels . 
They  generally  consist  of  a  thermosetting,  resin  impregnated,  glass  fiber 
reinforced  sheet  stock,  which  is  cured  after  application.  Figures  29  and  s  ow 
sample  properties. 

AIRCRAFT  FUEL  TANK  SEALANTS 

These  materials  generally  consist  of  two  parts,  room  temperature  curing 
polysulphide,  and  elastomers.  They  are  resistant  to  jet  aviation  fuels, 
hydraulic  oils,  salt  water,  and  to  some  dilute  acids.  Figure  31  demonstrates 
properties  for  one  of  those  materials. 


ENAMELS 

Enamels  are  used  not  only  as  protective  and  decorative  coatings,  but  also  as 
damping  materials  at  high  temperatures.  This  is  because  such  materials  exhibit 
good  damping  capabilities  within  their  softening  region  before  the  meltdown. 
Enamels  are  typically  used  in  a  free -layer  damping  treatment  and  therefore  the 
dynamic  properties  are  usually  measured  in  tension/compression  and  over  wide 
temperatures  and  frequencies.  Different  materials  have  been  identified  to  cover 
ranges  up  to  2000°F,  and  Figures  32  and  33  represent  the  properties  of  two  such 
materials. 


STRUCTURAT.  ADHESIVES  (EPOXIES) 

The  dynamic  properties  of  epoxies  and/or  structural  adhesives  have  been  evaluated 
for  better  understanding  of  their  use.  As  a  result  of  this  evaluation  a  number 
of  structural  adhesives  have  been  found  to  have  good  damping  properties  in 
addition  to  their  high  modulus,  as  can  be  seen  in  Figures  34  and  35. 
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Ill, 6  COMPOSITES 


The  data  base  includes  both  metal  matrix  composites  and  resin  reinforced 
composites.  Those  composites  are  usually  measured  assuming  they  are  homogeneous 
materials,  and  such  properties  are  shown  in  Figures  33  and  37, 

IV.  ACCESS  OF  THE  DATA  BASE 

The  data  base  at  Anatrol  can  be  accessed  in  two  ways.  The  first  is  for  Anatrol 
to  perform  a  literature  search  for  the  customer  on  a  job-by-job  basis.  This 
search  will  be  based  on  the  customer  specifying  to  Anatrol,  the  material 
properties  of  interest,  and  the  environmental  factors  to  be  considered  in  the 
search.  The  second  is  for  Anatrol  to  install  parts,  or  all  of  the  data  base  on 
the  customer's  computer.  For  either  case,  Anatrol  will  discuss  the  specific 
requirements  and  scope  of  this  service  with  the  customer  and  quote  it 
accordingly. 
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Figure  5 : 


Reduced  Frequency  Nomogram  for  a  Typical  Material 
Using  Various  Measurement  Techniques 
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Variation  of  Material  Properties  with  Strain 
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[Library  #380  -  Silicone] 
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Variation  of  Material  Properties  with  Static 
Preload  and  Temperature  for  700  Hz 
[Library  #241  -  Rubber  Compound] 
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Figure  19:  Variation  of  the  Dynamic  Material  Properties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #717  -  Foam] 
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Figure  20:  Variation  of  the  Dynamic  Material  Properties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #674  -  Foam] 
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Figure  23:  Variation  of  the  Dynamic  Material  Properties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #279  -  Commercial  Add-On  Surface  Treatment] 
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Figure  24:  Variation  of  the  Dynamic  Material  Properties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #278  -  Commercial  Add-On  Surface  Treatment] 
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Figure  29:  Variation  of  the  dynamic  Material  Propefties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #749  -  Polymeric  Reinforcement  System] 
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Figure  30:  Variation  of  the  J^maralc  Material  Properties  with 

Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #616  -  Polymeric  Reinforcement  System] 
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Variation  of  the  Dynamic  Material  Properties  with 
Temperature  of  the  Indicated  Constant  Frequencies 
[Library  #284  -  2  Part  Structure  Adhesive] 
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Figure  35: 
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Variation  of  the  Dynamic  Material  Properties  with 
Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #330  -  Structural  Adhesive  Film] 
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Variation  of  the  Dynamic  Material  Properties  with 
Temperature  for  the  Indicated  Constant  Frequencies 
[Library  #488  -  PPS  Plastic  Composite] 
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ABSTRACT 

The  applicability  of  the  master  curve  technique  for  the  reduction  of  temperature-  and 
frequency-dependent  complex  modulus  data  to  a  set  of  "master"  complex  modulus  curves, 
which  depend  on  only  one  variable,  is  validated  for  a  polyisoprene  rubber  of  shore 
hardness  55.  Using  the  direct  stiffness  method,  complex  Young's  modulus  data  was 
determined  for  a  sample  of  the  material  over  2  narrow  frequency  bands  of  2  octaves 
each  and  a  wide  temperature  range  of  -60C  to  lOOC.  Small  temperature  intervals  of  2C 
at  low  temperatures  rising  to  20C  at  high  temperatures  were  used  in  the  tests.  This 
resulted  in  two  sets  of  "temperature-dominated"  complex  modulus  data  from  which 
smooth,  continuous  master  curves  were  generated  by  the  application  of  the  master  curve 
technique.  The  procedure  was  repeated  for  a  wider  test  frequency  range  of  2  decades, 
the  same  temperature  range  but  larger  temperature  increments  of  IOC  at  low 
temperatures  rising  to  80C  at  high  temperature.  This  resulted  in  a 

"frequency-dominated"  complex  modulus  data  set  from  which  master  curves  were  again 
obtained.  It  is  shown  that  the  master  curves  obtained  from  the  three  data  sets  correlate 
quite  well. 
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1.  INTRODUCTION 


The  master  curve  technique  is  a  well  known  tool  for  the  reduction  of  temperature-  and 
frequency-dependent  complex  modulus  data  to  a  set  of  master  curves  of  modulus  and 
loss  factor  which  depend  on  a  single  variable  called  the  reduced  frequency  or  reduced 
temperature  [1-3].  The  technique,  which  is  also  called  the  method  of  reduced  variables 
or  the  temperature-frequency  superposition  principle,  exploits  the  inverse  relationship  of 
the  dependence  of  complex  modulus  properties  on  temperature  and  frequency  to  produce 
a  dependence  of  these  properties  on  a  single  parameter,  the  reduced  frequency  or  the 
reduced  temperature,  which  combines  the  separate  effects  of  frequency  and  temperature. 
Thus  complex  modulus  data  obtained  over  narrow  frequency  ranges  and  a  wide 
temperature  range,  using  a  single  test  method,  are  reduced  to  sets  of  single  curves  of 

modulus  and  loss  factor  which  cover  several  decades  of  frequency  at  a  specified  reference 
temperature.  Similarly,  using  an  appropriate  test  method  or  a  combination  of  test 

methods,  complex  modulus  data  can  be  obtained  over  a  wide  frequency  range  and  a 
small  temperature-range  or  even  at  constant  temperature.  From  this  data,  master  curves 
can  be  again  obtained.  If,  for  the  material  under  consideration,  the- 

temperature -frequency  superposition  principle  is  applicable  then  the  two  sets  of  master 

curves  will  be  identical. 

The  use  of  the  master  curve  technique  started  on  an  empirical  basis.  Subsequently, 
theoretical  models  were  developed  to  correlate  some  of  the  experimental  observations  [1]. 
However,  the  development  and  application  of  the  technique  has  tended  to  be  more 

empirically  orientated.  The  shift  function,  which  is  used  for  the  data  reduction  process, 
was  for  a  long  time  based  on  the  William-Landel-Ferry  (WLF)  equation.  Other  forms 
of  shift  functions  based  on  the  Arrhenius  model,  statistical  method  and  iterative  approach 
are  now  in  use  [3,  4].  It  is  generally  agreed  that  satisfactory  data  reduction  depends  on 
the  use  of  an  appropriate  shift  function. 

Whenever  the  method  of  reduced  variables  is  applied,  one  is  confronted  by  the  question 
of  the  uniqueness  and  validity  of  the  generated  master  curves.  Thus,  it  is  often 
desirable  to  employ  other  means  to  validate  the  master  curves  produced.  The  most 
direct  method  of  validation  is  to  measure  the  complex  modulus  properties  at  a  single 
temperature,  e.g.  room  temperature,  and  over  a  very  wide  frequency  range  using  a 
variety  of  test  methods  such  as  stress  relaxation,  direct  stiffness,  resonance  and  ultrasonic 
methods.  However,  this  is  not  usually  possible  as  one  is  often  restricted  by  resources,  to 
the  use  of  one  test  method.  Hence,  a  different  approach  is  required. 

The  approach  used  in  the  present  work  for  validating  the  master  curve  technique  is 
based  on  an  experimental  application  of  a  result  of  the  temperature-frequency 
superposition  or  equivalence  principle.  If  the  principle  holds  for  a  given  viscoelastic 
material,  then  the  master  curves  produced  from  complex  modulus  data  obtained  at 
constant  frequency  and  varying  temperature  should  be  identical  to  the  master  curves 
generated  from  complex  modulus  data  obtained  at  constant  temperature  and  varying 
frequency.  The  constant  frequency  data  sets  are  said  to  be  "temperature-dominated" 
while  the  constant  temperature  data  sets  are  said  to  be  "frequency-dominated".  Relaxing 
these  two  extreme  test  conditions  to  become  (i)  narrow  frequency  band  and  many 
temperature  steps,  and  (ii)  wide  frequency  band  and  few  temperature  steps,  the  sets  of 
complex  modulus  that  will  be  obtained  will  still  be  relatively  "temperature-dominated" 
and  "frequency-dominated"  respectively.  It  is  shown  that  for  the  polyisoprene  rubber 
investigated,  the  master  curves  of  complex  Young's  modulus  obtained  from  the 
temperature-dominated  and  frequency-dominated  data  sets  are  quite  similar.  The 
o-ofrimental  test  method  employed  is  the  direct  stiffness  technique. 
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2. 


EXPERIMENTAL  DETERMINATION  OF  COMPLEX  YOUNG'S  MODULUS 


2.1  Direct  Stiffness  Test  Method 

The  direct  stiffness  method,  which  is  a  forced  vibration,  non-resonance  technique  for  the 
determination  of  the  complex  Young's  or  shear  modulus  of  polymeric  materials  [5-7], 
was  used  to  determine  the  complex  Young's  modulus  of  the  polyisoprene  rubber 
investigated.  Two  samples  of  the  material  of  30  mm  diameter  by  5  mm  and  30  mm 
thick  were  prepared  and  bonded  to  metal  discs.  Each  sample  assembly  was  placed  in 
turn,  between  the  vibration  table  of  an  electrodynamic  exciter  and  a  rigid  termination  of 
theoretically  infinite  impedance  as  shown  in  Figure  1  which  also  shows  the  associated 
measurement  and  control  instrumentation  for  the  experimental  tests.  The  end  of  the 
sample  connected  to  the  exciter  was  subjected  to  controlled  sinusoidal  displacement 
excitations  of  the  form  x(t)  =  Xej“t.  The  ratio  of  the  output  force^f(t)  =  F*eJ“t  to  the 
input  displacement  gave  the  complex  dynamic  axial  stiffness  k  at  the  excitation 
frequency  co.  The  magnitude  k,  phase  (loss)  angle  6,  and  loss  factor  ij  are  related  to 
k*  by 

k  -  |k*|  ■=  |f*/x| 

0  »  k*  =  (F*/X)  (1) 

Tj  “  tan  ^ 

Thus,  the  complex  dynamic  axial  stiffness  of  the  sample  can  be  represented  as 

k*  -  k*  +  jk"  =  k'(l  +  jT,)  (2) 

k  -  |k*|  =“  k'  (1  +  ri^)i 

2.2  Derivation  of  Complex  Young's  Modulus 

Due  to  the  restraints  imposed  on  the  bonded  ends  of  a  sample,  subjected  to 
tension-compression  deformation,  multiplying  the  complex  stiffness  k  by  the  factor  L/A, 
where  L  is  length  and  A  is  cross-sectional  area  of  a  prismatic  sample  gives  an  apparent 
complex  Young's  modulus,  E^.  The  true  and  apparent  magnitudes  E  and  E^  of  the 
true  and  apparent  complex  Young's  moduli  are  related  by  [2,8] 


Ea  “  E(1  +  /3S2)  ;  “  kL/A  (3) 

where  (3  is  a  numerical  constant  which  has  values  of  1.5  ^  /3  ^  2.0  that  depend  on  the 
filler  content  of  the  elastomer,  and  S  is  a  shape  factor  defined  as, 

S  -  D/4L  (4) 

for  a  solid  cylindrical  element  of  diameter  D  and  length  L. 

Thus,  the  true  complex  Young's  modulus  E*  is  related  to  the  measured  complex 
exteiisional  stiffness  k*  by 


E*  -  E*/(l  +  /3S2)  -  k*L/(l  +  |3S2)A 


(5) 
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where 


E  = 


=  kL/(l  +  BS2)A 


(6) 


3.  COMPLEX  YOUNG'S  MODULUS  DATA  AND  MASTER  CURVES. 

Using  the  procedures  described  above,  the  complex  Young's  modulus  of  the  polyisoprene 
rubber  was  determined  under  three  test  frequency  conditions,  namely; 

(1)  Narrow  band,  low  frequency  tests  (10  to  40  Hz) 

(2)  Narrow  band,  intermediate  frequency  tests  (100  to  400  Hz) 

(3)  Wide  frequency  band  tests  (10  to  1000  Hz) 

The  complex  Young's  modulus  data  obtained  under  these  test  conditions  and  the  resultant 
master  curves  are  described  in  the  following.  In  reducing  the  data  to  master  curves,  the 
modulus  data  was  firstly  shifted  vertically  using  the  relation 

Er  -  (Ti./T)E  (7) 

where  E  is  the  Young's  modulus  at  experimental  temperature  T,  Ej-  is  the  reduced 
Young's  modulus  at  the  reference  temperature  Tj.,  and  density  variations  are  assumed  to 
be  negligible.  The  shift  factors  used  were  of  the  general  form 

logaT  —  ^(T-Tj.)  (8) 

where  the  forms  of  the  function  tp  were  determined  directly  from  the  measured  data. 


3.1  Narrow  Band,  Low  Frequency  Data 

For  the  narrow  band,  low  frequency  tests,  the  experimental  frequency  was  from  10  to 
40  Hz,  that  is  2  octaves,  while  the  temperature  range  was  from  -60C  to  lOOC.  The 
temperature  steps  were  2C  between  “60C  and  — 30C,  about  3C  between  — 30C  and  —IOC, 
IOC  between  -IOC  and  20C,  and  20C  for  test  temperatures  between  20C  and  lOOC. 
This  resulted  in  30  test  temperatures.  The  number  of  frequency  points  was  6  per  data 
set.  Thus,  the  total  number  of  Young's  modulus  and  loss  factor  pairs  of  data  obtained 
was  180  as  shown  in  Table  1.  These  data  sets  are  certainly  "temperature-dominated". 
Figure  2  shows  the  wicket  plot  of  log  (loss  factor)  versus  log  (modulus)  for  the  data. 
The  low  temperature  (below  -50C)  data  seems  to  be  subject  to  relatively  higher  random 
errors  whereas  the  high  temperature  data  (above  20C)  seems  to  be  affected  by  some 
systematic  effects.  Using  the  master  curve  technique,  in  its  general  empirical  form, 
master  curves  of  Young's  modulus  and  loss  factor  were  produced  from  this  data  at  a 
reference  temperature  of  -40C.  The  shift  function  used  for  the  data  reduction  process  is 
shown  in  Figure  3.  It  was  estimated  numerically  from  the  data  using  a  computerized 
data  shifting  process.  The  resultant  master  curves  are  shown  in  Figure  4.  It  can  be 
seen  that  the  data  scatter  is  low  but  it  is  significant  for  the  loss  factor  curve  at  low 
temperatures. 
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3.2  Narrow  Band,  Intermediate  Frequency  Data 

The  test  conditions  for  this  case  are  quite  similar  to  those  of  the  previous  case.  The 
only  difference  is  that  the  frequencies  are  ten  times  higher  than  those  of  the  narrow 
band,  low  frequency  data.  Thus,  the  frequency  range  for  the  narrow  band,  intermediate 
frequency  tests  is  100  to  400  Hz  (2  octaves)  with  unequal  frequency  increments  resulting 
in  a  total  of  6  frequency  points  per  data  set.  The  test  temperatures  and  temperature 
steps  are  excactly  identical  to  those  of  the  previous  case .  Thus ,  1 80  pairs  of 
temperature-dominated  data  were  again  obtained  as  shown  in  Table  2.  The  wicket  plot 
of  the  data  is  shown  in  Figure  5.  It  can  be  seen  that  the  data  scatter  is  generally 
small  being  higher  for  temperatures  greater  than  40C.  By  repeated  data  shifting  process 
a  "best”  estimate  of  the  shift  factor  curve  was  obtained  at  a  reference  temperature  of 
-40C  as  shown  in  Figure  6.  Using  this  curve  the  complex  Young's  modulus  data  was 
reduced  to  master  curves  as  shown  in  Figure  7.  It  can  be  seen  that  the  data  scatter  is 
quite  small  being  relatively  more  pronounced  for  the  loss  factor  data  at  higher 
temperatures. 


3.3  Wide  Frequency  Band  Data 

The  frequency  range  of  the  wide  frequency  band  tests  was  wider  than  the  previous  cases 
being  from  10  to  1000  Hz  (2  decades).  The  frequency  steps  were  about  12  per  decade 
giving  23  frequency  steps  in  total.  The  temperature  range  used  for  the  tests  was  again 
from  -600  to  lOOC  but  the  temperature  steps  were  higher  being  -IOC  at  very  low 
temperatures  and  rising  to  80C  at  high  temperature.  The  number  of  test  temperatures 
used  was  6.  Thus,  the  total  number  of  pairs  of  data  was  138  as  shown  in  Table  3. 
These  data  sets  are  relatively  more  "frequency-dominated”  than  in  the  previous  cases. 
Figure  8  shows  the  wicket  plot  for  these  data  sets.  It  can  be  seen  that  the  data  scatter 
due  to  random  errors  is  small.  However  the  lOOC  data  set  seems  to  be  subjected  to 
some  systematic  errors  as  it  is  somewhat  removed  from  the  general  body  of  data.  By 
means  of  the  master  curve  technique,  the  data  ,v/as  reduced  to  master  curves  of  Young's 
modulus  and  loss  factor  at  a  reference  temperature  of  -400.  The  shift  factor  curve 
used  for  the  data  reduction  is  shown  in  Figure  9.  The  master  curves  obtained  are 
shown  in  Figure  10.  It  can  be  seen  that  random  data  scatter  is  small  but  there  may  be 
some  systematic  errors  with  the  high  temperature  (low  reduced  frequency)  data. 


3.4  Comp.^x^son  of  Master  Curves 

The  three  sets  of  master  curves  of  complex  Young's  modulus  obtained  are  compared  with 
one  another  as  shown  in  Figure  11.  Except  for  some  slight  discrepancies  which  occur  in 
the  loss  factor  master  curves  as  high  reduced  frequencies,  it  can  be  seen  that  the  master 
curves  correlate  reasonably  well  within  the  limits  of  data  measurement  and  processing 
errors.  This  implies  that  whether  temperature-dominated  or  frequency-dominated  data  is 
used,  the  master  curves  generated  will  be  very  similar  and  unique.  Thus,  it  can  be 
concluded  that  the  temperature-frequency  superposition  is  valid  for  the  reduction  of 
temperature-and  frequency-dependent  complex  modulus  data  of  polyisoprene  rubber  to 
master  curves. 
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4.  CONCLUSIONS 


The  master  curve  methodology  is  valid  for  the  reduction  of  complex  modulus-  data  to 
master  curves  provided  the  material  under  consideration  is  thermorheologically  simple.  It 
has  been  demonstrated  that  the  application  of  the  master  curve  technique  for  the 
reduction  of  complex  Young's  modulus  data  of  the  polylsoprene  rubber  investigated  is 
valid.  Thus,  it  can  be  inferred  that  this  material  is  thermorheologically  simple.  When 
it  is  uncertain  whether  a  material  is  thermorheologically  simple,  such  a  validity  test,  as 
demonstrated  in  this  paper,  might  prove  useful. 
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TABLE  2  :  COMPLEX  YOUNG'S  MODULUS  DATA  FOR  POLYISOPRENE  RUBBER 
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FIGURE  1  :  SCHEMATIC  DIAGRAM  OF  DIRECT  COMPLEX  STIFFNESS  TEST  CONFIGURATION 
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FIGURE  2  ;  LOSS  FRCTOR  VS.  MODULUS  (WICKET  PLOT)  FOR  POLYISOPRENE  RUBBER 

CNRRROW  BRND,  LOW  FREQUENCY  DRTR) 
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FIGURE  3  :  SHIFT  FRCTOR  CURVE  FOR  NARROW  BRND,  LOW  FREQUENCY  DRTR 
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FIGURE  5  :  LOSS  FACTOR  VS.  MODULUS  (WICKET  PLOT)  FOR  POLYISOPRENE  RUBBER 

(NARROW  BAND,  INTERMEDIATE  FREQUENCY  DATA) 
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FIGURE  8  i  SHIFT  FRCTOR  CURVE  FOR  NRRROH  BRHD,  INTERMEDIATE  FREQUENCY  DRTR 
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FIGURE  9  :  SHIFT  FRCTOR  CURVE  FOR  WIDE  FREQUENCY  BAND  DflTR 


LOSS  FACTOR  YOUNG'S  MODULUS  (MPa) 


REDUCED  FREQUENCY  (Hz) 


- Narrow  Band,  Low  Frequency  Data 

- Narrow  Band,  Intermediate  Frequency  Data 

- Wide  Frequency  Band  Data 

FIGURE  11  ;  MASTER  CURVES  OF  COMPLEX  YOUNG'S  MODULUS 

FOR  POLYISOPRENE  RUBBER 
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INTEGRATED  OPTIMIZATION  OF  COMPOSITE  STRUCTURES 
FOR  ADVANCED  DAMPED  DYNAMIC  CHARACTERISTICS 


D.  A.  Saravanos^ 

Case  Western  Reserve  University 
and 

C.  C.  Chamis 

NASA-Lewis  Research  Center 


ABSTRACT 

Polymer  matrix  composites  exhibit  significantly  higher  material  damping  compared  to 
most  common  metals.  The  current  paper  summarizes  recent  research  on  the  develop¬ 
ment  of  design  methodologies  for  optimizing  the  damping  and  the  damped  dynamic 
performance  of  composite  structures.  The  optimal  tailoring  involves  multiple  materi¬ 
al/structural  levels,  that  is,  the  micromechanics  level  (fiber/matrix  properties,  fiber  volume 
ratio),  laminate  level  (ply  angles/thicknesses,  stacking  sequence),  and  structural  level 
(structural  geometry  and  shape).  The  dynamic  response  and  the  modal  damping  of  the 
composite  structure  are  simulated  with  finite  element  analysis  based  on  a  special 
composite  element.  A  multi-objective  constrained  optimization  scheme  is  proposed  for 
the  best  handling  of  the  many  competing  design  criteria  involved.  Applications  on  basic 
structural  components  (beams  and  plates)  demonstrate  that  properly  tailored  composite 
structures  can  exhibit  significantly  improved  damped  dynamic  performance. 

Keywords:  damping;  composite  materials;  composite  structures;  optimization;  design; 
dynamic  performance. 


^  Structures  Division,  Lewis  Research  Center,  MS  49-8, 

21000  Brookpark  Rd.,  Cleveland,  OH  44135;  (216)  433-8466. 
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INTRODUCTION 


Fiber  composite  materials  are  widely  used  in  structural  applications  requiring  high 
stiffness-to-weight  and  strength-to-weight  ratios,  as  they  readily  provide  high  specific 
moduli,  high  specific  strengths,  and  tailorable  anisotropic  elastic  properties.  Polymer 
matrix  composites  may  also  exhibit  significantly  higher  damping  compared  to  most 
common  metals.  The  previously  stated  requirements  for  advanced  light-weight  structures 
virtually  restrict  the  use  of  many  traditional  sources  of  passive  damping,  therefore,  the 
option  to  utilize  the  damping  capacity  of  polymer-matrix  composites  appears  very 
attractive.  Reported  research  on  the  damping  of  unidirectional  composites  and  laminates 
[1-6]  has  shown  that  the  damping  of  composites  is  highly-tailorable  and  is  primarily 
controlled  by  constituent  parameters  (fiber/matrix  properties,  fiber  volume  ratio),  and 
laminate  parameters  (ply  angles/thicknesses,  stacking  sequence).  Additional  research 
work  [7]  demonstrated  that  the  modal  damping  of  composite  structures  depends  also  on 
the  structural  geometry  and  deformation  (mode  shapes).  This  work  also  suggested  that 
properly  designed  composite  structures  can  provide  significant  passive  damping,  and  they 
may  further  improve  the  dynamic  performance  and  fatigue  endurance  by  attenuating 
undesirable  elasto-dynamic  phenomena  such  as  structural  resonances,  overshooting,  and 
long  settling  times.  The  previous  studies  have  also  demonstrated  that  any  increase  in 
damping  typically  results  in  decreased  stiffness  and  strength,  therefore,  any  tailoring  of 
the  composite  material  for  optimal  damped  response  will  be  based  on  trade-offs 
between  damping,  stiffness,  and  strength. 

Although  the  optimization  of  composite  structures  for  multiple  design  criteria  including 
damping  appears  to  be  worthwhile  and  its  significance  has  been  acknowledged  [8], 
reported  research  on  the  subject  has  been  mostly  limited  to  the  laminate  level  [9,10]. 
Resent  research  performed  by  the  authors  has  been  focused  on  the  optimal  tailoring  of 
composite  structures  for  optimal  transient  or  forced  dynamic  response  [11-13].  This  work 
is  summarized  herein  and  involves  methodologies  for  the  optimal  design  of  polymer 
matrix  composite  structures.  The  methods  are  equally  applicable  to  structures  subject  in 
steady  or  transient  response,  and  they  further  entail:  (1)  multiple  objectives  to  effectively 
represent  the  array  of  competing  design  requirements;  (2)  capability  for  tailoring  of  the 
basic  composite  materials  and/or  laminate;  (3)  capability  for  concurrent  shape  optimiza¬ 
tion;  and  (4)  design  criteria  based  on  the  global  static  and  dynamic  response  of  the 
composite  structure. 

The  proposed  design  objectives  are  minimization  of  resonance  amplitudes  (or  maximiza¬ 
tion  of  structural  damping),  minimization  of  structural  weight,  and  minimization  of 
material  cost.  Additional  performance  constraints  are  imposed  on  static  deflections, 
dynamic  resonance  amplitudes,  natural  frequencies,  static  ply  stresses,  and  dynamic  ply 
stresses.  The  analysis  involves  unified  composite  mechanics,  which  entail  micromechanics, 
laminate  and  structural  mechanics  theories  for  the  passive  damping  and  other  mechanical 
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properties  of  the  composite.  The  structural  damping  and  the  damped  dynamic  response 
are  simulated  with  finite  element  analysis.  Applications  of  the  methodology  on  the 
optimization  of  a  cantilever  composite  beams  and  a  cantilever  composite  plate  are 
presented.  The  results  quantify  the  importance  of  structural  damping  in  improving  the 
dynamic  performance  of  composite  structures,  and  illustrate  the  effectiveness  of  the 
proposed  design  methodology. 


DAMPED  STRUCTURAL  DYNAMIC  RESPONSE 

To  enable  the  design  of  general  composite  structures,  a  finite  element  discretization  is 
utilized.  In  such  case,  the  dynamic  response  of  a  structure  which  is  excited  by  a  force 
P(t)  is  expressed  by  the  following  system  of  dynamic  equations: 

[Afi{«}+[q{M}+[iq{M}={P(f)}  (1) 


where  {u}  is  the  discretized  displacement  vector.  In  the  case  of  laminated  composite 
structures,  the  stiffness,  damping,  and  mass  matrices,  [K],  [C],  and  [M]  respectively,  are 
synthesized  utilizing  micromechanics,  laminate,  and  structural  mechanics  theories 
representing  the  various  material  and  structural  scales  in  the  composite  structure. 

The  related  theories  for  this  multi-level  simulation  of  structural  composite  damping  are 
described  in  refs.  1,2,  and  7.  Analogous  theories  are  utilized  for  the  synthesis  of  other 
mechanical  properties  [14].  At  the  micromechanics  level,  the  on-axis  damping  capacities 
of  the  basic  composite  material  systems  are  calculated  based  on  constituent  properties, 
material  microstructure,  fiber  volume  ratio  (FVR),  temperature,  and  moisture.  The 
off-axis  damping  capacities  of  the  composite  plies  are  calculated  at  the  laminate  level, 
and  the  local  laminate  damping  matrices  are  predicted  based  on  on-axis  damping  values, 
ply  thicknesses,  and  laminate  configuration.  The  damping  contributions  of  the  interlam¬ 
inar  matrix  layers  due  to  in-plane  interlaminar  shear  are  also  incorporated  [2]. 

The  structural  modal  damping  is  synthesized  by  integrating  the  local  laminate  damping 
contributions  over  the  structural  volume.  The  modal  specific  damping  capacity  (SDC)  of 
the  n-th  vibration  mode  i};„  is: 


where:  A  is  the  structural  area;  and  are  the  dissipated  and  maximum  stored 

laminate  strain  energy  distributions,  respectively,  of  the  n-th  mode  per  unit  area  per 
cycle.  Utilizing  the  finite  element  discretization  scheme  proposed  in  ref.  7,  the  modal 
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SDC  is  related  to  the  element  damping  and  stiffness  matrices,  [CJ  and  [KJ  respective¬ 
ly: 


i[ 

_ 


<3) 


where,  ne/  is  the  total  number  of  elements  and  {u^i„}  the  nodal  displacements  of  the  i-th 
element  corresponding  to  the  n-th  vibration  mode. 

The  dynamic  response  of  the  structure  is  simulated  based  on  modal  superposition.  The 
dynamic  system  in  eq.  (1)  is  transferred  to  thep  x  /?  modal  space  via  the  linear  modal 
transformation  {«}  =  [<Pj{q}.  Assuming  proportional  damping,  then  the  damping  matrix 
is  synthesized  from  the  modal  damping  values.  The  frequency  response  (FRF)  of  the 
structure,  or  the  transient  dynamic  response  is  subsequently  calculated.  Typically  the 
resonance  amplitudes,  or  the  undamped  amplitudes  in  transient  response  of  most  critical 
vibration  modes  are  used  as  performance  measures. 

OPTIMAL  DESIGN 

Originally,  the  optimal  design  of  composite  structures  was  conceived  as  a  single-objective 
constrained  optimization  problem  [11,12].  Although  this  research  deraonstrated  the 
advantages  of  damping  tailoring,  it  indicated  that  the  design  of  composite  structures  for 
optimal  dynamic  performance  is  a  multi-objective  task,  and  may  be  best  accomplished  as 
the  constrained  minimization  of  multiple  Objective  functions.  Increases  in  composite 
damping  may  typically  result  in  stiffness/strength  reductions  and/or  mass  addition,  for  this 
reason,  the  minimization  of  weight  and  material  cost  was  also  included  in  the  objectives. 
The  material  cost  is  a  crucial  factor,  restricting  in  many  cases  the  use  of  composite 
materials.  Moreover,  the  distinction  between  weight  minimization  and  material  cost 
minimization  is  also  stressed,  because  fiber  reinforced  composites  are  nonhomogeneous 
materials  and  the  minimization  of  the  weight  does  not  also  imply  the  minimization  of  the 
material  cost.  Therefore,  the  multi-objective  formulation  is  summarized  herein,  as  the 
more  general  case. 

A  constrained  multi-objective  problem  involving  minimization  of  /  objective  functions  is 
described  in  the  following  mathematical  form: 

min  [Fi(z),F2(z)»  -W) 

subject  to  lower  and  upper  bounds  on  the  design  vector  z  and  inequality  constraints 
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G(z): 


(5) 

(6) 


<  z  ^  z 
Giz)  ^  0 


u 


In  the  rest  of  the  paper,  upper  and  lower  values  are  represented  by  superscripts  L  and  U 
respectively.  Individual  minimizations  of  each  objective  function  subject  to  constraint  set 
(5,6)  will  result  in  a  set  of  ideal  solutions  which  define  a  target  point  F*  =(Fj*, 

Fi).  A  solution  of  the  multi-objective  problem  is  then  obtained  by  finding  a  feasible 
point  {F}=  (Fp  Fi)  as  closely  as  possible  to  the  target  point  {F*}.  This  is  achieved 
by  minimizing  the  following  scaled  objective  function: 


minf; 

i=l 


F 


♦2 


(7) 


subject  to  constraints  (5,6).  The  weighting  coefficients  are  represented  with  v,-.  Other 
metrics  or  scaling  procedures  may  be  utilized  in  eq.  (7),  but  in  general,  they  are  expected 
to  result  in  different  solutions. 

The  design  objectives  typically  include  minimization  of:  (1)  the  maximum  resonance 
amplitude  (min  F^);  (2)  the  total  structural  weight  (min  F2);  and  (3)  the  material  cost 
represented  by  the  average  cost  of  fibers  (min  F3).  Alternatively,  F^  may  represent  the 
maximization  of  select  modal  damping  values.  The  explicit  maximization  of  modal 
damping  may  be  preferred  in  the  case  of  transient  or  a-priori  unknown  dynamic  excita¬ 
tions.  The  fiber  cost  is  used  as  a  measure  of  the  total  material  cost  due  to  the  high  cost 
of  fibers  compared  to  the  cost  of  matrix.  The  design  vector  includes  fiber  volume  ratios 
(FVRs),  ply  angles,  and  shape  parameters. 

Performance  constraints  are  imposed  on  static  deflections  u^, 

{«"}  ^  (8) 

dynamic  amplitudes, 

{U^}  ^  {U^^}  (9) 

natural  frequencies  ■{/„}, 

^  {/„}  ^  {f'^}  (10) 


and  the  static  and  dynamic  stresses  of  each  ply  Oi  in  the  form  of  the  modified 
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(11) 


distortion  energy  criterion  [14], 

/(Op  -  1  ^  0 

The  constrained  optimizations  mentioned  above  are  solved  with  the  modified  feasible 
directions  non-linear  programming  method  [15,16].  The  feasible  directions  algorithm 
performs  a  direct  search  in  the  design  space  involving  a  series  of  iterations.  In  each 
iteration,  a  search  direction  is  calculated  based  on  first  order  derivatives  of  the  objective 
function  and  active  constraints.  A  line  search  is  subsequently  performed  along  the  search 
direction  and  a  suboptimum  along  the  search  direction  is  calculated.  The  iterations  are 
repeated  until  convergence  to  a  local  optimum  is  achieved. 


Fig.  1 


Candidate  composite  structures,  (a)  Initial  beam  geometry;  (b)  Initial 
plate  geometry;  (c)  Laminate  configuration.  Dimensions  are  in  inches. 
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APPLICATIONS 


Selected  evaluations  on  the  method  on  the  optimal  tailoring  of  a  cantilever  graph¬ 
ite/epoxy  composite  beam  and  a  cantilever  graphite/epoxy  composite  plate  are  presented 
(Fig.  1),  The  assumed  laminate  configuration  in  both  structures  is  symmetric  consisting  of 
angle-ply  sublaminates  1,  2,  and  3  in  each  side.  All  sublaminates  had  plies  of  equal 
thickness  (0.01  in).  The  ply  angles  e,-  and  FVRs  of  each  sublaminate,  and  the  thick¬ 
nesses  hj  at  0%,  30%,  60%,  and  100%  (tip)  of  the  span  were  optimized.  The  thickness  at 
other  sections  was  interpolated  using  a  cubic  spline  fit.  A  unidirectional  ply  configuration 
was  selected  as  the  initial  baseline  composite  design  for  both  cases,  because  it  provides 
high  axial  bending  rigidity. 

Composite  Beam  in  Impulsive  Excitation:  Typical  improvements  in  the  predicted  impulse 
response  (y-axis)  of  an  optimized  composite  beam  design  are  shown  in  Fig.  2.  In  this 
particular  case,  a  single  objective  function  was  implemented,  such  that,  the  modal 
damping  corresponding  to  the  mode  with  the  higher  undamped  dynamic  amplitude  was 
maximized  [11].  The  optimization  variables  involved  only  composite  parameters,  that  is, 
FVRs  and  fiber  orientation  angles.  The  baseline  and  resultant  optimum  design  is  shown 
in  Table  1.  Clearly,  the  free  response  of  the  optimized  beam  has  been  drastically  im¬ 
proved,  although  the  undamped  dynamic  amplitude  was  increased. 

Table  1.  Optimum  design  for  Composite  Beam  in  Impulsive  Excitation 


Baseline  Design 

Optimum  Design 

Ply  Angles,  (degrees) 

01 

0.0 

30.24 

02 

0.0 

30.49 

03 

0.0 

29.76 

Fiber  volume  ratios 

kfi 

0.50 

0.69 

^f2 

0.50 

0.53 

0.50 

0.50 

Multi-Objective  Design  of  the  Composite  Beam  in  Forced  Excitation:  As  a  next  applica¬ 
tion,  a  case  of  optimal  design  of  the  composite  beam,  involving  the  three  objective 
functions  mentioned  above,  is  presented  [13].  The  assumed  loading  conditions  involved  a 
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Fig.  2 
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(B)  OPTIMALLY  TAILORED  COMPOSITE  LINK. 

Impulse  response  of  the  optimum  and  baseline  (initial)  composite 
beams. 
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combination  of  uniform  static  transverse  out-of-plane  (y-axis)  forces  (50  Ibs/in)  and 
transverse  out-of-plane  harmonic  forces  (0.1  Ibs/in  amplitude)  applied  at  the  tip  of  the 
beam.  The  design  variables  included  both  composite  parameters  (FVRs  and  ply  angles) 
and  shape  parameters  (cross-sectional  thicknesses).  In  addition  to  constraints  (8)  and 
(11),  constraints  included  upper  bounds  on  the  transverse  static  deflections  at  the  free 
end  lower  bounds  on  the  first  two  natural  frequencies,  and  upper  bounds  on  the 
transverse  resonance  amplitudes  at  the  tip,  for  each  of  the  first  four  modes. 

Table  2.  Multi-objective  optimum  designs:  Composite  beam 


Baseline 

Single-Objective  Designs 

min  FI  min  F2  min  F3 

Multi-Objective 

Ply  Angles,  (degrees) 

01 

0.0 

24.68 

13.55 

4.306 

24.46 

02 

0.0 

24.05 

-41.19 

41.150 

53.53 

03 

0.0 

-50.33 

-65.56 

44.863 

90.00 

Fiber  volume  ratios 

0.50 

0.637 

0.630 

0.294 

0.512 

^f2 

0.50 

0.700 

0.021 

0.010 

0.010 

0.50 

0.010 

0.010 

0.010 

0.010 

Table  2  also  shows  the  baseline  design,  the  three  single-objective  optimal  designs  (each 
objective  function  individually  optimized),  and  the  resultant  multi-objective  optimal 
design.  All  optimized  designs  have  non-uniform  thickness,  being  thicker  at  the  proximal 
end  and  thinner  at  the  distal  end.  The  apparent  differences  among  the  optimal  shapes 
demonstrate  the  significance  of  shape  optimization.  The  relative  improvements  of  each 
objective  function  with  respect  to  the  baseline  design  are  plotted  in  Fig.  3.  As  seen  in 
Fig.  3,  the  single-objective  optimizations  have  failed  to  reduce  all  objective  functions. 

Only  the  multi-objective  optimal  design  produced  simultaneous  improvements  in  all 
design  objectives. 

The  frequency  response  functions  at  the  mid-point  of  the  free-edge  of  the  initial  and 
optimized  beams  are  shown  in  Fig.  4.  The  multi-objective  optimum  design  has  a  better 
FRF  than  the  minimum  cost  and  minimum  weight  designs.  This  suggests  that  the 
incorporation  of  composite  damping  was  crucial  in  obtaining  these  significant  improve¬ 
ments  in  all  objective  functions  illustrating,  in  this  manner,  the  significance  of  composite 
damping  in  the  design  of  high  dynamic  performance,  light-weight,  and  low-cost  composite 
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Fig.  3 


Relative  changes  in  the  objective  functions  (composite  beam). 


structures. 

Multi-Objective  Design  of  the  Composite  Plate  in  Forced  Excitation:  The  optimization  of 
the  composite  plate  involves  additional  structural  complexity,  therefore,  the  present 
application  provides  additional  insight  in  the  optimal  design  composite  structures  (13].  In 
this  case,  the  loading  conditions  included  combinations  of  a  uniform  static  transverse  out- 
of-plane  (y-axis)  force  (3.12  Ibs/in)  at  the  free  end,  a  uniform  transverse  out-of-plane 
harmonic  force  (0.0063  Ibs/in  amplitude)  at  the  free  end,  and  a  harmonic  moment 
(0.0313  Ib-inAm  amplitude)  also  applied  along  the  free-edge  of  the  plate.  Under  this  type 
of  dynamic  loading,  the  maximum  resonance  amplitude  at  the  tip  typically  occurs  either 
at  the  first  mode  (first  out-of-plane  bending  in  the  baseline  design)  or  at  the  second 
mode  (first  torsion  in  the  baseline  design).  Both  composite  parameters  and  shape 
variables  were  optimized.  In  addition  to  constraints  (8),  and  (11),  constrains  included 
upper  bounds  on  the  transverse  static  deflections  of  the  free-end,  lower  bounds  on  the 
first  four  natural  frequencies,  and  upper  bounds  on  the  transverse  resonance  amplitudes 
of  the  free-end  for  the  first  four  modes  (Table  3). 

Table  3  also  presents  the  initial  baseline  design,  the  three  single-objective  optimal 
designs,  and  the  resultant  multi-objective  optimal  design.  The  relative  changes  in  the 
objective  function  values  with  respect  to  the  initial  unidirectional  plate  are  shown  in  Fig. 
5.  A  strong  tendency  was  observed  in  the  optimum  designs  to  result  in  “sandwich”  type 
laminate  configurations  with  a  constrained  thick  matrix  core  (sublaminates  2,  3)  and 
angle-ply  composite  skins  (sublaminate  1)  that  provided  stiffness  and  strength.  The  same 
tendency  was  also  observed  with  the  beam  design  but  was  less  predominant.  This  inter- 
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Fig.  4  Frequency  response  functions  of  the  initial  and  optimal  designs  of  the 

composite  beam 

esting  result  was  the  direct  benefit  of  introducing  unified  micromechanics  into  the 
analysis,  and  consequently,  the  FVRs  into  the  design  parameters.  The  optimal  designs 
varied  drastically  in  optimal  thickness  shapes,  ply  angles,  and  FVRs,  which  demonstrated 
the  inherent  tendency  of  composite  structures  to  get  overdesigned. 

The  resubant  frequency  response  functions  of  the  transverse  y-axis  deflection  at  the 
foremost  corner  of  the  plate  (x=16  in,  z=8  in),  where  the  maximum  dynamic  deflection 
was  observed  for  almost  all  optimal  designs,  are  plotted  in  Fig.  6.  Interestingly,  the 
minimum  weight  design  has  the  higher  resonance  amplitudes,  even  than  the  baseline 
plate,  illustrating  the  unsuitability  of  the  minimum  weight  design  for  improving  the 
dynamic  performance.  As  both  case  studies  illustrated,  optimal  design  methodologies 
neglecting  the  damping  capacity  of  composite  materials  and  its  controllable  anisotropy 
may  lead  to  structures  with  inferior  dynamic  performance  near  the  resonance  regimes, 
hence,  they  appear  unsuitable  for  optimizing  the  dynamic  performance  of  composite 
structures. 
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Fig.  5  Relative  changes  in  the  objective  functions  (composite  plate). 


Table  3.  Multi-objective  optimum  designs:  Composite  Plate _ _ 

Baseline  Single-Objective  Designs  Multi-Objective 

min  FI  min  F2  min  F3 


Ply  Angles,  (degrees) 


@1 

0.0 

11.74 

24.91 

33.97 

24.23 

02 

0.0 

-83.10 

50.38 

68.88 

49.92 

03 

0.0 

-4.06 

56.22 

-47.84 

-52.7C 

Fiber  volume  ratios 

kfl 

kf2 

0.50 

0.700 

0.698 

0.225 

0.301 

0.50 

0.010 

0.010 

0.010 

0.010 

0.50 

0.010 

0.010 

0.010 

0.010 

SUMMARY 

Research  work  at  NASA-Lewis  Research  Center  on  the  development  of  optimal  design 
methodologies  for  optimizing  the  damping  of  composite  structures  and  their  dynamic 
performance  was  summarized.  The  design  methodologies  provide  the  option  of  multiple 
objective  functions,  and  may  tailor  composite  parameters  at  multiple  scale  levels  of  a 
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Fig.  6  Frequency  response  functions  of  the  initial  and  optimal  designs  of  the 

composite  plate 

composite  structure.  The  structural  dynamic  analysis  included  the  effects  of  composite 
passive  damping  on  the  dynamic  response  of  composite  structures  via  integrated  microm¬ 
echanics,  laminate,  and  structural  damping  theories.  Performance  constraints  were 
imposed  on  static  displacements,  static  stresses,  dynamic  resonance  amplitudes,  natural 
frequencies,  and  dynamic  stresses.  The  described  method  has  been  integrated  into  an 
in-house  research  code  [16]. 

Basic  application  cases  illustrating  the  optimal  design  of  a  cantilever  composite  beam  and 
a  cantilever  plate  were  reviewed.  All  cases  illustrated  that  optimal  tailoring  may  signifi¬ 
cantly  improve  the  damping  capacity  of  composite  structures  and  result  in  superior 
dynamic  performance.  It  was  also  demonstrated  that  the  damping  capacity  of  composites 
is  an  important  factor  in  designing  light-weight,  low-cost  composite  structures  of  im¬ 
proved  dynamic  performance.  The  multi-objective  optimization  was  proved  superior  in 
minimizing  the  competing  requirements  involved.  The  optimizations  with  single-objective 
functions  have  shown  a  strong  tendency  to  overdesign  the  structure  and  did  not  improve 
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all  objectives.  The  resultant  optimal  designs  illustrated  that  both  material  (fiber  orienta¬ 
tion  angles,  fiber  volume  ratios)  and  shape  parameters  contributed  to  the  obtained 
improvements.  Overall,  the  applications  of  the  method  appeared  very  encouraging. 
Additional  studies  on  more  complex  structural  configurations  and  dynamic  excitations 
may  well  worth  the  effort,  therefore,  are  recommended  as  future  research  topics. 


REFERENCES 

1.  Saravanos,  D.  A.  and  Chamis,  C.  C.,  “Unified  Micromechanics  of  Damping  for 
Unidirectional  and  Off-Axis  Fiber  Composites,”  Journal  of  Composites  Technology  and 
Research,  Vol.  12,  No.l,  Spring  1990,  pp.  31-40. 

2.  Saravanos,  D.  A.  and  Chamis,  C.  C.,  “Mechanics  of  Damping  for  Fiber  Composite 
Laminates  Including  Hygro-Thermal  Effects,”  AIAA  Journal,  Vol.  28,  No.  10,  1990,  pp. 
1813-1819. 

3.  Adams,  R.  D.  and  Bacon,  D.  G.  C.,  “Effect  of  Fibre  Orientation  and  Laminate 
Geometry  on  the  Dynamic  Properties  of  CFRP,”  Journal  of  Composite  Materials,  Vol.  7, 
Oct.  1973,  pp.  402-428. 

4.  Ni,  R.  G.  and  Adams,  R.  D.,  “The  Damping  and  Dynamic  Moduli  of  Symmetric 
Laminated  Composite  Beams  -  Theoretical  and  Ej^erimental  Results,”  Journal  of 
Composite  Materials,  Vol.  18,  March  1984,  pp.  104-121. 

5.  Siu,  C.  C.  and  Bert,  C.  W.,  “Sinusoidal  Response  of  Composite-Material  Plates  with 
Material  Damping,”  ASME  Journal  of  Engineering  for  Industry,  May  1974,  pp.  ^3-610. 


6.  Suarez,  S.  A.,  Gibson,  R.  F.,  Sun,  C.  T.  and  Chaturvedi,  S.  K.,  “The  Influence  of  Fiber 
Length  and  Fiber  Orientation  on  Damping  and  Stiffness  of  Polymer  Composite  Materi¬ 
als,”  Experimental  Mechanics,  Vol.  26,  No.  2,  1986,  pp.  175-184. 

7.  Saravanos,  D.  A.  and  Chamis,  C.  C.,  “Computational  Simulation  of  Structural  Compos¬ 
ite  Damping,”  Journal  of  Reinforced  Plastics  and  Composites,  in-press,  1991. 

8.  Bert,  C.  W.,  “Research  on  Dynamic  Behavior  of  Composite  and  Sandwich  Plates  - 
IV,”  The  Shock  and  Vibration  Digest,  Vol.  17,  No.ll,  1985,  pp.  3-15. 

9.  Liao,  D.X.,  Sung,  C.K.  and  Thompson,  B.S.,  “The  Optimal  Design  of  Laminated 
Beams  Considering  Damping,”  Journal  of  Composite  Materials,  Vol.  20,  1986,  pp. 

485-501. 


DCA-14 


10.  Hajela,  P.  and  Shih,  C.  J.,  “Optimum  Synthesis  of  Polymer  Matrix  Composites  for 
Improved  Internal  Material  Damping  Characteristics,”  AIAA  Journal,  Vol.  26,  No.  4, 
1988,  pp.  504-506. 

11.  Saravanos,  D.  A.  and  Chamis,  C.  C.,  “Tailoring  of  Composite  Links  for  Optimal 
Damped  Elasto-Dynamic  Performance,”  Proceedings,  ASME  Design  Automation  Confer¬ 
ence,  Vol,  No.  H0509C,  Montreal,  Canada,  Sept.  17-20,  1989. 

12.  Saravanos,  D.  A.  and  Chamis,  C,  C.,  “A  Methodology  for  Optimizing  Structural 
Composite  Damping,”  Journal  of  Polymer  Composites,  Vol,  11,  No.  6,  1990,  pp.  328-336. 

13.  Saravanos,  D.  A.  and  Chamis,  C.  C.,  “Multi-Objective  Material  and  Shape  Optimiza¬ 
tion  of  Composite  Structures  Including  Damping,”  AIAA  Journal,  to  appear,  1991.  (Also, 
NASA  TM- 102579) 

14.  Murthy,  P.L.N.  and  Chamis,  C.C.,  “ICAN:  Integrated  Composite  Analyzer,”  AIAA 
Paper  84-0974,  May  1984. 

15.  Vanderplaats,  G.  N.  “A  Robust  Feasible  Directions  Algorithm  for  Design  Synthesis,” 
Proceedings,  24th  AIAAIASMEIASCEIAHS  Structures,  Structural  Dynamics,  and  Materials 
Conference,  Lake  Tahoe,  NV,  1983. 

16.  Brown,  K.  W.,  “Structural  Tailoring  of  Advanced  Turboprops  (STAT)  -  Interim 
Report,”  NASA  CR-180861,  Aug.  1988. 


DCA-15 


An  Optimum  Design  Methodology  for  Passively  Damped  Truss 

Structures 


R.  A.  Manning* 

TRW  Space  and  Technology  Group 
Redondo  Beach,  CA  90278 
(213)  813-9125 


ABSTRACT 

Many  of  the  complex  space  structures  proposed  for  future  space  missions  will  utilize  en¬ 
hanced  damping  to  meet  stringent  performance  requirements.  The  enhanced  damping  is 
necessary  to  prevent  excessive  slew/settle  times,  unacceptable  jitter  levels,  and  harmful  con¬ 
trols/structures  interactions.  There  are  currently  no  documented  integrated  design  method¬ 
ologies  for  designing  damping  into  complex  structures  early  in  the  design  process. 

In  this  paper,  an  optimum  design  methodology  is  presented  for  truss  structures  aug¬ 
mented  with  constrained  layer  viscoelastically  damped  members.  The  methodology  is  pre¬ 
sented  as  a  two  stage  procedure.  In  the  first  stage,  efficient  locations  for  the  passive  members 
are  found  heuristically,  thus  avoiding  a  computationally  burdensome  combinatoric  optimiza¬ 
tion  problem.  In  the  second  stage,  a  formal  optimization  procedure  is  used  to  simultaneously 
size  both  the  truss  members  and  the  passive  members.  Values  for  the  design  variables  at  the 
optimum  design  are  found  by  solving  a  sequence  of  approximate  problenos.  Each  approxi¬ 
mate  problem  is  constructed  using  design  sensitivity  information  in  conjunction  with  first 
order  Taylor  series  expansions.  The  sizing-type  design  variables  treated  in  the  optimum  de¬ 
sign  procedure  are  inert  structural  member  cross  sectional  dimensions,  passive  member  cross 
sectional  dimensions,  passive  member  viscoelastic  layer  and  constraining  layer  thicknesses. 

The  complex  space  structure  design  problem  is  posed  as  a  nonlinear  mathematical  pro¬ 
gramming  problem  in  which  an  objective  function  critical  to  adequate  mission  performance 
(e.g.,  line-of-oight  errors  or  settling  time  following  slew)  is  to  be  minimized.  Limitations  con¬ 
sidered  during  the  design  procedure  include  an  upper  bound  weight  cap,  dynamic  response 
constraints  (which  represent  additional  mission  requirements),  and  side  constraints  on  the 
design  variables. 

*  Staff  Engineer 
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INTRODUCTION 


Stringent  performance  goals  for  future  space  missions  will  require  minimum  levels  of 
“designed- in’’  damping.  The  necessary  levels  of  damping  can  be  added  through  either  active 
or  passive  means.  Active  damping  requires  sensors  and  actuators,  a  source  of  power,  and  a 
compensator  (control  law)  which  gives  good  performance  and  remains  stable  in  the  wake  of 
structural  parameter  uncertainty  and  change.  Passive  damping  requires  high  loss  viscoelastic 
or  fluid  materials  and  thermal  control.  For  some  space  systems,  the  lack  of  adequate  power 
margins  and  the  potential  for  gross  structural  parameter  perturbations  suggest  that  passive 
dcunping  methods  are  the  method  of  choice. 

Recent  developments  in  analysis  and  fabrication  techniques  have  led  to  the  consideration 
of  constrained  layer  viscoelastically  damped  members  for  vibration  suppression.  Bronowicki 
et  al.  [Ij  derived  a  special  purpose  finite  element  for  use  in  analyzing  such  members.  In 
addition,  Reference  1  is  notable  for  the  fabrication  and  hardware  verification  of  the  pas¬ 
sive  members.  Hedgepeth  |2]  derived  simplified  design  equations  for  use  with  segmented 
constraining  layer  VEM  damped  members.  His  results  yielded  expressions  for  the  real  and 
complex  stiffness  of  these  members  when  loaded  axially  (i.e.,  when  used  as  truss  members). 
In  order  to  utilize  passive  members  on  complex  space  structures,  automated  design  proce¬ 
dures  are  needed  which  employ  these  analysis  methods. 

The  approach  used  in  the  current  work  was  to  start  at  the  element  level  and  develop 
a  design-oriented  procedure  for  passively  damped  structures.  Other  approaches,  Gibson 
and  Johnson  [3],  for  example,  have  developed  system  level  optimization  capability  utiliz¬ 
ing  a  prepackaged  finite  element  code  such  as  NASTRAN  in  conjunction  with  the  ADS  [4] 
optimizer.  Because  a  prepackaged  finite  element  code  was  used,  the  viscoelastic  damping 
treatment  had  to  be  modeled  using  standard  elements,  such  as  the  QUAD4,  HEXA,  and/or 
PENTA  elements,  and  sensitivities  had  to  be  computed  numerically.  Starting  at  the  ele¬ 
ment  level  allows  the  calculation  of  element  design  sensitivities  in  closed  form  for  use  with 
gradient-based  optimization  packages.  The  closed  form  element  level  sensitivities  avoids 
the  computational  intensity  of  finite  difference- based  sensitivity  information.  Furthermore, 
the  availability  of  inexpensive  and  accurate  gradients  gives  credence  to  the  construction  of 
high  quality  approximations  for  use  during  the  optimization  procedure.  These  high  quality 
approximations,  in  conjunction  with  a  suitable  nonlinear  mathematical  programming  proce¬ 
dure,  allows  many  optimum  design  problems  to  be  solved  in  relatively  few  complete  dynamic 
analyses. 

In  the  current  study,  the  design  problem  is  posed  as  a  combinatoric  optimization  problem 
in  which  passive  member  placement,  inert  member  cross  sectional  dimensions,  and  passive 
member  cross  sectional  dimensions  are  treated  simultaneously  as  design  variables.  By  de¬ 
signing  the  inert  and  passive  members  simultaneously,  strain  energy  can  be  funneled  into  the 
passive  members,  thus  yielding  suitable  levels  of  damping.  The  design  optimization  proce¬ 
dure  is  applied  to  a  problem  where  purely  mass  and  stiffness  redistribution  has  little  chance 
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for  success  due  to  the  broadband  nature  of  the  disturbance. 


OPTIMUM  DESIGN  PROBLEM  STATEMENT 


The  optimum  design  problem  used  for  this  work  is 

min  LOS(d,  t) 

(1) 

subject  to 

g{d,t)<Q 

(2) 

along  with  the  side  constraints 

d‘  <d<d'^ 

(3) 

where  it  is  understood  that  d  is  the  vector  of  design  variables  for  the  inert  truss  members 
and  the  passive  members. 

The  design  problem  stated  in  equations  (1)  through  (3)  corresponds  to  a  spacecraft 
design  problem  where  maximum  performance  is  obtained  by  minimizing  a  single  specified 
performance  index,  such  as  a  line-of-sight  (LOS)  pointing  error.  Other  restrictions  on  the 
performance  of  the  spacecraft,  such  as  an  upper  bound  mass  cap,  limits  on  the  travel  of 
key  optical  or  sensor  components,  limits  on  the  loads  induced  in  fragile  sensor/electrical  as¬ 
semblies,  and  dynamic  stability  margins  for  controlled  structures,  are  specified  as  additional 
constraints,  g. 

Figure  1  contains  schematics  of  the  inert  truss  design  elements  and  the  passive  member 
design  elements.  For  the  inert  truss  design  elements,  the  inside  diameter  and  wall  thickness  of 
the  member  are  the  design  variables  whereas  the  reciprocal  of  the  cross  sectional  area  is  used 
as  the  optimization  variables.  For  the  passive  members,  the  design  variables  are  the  inside 
diameter  of  the  base  tube  and  it’s  wall  thickness,  the  thickness  of  the  viscoelastic  material, 
and  the  thickness  of  the  constraining  layer.  Optimization  variables  for  the  passive  members 
are  the  reciprocal  of  the  area  of  the  tube,  the  viscoelastic  material,  and  the  constraining 
layer.  A  100%  mass  penalty  was  applied  to  each  passive  member  to  account  for  thermal 
control  hardware. 

The  system  optimization  problem  posed  in  equations  (1)  through  (3)  is  an  implicit  com¬ 
binatoric  optimization  problem.  The  task  of  placing  the  passive  members  on  the  structure 
for  maximum  effectiveness  gives  rise  to  the  combinatoric  nature  of  the  problem.  Further¬ 
more,  both  the  objective  function  and  the  constraints  are  complicated  implicit  functions  of 
the  design  variables.  A  limited  number  of  solution  methods  exist  for  this  class  of  problems, 
all  of  which  are  computationally  burdensome. 
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SOLUTION  METHODOLOGY 


An  alternative  solution  methodology  is  to  separate  the  combinatoric  and  implicit  aspects 
of  the  problem  and  attack  each  subproblem  individually.  A  flow  diagram  for  such  a  proce¬ 
dure  is  shown  in  Figure  2.  Placing  the  passive  members  at  efficient  locations  on  the  structure 
involves  solving  a  heuristic  subproblem.  One  solution  to  the  heuristic  subproblem  is  to  place 
the  passive  members  in  regions  of  high  strain  energy  for  the  modes  that  are  to  be  damped. 
Optimum  values  for  the  design  variables  are  then  found  using  a  formal  optimization  proce¬ 
dure  with  the  locations  of  the  passive  members  fixed.  The  formal  subproblem  replaces  the 
implicit  problem  posed  in  equations  (1)  through  (3)  with  the  explicit  approximate  problem 

[5] 

min  L6S(d,t)  (^) 

subject  to 

~g{d,t)<Q  (5) 

along  with  the  side  constraints 

<d<d^  (6) 

where  both  the  objective  function  and  the  constraints  have  been  replaced  by  the  explicit 
hybrid  [6]  first  order  Taylor  series,  LOS  and  respectively. 

Solution  of  the  implicit  optimum  design  problem  posed  in  equations  (1)  through  (3) 
proceeds  by  solving  a  sequence  of  heuristic  and  formal  subproblems.  Each  formal  subproblem 
involves  solving  a  sequence  of  approximate  problems  (stated  in  equations  (4)  through  (6)). 
A  pictorial  description  of  the  complete  solution  sequence  to  the  original  optimum  design 
problem  is  shown  in  Figure  2. 

SYSTEM  DESCRIPTION 

The  structural  dynamic  equations  of  motion  for  the  class  of  problems  dealt  with  here, 
namely  truss  structures  augmented  with  passive  members,  can  be  written  as 

MZ  +  {K,  +  Kp)Z  ^  R  (7) 

where  R  is  the  vector  of  externally  applied  loads,  M  is  the  mass  matrix,  Ks  is  the  real  portion 
of  the  structural  stiffness  matrix,  and  Kp  is  the  complex  portion  of  the  stiffness  matrix.  The 
complex  portion  of  the  stiffness  matrix  arises  due  to  the  complex  material  properties  of  the 
viscoelastic  material.  Using  the  undamped  normal  modes  of  the  structure,  namely, 

Z  =  <l)q  (S) 

equation  (7)  can  be  cast  in  reduced  size  first  order  form  as 

X^AX  +  BR  (9) 
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where  the  system  plant  matrix  is  given  by 


A  = 


0  I 


the  state  X  is  the  vector  of  stacked  modal  displacements  and  velocities 


(10) 


(11) 


and  the  input  matrix  is 


(12) 


The  M  and  Ks  matrices  are  computed  for  the  truss  elements  in  the  usual  finite  element 
manner.  The  Kg  and  Kp  matrices  are  computed  for  the  segmented  constrained  layer  passive 
members  using  the  analysis  methodology  presented  in  Reference  2.  The  effective  stiffness  of 
the  passive  member  can  be  written  in  terms  of  the  stiffness  of  the  tube  wall,  kyj,  and  the 
stiffness  of  the  constraining  layer,  kc,  as 


keff  = 


lz<uj  H" 

1  J_  tanhCD/) 


(13) 


The  D  parameter  is  related  to  the  shear  lag  length  r  by 


D  = 


2r 


(14) 


The  shear  lag  length,  which  is  used  for  determining  the  lengths  of  the  segments  of  the 
constraining  layer,  is  given  by 


T  = 


Ectcivem 


Gv 


1  + 


(15) 


where  Gyem  is  the  complex  shear  stiffness  of  the  VEM.  Sensitivity  information  at  the  element 
level  is  found  by  taking  the  derivative  of  the  effective  stiffness  of  the  passive  member  with 
respect  to  the  design  variables. 

Solution  of  equation  (9)  for  the  system  response  due  to  external  loads  is  accomplished 
by  computing  the  complex  modes  of  the  system  plant  A  and  solving  the  resulting  uncoupled 
equations  in  the  frequency  domain. 
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EXAMPLE  PROBLEM 


The  structure  shown  in  Figure  3  will  be  used  to  demonstrate  the  benefits  of  the  previously- 
described  optimization  procedure.  The  structure  is  a  scaled  version  of  a  proposed  Space 
Based  Interferometer  [7].  Two  13  meter  arms  run  out  from  the  sides  of  the  interferometer  and 
hold  light-collecting  telescopes  at  the  tips.  The  11  meter  tower  contains  a  telescope  running 
down  its  center  while  laser  metrology  equipment  is  mounted  at  the  end  of  an  additional 
11  meter  truss.  In  an  undeformed,  perfectly- aligned  state,  the  two  13  meter  arms  give  an 
optical  path  length  (baseline)  of  26  meters. 

Dynamic  distrubances  from  the  attitude  control  system  reaction  wheels  are  fed  into  the 
structure  at  the  central  bay.  The  interferometer  can  acquire  data  when  the  relative  alignment 
(tip  and  tilt)  of  the  collecting  telescopes  is  less  than  Sfiva^d  and  the  optical  path  length  does 
not  substantially  deviate  from  26  meters.  Therefore  the  design  optimization  problem  is  to 
minimize  path  length  deviations  from  26  meters  while  maintaining  relative  tip  and  tilt  of 
the  collecting  telescopes  within  8//rad.  An  upper  bound  mass  cap  of  252  kg  is  also  imposed 
on  the  system.  This  cap  corresponds  to  the  preliminary  design  mass  of  the  completely  inert 
system  (without  passive  member  augmentation). 

The  purely  inert  preliminary  design  of  the  SBI  was  used  as  the  point  of  departure  for 
the  optimum  design  procedure.  The  performance  of  the  interferometer  at  the  preliminary 
design  is  shown  in  Figure  4.  Unacceptable  optical  lengths  and  relative  tip  and  tilt  motion 
of  the  collecting  telescopes  exceeding  8/xrad  were  obtained.  The  modes  at  4.4,  16.4,  19.0, 
27.7,  and  36.9  Hz  needed  damping  augmentation  to  achieve  the  performance  goals.  It  should 
be  noted  that  purely  structural  methods  (i.e.,  mass  and  stiffness  redistribution)  are  doomed 
to  failure  in  this  case  because  of  the  wide  band  disturbance  and  the  stringent  performance 
levels  required.  Locations  for  the  passive  members  were  determined  by  examining  regions 
of  high  strain  energy  for  the  modes  which  needed  damping  augmentation.  This,  in  effect, 
results  in  a  solution  to  the  heuristic  placement  subproblem.  A  total  of  56  passive  members 
were  added  to  the  system. 

The  performance  of  the  interferometer  following  optimization  is  shown  in  Figure  4.  Opti¬ 
cal  length  deviations  have  been  reduced  from  3.16  fim  to  0.11  //m  while  bringing  the  relative 
tip  and  tilt  motion  of  the  collecting  telescopes  down  to  acceptable  levels.  The  peak  tip  and 
tilt  motions  at  the  optimum  design  are  7.5  //rad  and  7.8  //rad,  respectively,  having  been 
reduced  from  27.7  //rad  and  48.3  //rad  at  the  initial  design.  A  comparison  of  damping  levels 
at  the  intial  design  and  the  optimum  design  for  each  of  the  modes  below  40  Hz  are  shown 
in  Table  1.  Though  a  large  number  of  pa^ssive  members  were  added,  the  design  optimization 
procedure  managed  to  meet  the  mass  cap  of  252  kgs  and  reduce  the  interferometer  baseline 
by  a  factor  of  28.7. 
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Table  1:  Initial  and  Optimum  Frequencies  and  Damping  Ratios 


Mode  Number 

Initial  Design 

Optimum  Design 

Frequency  (Hz) 

c(%r 

Frequency  (Hz) 

C(%) 

1-6 

0.0 

0.0 

0.0 

0.0 

7 

4.4 

0.2 

4.1 

4.7 

8 

6.5 

0.2 

6.1 

3.9 

9 

7.2 

0.2 

6.8 

2.0 

10 

8.4 

0.2 

7.9 

4.5 

11 

8.5 

0.2 

7.9 

3.4 

12 

12.9 

0.2 

12.0 

3.7 

13 

16.4 

0.2 

14.8 

4.1 

14 

19.0 

0.2 

17.3 

2.9 

15 

19.2 

0.2 

17.8 

3.2 

16 

21.7 

0.2 

20.6 

0.6 

17 

24.5 

0.2 

22.0 

3.9 

18 

27.7 

0.2 

24.6 

5.3 

19 

29.1 

0.2 

26.9 

3.1 

20 

36.9 

0.2 

33.6 

4.6 

CONCLUDING  REMARKS 

An  integrated  inert  truss/passive  truss  member  design  optimization  methodology  has 
been  developed.  The  methodology  treats  both  structural  design  variables  and  passive  mem¬ 
ber  design  variables  simultaneously  in  the  optimization  procedure.  By  employing  a  two  stage 
heuristic/formal  subproblem  solution  procedure,  the  computational  burden  associated  with 
placing  the  passive  members  on  the  structure  is  avoided.  A  solution  for  the  implicit  for¬ 
mal  subproblem  is  found  in  relatively  few  complete  dynamic  analyses  by  solving  an  explicit 
approximate  problem.  Design  sensitivity  information  was  efficiently  computed  by  differenti¬ 
ating  a  closed  form  expression  for  the  complex  stiffness  of  the  passive  members.  The  design 
optimization  procedure  is  a  mission-enabhng  technology  for  future  space  missions  with  ex¬ 
tremely  stringent  dynamic  performance  requirements  where  purely  structural  solutions  fail. 
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Figure  3:  Space  Based  Interferometer 
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Figure  4:  Initial  and  Optimum  Design  Dynamic  Responses 
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ABSTRACT 

Complex  damping  theory  is  a  useful  tool  in  analysis  of  energy 
transformations  among  modes  of  a  vibration  system.  Based  on  this  theory, 
there  are  majiy  applications  and  improvements  in  the  areais  of  system 
identification,  vibration  control  and  damper  optimization  design. 

This  paper  presents  ar  application  of  the  theory  in  regard  to  finite 
element  model  corrections.  First,  a  common  shortfall  of  usual  correction 
procedures  is  analyzed.  In  order  to  deal  with  this  problem,  a  correct 
correspondence  rule  is  then  proposed.  With  the  help  of  complex  damping 

coefficients,  improvements  to  certain  correction  procedures  are  discussed. 


DCC-1 


INTRODUCTION 


The  dynsunic  performance  of  a  structure  may  be  characterized  by  different 
mathematical  models.  Among  them,  the  modal  model  and  the  physical  model 
are  most  frequently  seen.  A  modal  model  which  consists  of  a  set  of  modal 
parameters  is  often  used  in  harmonic-related  vibration  control,  in  dynamic 
behavior  analysis,  and  in  physical  model  modification.  Since  a  modal  model 
is  essentially  a  dynamic  representation  of  the  physical  model  in  the  modal 
domain.  The  transformation  of  physical  coordinates  into  modal  coordinates 
is  always  accompanied  by  a  certain  loss  of  information,  a  modal  model  is 
generally  considered  to  be  a  weak  model  but  relatively  easy  to  obtain. 

A  physical  model  consists  of  three  coefficient  matrices:  The  mass, 
damping  and  stiffness  matrices.  If  such  a  model  is  known,  all  the  modal 
parameters  can  be  calculated.  Conversely,  a  physical  model  can  not  be 
determined  in  general  from  a  modal  model.  In  this  regard,  a  physical  model 
is  considered  superior  than  a  modal  model. 

In  engineering  practice,  a  physical  model  is  not  always  available  because 
not  all  the  coefficient  matrices  can  be  directly  measured.  The  measurable 
quantities  are  often  the  various  dynamic  responses  and  modal  parameters  of 
the  structural  system.  Based  on  these  data,  we  can  typically  generate  an 
approximate  model  -  an  analytical  model,  using  the  finite  element  method 
(FEM).  In  most  cases,  the  analytical  model  is  inaccurate  and  requires 
various  adjustments  or  corrections.  In  the  past  decades,  many  attempts 
have  been  made  to  develop  better  algorithms  to  modify  the  FEM  models.  At 
present,  the  need  to  develop  appropriate  algorithms  continues  to  exist. 

From  the  analytical  model  to  the  physical  model,  an  important  step  is  to 
perform  model  corrections.  In  a  general  model  correction  procedure,  the 
goal  is  to  obtain  a  set  of  coefficient  matrices,  mass  M,  damping  C  and 
stiffness  K.  What  we  have  at  the  beginning  is  the  analytical  model  data 
m(“),  and  along  with  some  dynamic  peirameters  of  the  physical 

model,  such  as  measured  response  and/or  modal  parameters:  Undamped 

natural  frequencies  12^  damping  ratios  S  and  mode  shap>es  p  In 
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each  step  of  the  corrections,  we  obtain  certain  corresponding  matrices 
,  C  ^  and  as  approximations  to  the  real  M,  C  and  K.  Then  we 

typically  compare  the  measured  response  and/or  modal  parameters 

and  P^“’,  with  the  calculated  response  and/or  modal  parameters 

and  from  the  revised  analytical  model.  If  the  discrepancy 
between  the  two  sets  of  data  is  less  than  a  certain  preset  level,  then  the 
revised  analytical  model  is  accepted  as  the  physical  model.  Otherwise,  the 
correction  procedure  is  continued. 


In  such  a  correction  procedure  described  above,  a  number  of  factors  can 
influence  the  final  result.  There  are  many  existing  algorithms  that  do  not 
converge  in  general.  For  those  that  converge  may  have  problems  in 
targeting  the  correct  M,  C  and  K  because  the  compeu'ison  criterion  used  is 
not  sufficiently  comprehensive. 


In  this  paper,  we  propose  an  alternative  Judgment  on  the  effectiveness  of 
model  corrections.  Our  discussions  will  be  restricted  to  finite  element 
models  and  their  corrections  under  the  assumption  that  the  models  are 
linear,  time- invariant  and  have  lumped-masses. 


RESPONSE-FITTING 

One  of  the  simplest  model  correction  methods  is  the  time  domain  response¬ 
fitting.  In  order  to  carryout  this  method,  a  time  history  (or  transfer 
function)  of  the  testing  structure  must  first  be  recorded.  The  time 
history  can  be  a  free  decay  response  with  an  initial  input  such  as  sine- 
burst,  white  noise-burst,  impulse,  etc.  Or  it  can  be  a  forced  response 
under  an  excitation  such  as  sinusoidal,  sine-sweep,  sine-dwell,  pseudo 
white-noise  or  simulated  seismic  ground  motion.  In  a  csirefully  conducted 
experiment,  the  measured  response  is  considered  "noise-free".  Thus  it  is 
ready  to  be  used  ais  the  correction  reference.  Once  the  reference  is 
available,  corresponding  sajnples  are  collected  from  a  calculated  response 
of  the  analytical  model  with  same  initial  phases  and  time  intervals.  Then 
by  using  certain  mathematical  techniques  such  as  the  least-squere  method 
or  the  meo{ i mum- 1  ike 1 i hood  method,  a  cost  function  is  generated  to  measure 
thi  discrepancy  between  the  two  responses.  Equation  (1)  gives  a  least- 
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(1) 


square  cost  function  (Natke,  1988), 


J  = 


p 

I 

1  =  1 


f  (m)  (a) v2 

la  (  X  ~  X  ) 
J=1  ij  iJ  Ij 


where,  x|“^  and  are  the  samples  of  measured  and  calculated 

responses  from  the  node  respectively.  The  total  number  of  samples  from 
each  so\irce  is  p  and  the  number  of  nodes  is  n.  a.  .  are  weighted 

^  ,  1  j 

coefficients.  In  general,  at  certain  nodes,  samples  are  measured  more 
accurately  than  at  other  places,  the  weighted  coefficients  of  these 
samples  will  then  be  assigned  with  greater  values.  Conversely,  the  tall 
of  a  free  decay  response  is  thought  to  have  poor  signal-to-noise  ratio, 
the  weighted  coefficients  of  samples  from  this  portion  will  be  assigned 
with  smaller  values. 


The  value  of  J  indicates  whether  the  analytical  model  is  close  to  the 
physical  model.  When  the  response  of  the  analytical  model  does  not  fit  the 
response  of  the  structural  system,  J  will  assume  a  large  value.  Corrections 
to  the  analytical  model  will  then  be  made  to  reduce  the  value  of  J. 


Due  to  several  reasons,  response-fitting  is  often  considered  unsatisfactory 
in  terms  of  its  model  correction  effect.  First,  when  a  given  excitation 
with  a  nearly  straight  spectrum,  the  structural  response  should 
theoretically  incorporate  the  influences  of  all  modes  of  the  structural 
system.  However,  lower  modes  are  usually  associated  with  large  percentage 
of  the  total  energy  involved,  these  modes  have  dominate  influence  to  the 
response.  In  fact,  most  engineering  applications  only  require  to  consider 
the  first  mode.  Therefore,  information  from  the  higher  modes  may  be  lost 
in  the  response. 

Secondly,  despite  the  measured  response  being  assumed  noise-free,  noise 
can  not  be  completely  eliminated.  The  commonly  used  noise-reduction 
techniques  in  response-fitting  are  essentially  pre-treatments  such  as 
averaging  the  noise  in  the  frequency  domain.  Since  the  participating 
factors  of  higher  modes  are  relatively  small,  these  modes  give  poor 
signal-to-noise  ratios.  The  existence  of  these  modes  can  hardly  be 
identified  in  a  response  function.  Consequently,  the  order  of  the 
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reference  can  not  be  determined  by  the  response-fitting  method  unless  more 
sophisticated  time  domain  modal  analysis  is  used.  It  is  conceivable  that 
without  prior  knowledge  of  the  reference  order,  response-fitting  is  more 
likely  to  accept  a  degenerate  model  with  only  the  first  few  modes  of  the 
real  structural  system. 


Thirdly,  the  higher  modes  decay  faster  than  the  lower  modes  in  a  free 
decay  response.  This  may  also  induce  the  problem  of  losing  information 
from  the  higher  modes  in  a  recorded  response. 


Example  1:  Figure  1  (a)  shows  a  five  story  structure.  This  model  steel 
frame  is  considered  to  have  at  least  fifteen  degrees-of- 
freedom.  A  free  decay  time  history  measured  at  a  point  on  the 
third  floor  of  the  frame  is  shown  in  Figure  1  (b).  Two  other 
responses  are  also  given  here.  They  aire  calculated  responses 
from  two  analytical  models  one  with  2  DOF  the  other  with  3  DOF. 
Although  the  15  DOF  structure  should  not  be  treated  as  a  2  or  3 
DOF  system,  by  using  response-fitting,  we  could  have  accepted  the 
2  or  3  DOF  analytical  model  as  the  real  physical  model. 


FREQUENCY-FITTI NG 


Frequency-fitting  is  another  commonly  applicable  method  for  model 
corrections.  The  reference  in  this  method  is  the  measured  natural 
frequencies  which  are  either  obtained  directly  from  vibration  test  or 
extracted  through  modal  analysis.  The  two  ways  give  damped  and  undamped 
natural  frequencies  respectively.  The  number  of  the  natural  frequencies 
collected  in  the  reference  corresponds  to  the  order  of  the  structural 
system.  So  there  has  no  problem  in  determining  the  number  of  modes  in  the 
system.  The  cost  function  is  given  by 

n 


J  =  I 
1  =  1 


a  (o)'' 
1  1 


-  w 


1 


(2) 


where 


(  m)  ,  (a)  .  , 

Wj  and  are  the  measured  and  calculated  undamped  natural 

.  th 


frequencies  of  the  i  mode  respectively,  are  the  corresponding 
weighted  coefficients.  Since  this  method  utilizes  information  from  all 
relevant  natural  frequencies,  which  have  been  accurately  measured,  it  has 
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better  overall  performance  over  the  response-fitting  method.  Especially, 
frequency-fitting  is  suitable  for  correcting  models  with  many  higher  modes 


Equation  (2)  can  be  further  modified  by  including  both  the  natural 
frequencies  aind  the  dajnping  ratios  in  J. 

T  ^  /  (m)  .  o  /  i.(m)  *(a),,2 

J  =  S  )  +  13^1  ^  ^  >  (3) 

1  =  1 

where  ' '  denotes  the  damping  ratio  of  (m)  or  (a)  .  This  improved 
Equation  <33  is  suitable  for  correcting  models  demanding  high  accuracy  for 
both  natural  frequencies  and  damping  ratios. 


A  useful  variation  of  the  above  method  is  the  less  accurate  FRF  curve- 
fitting  technique.  Similar  to  Equation  (1),  the  cost  function  In  this 
case  is 

J  =  Z  a  (f'“^  -  (4) 

i  I  i 

1  =  1 

where  is  the  sample  taken  from  the  reference  FRF  (m)  or  the 

analytical  FRF  (a),  p  is  the  total  number  of  samples.  Selection  of  weighted 
coefficients  is  empirical.  If  the  FRF  saimples  are  collected  from  a  forced 
response  with  a  feedback  controlled  excitation  whose  input  spectrum  has 
been  kept  a  straight  line,  then  are  the  same  for  all  i  ^  1,  n. 

In  using  Equation  (2),  a  correspondence  between  the  referential  and  the 
analytical  frequencies  must  be  established  first.  One  such  correspondence 
Is  described  below. 

I  J  =  1.  . . . ,  n  >. 

(5) 


where  the  subscripts  are  some  permutations  of  1,  2,  .  .  .  ,  n.  Then  the 
frequencies  are  paired  according  to  the  ordering.  With  this  one-'one 


Consider  the  two  sets  of  natural  frequencies 


{  0 


(  m ) 


i  =  1. 


n  > 


and 


{  w 


( a ) 


First,  arrsinge  them  by  a  linear  ordering 


(m)  ^  (m)  ^  <m)  ^ 

jW  ^  0)  ^  ^ 

1  2  3 


ij) 


(m) 


■*1  ■*2  ■'s 


S  « 


(a) 


DCC-6 


correspondence,  Equation  (2)  can  be  restated  as 

(m) 


J  =  a  (  w' 

1  i 


(a)  2^  f  (m)  (a)  .  2 

W  )  +  a  (  0)  -  W  )  + 

J  2  1  J 

1  2  ^2 


+  a  (  a.'"'’  - 

"  ‘n  ■> 

n  n 


Such  a  correspondence  has  the  nice  mathematical  property  that  it  gives  the 
cost  function  J  the  smallest  value  when  the  weighted  coefficients  in 
Equation  (2)  are  the  same. 


There  are  some  problems  with  response-fitting  method  too.  This  can  be  seen 
from  the  following  example. 

Example  2:  A  4  DOF  structure  is  shown  in  Figure  2  (a).  Its  physical  model 

and  an  analytical  model  have  the  generalized  damping  and  stiffness 
matrices  as  given  in  Table  1  (a),  (b)  respectively.  Figure  2  (b) 
gives  two  FRF’s,  in  which  the  dotted  curve  is  from  the  physical 
model  and  the  dashed  curve  is  from  the  analytical  model. 


Table  1  (a)  Generalized  Damping  Matrices  M~^C 


Physical 

Analytical 

27.3598  -19.2436  -22.8993  24.2555 

32.2713  1.7445  -23.1446 

43.2177  -32.4571 

49. 1511 

6.3384  -1.3278  -1.2976  0.6308 

3. 1574  -0.7730  -1. 1894 

3.1408  -1.6335 

2.5634 

Table  1  (b)  Generalized  Stiffness  Matrices  M"^K  1,000  x 


Physical 

Analytical 

8.3284  -2.7139  -2.6032  2.3111 

1.8560  0.1289  -0.8413 

2.3377  -1.5225 

1.4619 

8.3130  -2.7085  -2.5973  2.3056 

1.8549  0.1266  -0.8398 

2.3361  -1.5209 

1 . 4607 

It  is  clear  that  the  generalized  damping  matrices  of  these  two  models  are 
quite  different.  In  fact,  the  physical  model  is  non— proportionally  damped 
whereas  the  analytical  model  is  proportionally  damped.  (  most  finite 
element  algorithms  only  generate  proportionally  damped  models  ). 
Consequently,  the  mode  shapes  of  these  two  models  are  different.  The  first 
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model  has  complex-valued  mode  shapes  but  the  second  has  only  real -valued 
ones.  Such  differences  can  not  be  detected  in  a  single  pair  of  frequency 
response  functions.  Therefore,  curve-fitting  FRF  or  frequency-fitting  is 
inadequate  for  correcting  errors  in  such  category.  This  is  seen  in  Figure 
2  (b),  where,  in  spite  of  the  aforementioned  differences  between  the  two 
models,  the  two  FRF  still  appear  to  be  close. 


COMPLETE  MOPAL-FITTING 


A  more  sophisticated  fitting  method  is  developed 
influences  into  the  cost  function,  namely 


by  include  the  mode  shape 


"  ,  (m)  (a) 

=  Z  a  (w  - 


■i  ^ 


+ 


(m)  (a) .H  „  f  (m) 

p,  -  p,  )  r,(  Pj 


.(a) 


’  Pi 


(6) 


where  is  the  i^*'  mode  shape,  and  is  a  diagonal  matrix  which  consists 

of  weighted  coefficients.  A  simplified  version  pf  Equation  (6)  is 


n 

J  -  £ 
1=1 


f  (m) 

OC  I  Cl) 


(a) 

«,  ) 


(  p|'’  -  p|*’)"  r,  ' 


(a)  V 

-  p, ) 


(7) 


Since  the  complete  set  of  modal  parameters  is  employed  in  Equation  (R),  it 
is  called  the  complete  modal-fittiri$.  However,  complete  modal -fitting  does 
not  always  give  a  satisfactory  correction  to  an  analytical  model.  One 
problem  is  related  to  the  mode  shapes.  For  eKample,  the  error  in  a 
measured  mode  shape  could  reach  as  high  as  §00%.  (Liang  Inman  1988). 
Under  this  circumstance,  the  weighted  coefficients  must  be  assigned 
with  very  small  values.  Therefore,  the  modification  effect  from  mode 
shapes  is  limited. 


WEAKNESS  OF  AVAILABLE  CORRECTION  METHODS 

In  the  preceding  sections,  we  briefly  reviewed  some  commonly  used  model 
correction  procedures.  None  of  these  methods  is  sufficient  in  terms  of  the 
correction  effectiveness.  There  are  certain  types  of  errors  in  the 
analytical  model  that  may  not  be  eliminated  through  the  model  corrections. 
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One  of  the  shortfalls  is  that  the  cost  function  J  is  based  on  numerical 
Judgments  of  some  necessary  but  not  sufficient  properties  of  the  model. 
Therefore,  no  matter  how  small  the  value  of  J  could  be  reduced  to,  the 
correction  effect  still  may  not  be  greatly  improved.  In  addition,  there 
exist  possible  experimental  errors  as  well.  So  it  is  necessary  to 
establish  more  suitable  criteria  for  evaluations  of  the  correction  effects. 

The  goal  of  model  correction  is  to  obtain  the  correct  M,  C,  and  K  matrices. 
However,  in  many  engineering  applications,  it  is  the  properties  of  the 
structural  system  that  are  of  our  interests.  As  described  at  the 
introduction  section,  using  the  M~C~K  model  we  can  calculate  these 
system  s  properties.  On  the  other  hand,  when  some  of  the  properties  the 
systems  are  known  such  eis  the  order  of  the  system,  they  may  be  used  in 
model  corrections.  Following  this  line  of  thought,  we  can  consider  and 
treat  model  correction  on  the  basis  of  its  ability  of  preserving  system 
properties  in  addition  to  its  ability  to  satisfy  the  prescribed  numerical 
criteria  such  as  cost  function  J.  Since  there  is  no  single  property 
of  the  system  that  is  strong  enough  to  guarantee  the  correctness  of  the 
physical  model  (at  least  it  is  the  case  at  present),  the  best  euialytical 
model  is  the  one  that  preserves  most  properties  of  the  system. 

CORRECT  CORRESPONDENCE  AND  ITS  INTERPRETATION  IN  MODEL  CORRECTIONS 

Consider  again  the  5-story  structure  shown  in  Figure  1  (a).  A  diagrammatic 
finite  element  representation  generated  according  to  the  real  measurements 
is  shown  in  Figure  3  (a).  In  Figure  3  (b)  and  (c),  the  modal  deformations 
of  the  first  and  second  modes  of  the  structural  system  are  illustrated. 
Figure  3  (b)  shows  a  simple  translational  mode  and  Figure  3  (c)  shows  a 
simple  torsional  mode.  In  more  complicated  situations,  modes  of  the 
structural  system  may  not  be  as  simple  as  the  ones  given  in  these  figures. 
Nevertheless,  they  possess  distinct  modal  deformations,  which  are  the 
most  basic  dynamic  performances  of  the  structural  system.  Since  the 
structural  system  for  testing  is  also  the  object  for  finite  element 
modeling,  the  modal  deformations  of  the  modes  obtained  from  the  two 
approaches  should  be  essentially  the  same,  despite  of  numerical 
disparities  due  to  the  errors  of  measurements  and  calculations.  Based  on 
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this  observation,  we  investigate  in  the  following  some  possible  model 
correction  methods  that  make  the  revised  analytical  model  preserve  similar 
modal  deformations  as  the  real  structural  system. 


The  invariance  of  modal  deformations  for  the  modes  in  both  physical  and 
analytical  models  can  be  characterized  by  the  correct  correspondence 
between  the  modes  (system  eigenvalues  and  system  eigenvectors)  of  the  two 
models.  Conceptually,  it  is  easy  to  understand  that  such  a  correspondence 
should  relate  the  modes  with  similar  deformations  to  each  other.  To 
establish  such  correspondence  however,  we  have  to  define  the  correct 
correspondence  in  terms  of  model  elements.  In  usual,  the  stiffness  K  and 
the  mass  M  of  the  analytical  model  are  obtained  with  more  accuracy  than 
damping  matrix  C,  a  correct  correspondence  can  be  obtained  easily  between 
the  stiffness  eigenvalues  of  the  physical  and  analytical  models.  Since 
each  individual  mode  is  dominated  by  an  unique  stiffness  eigenvalue,  we 
can  achieve  the  correct  correspondence  of  modes  of  the  physical  and 
analytical  models  by  first  numbering  the  modes  in  each  model  with  respect 
to  the  given  subscripts  of  the  stiffness  eigenvalues  in  that  model,  and 
then  relate  the  modes  according  to  the  correct  correspondence  between  the 
stiffness  eigenvalues  of  the  two  models. 


Examine  the  governing  equation 

MX  +  CX  +  KX  =  F  (8) 


where  M,  C  and  K  are  mass,  damping  and  stiffness  matrices  respectively. 
Vectors  X,  X,  X  and  F  denote  the  acceleration,  velocity,  displacement  and 
forcing  function  respectively.  In  free  vibration,  F  is  zero.  Equation  (8) 
becomes 

MX  +  CX  +  KX  =  0  (9) 


Applying  some  matrix  operations  to  Equation  (9),  we  obtain  the  following 
D- A  mode 1 

k 

lY  +  DY  +  A  Y  =  0  (10) 

“  T  1/2 

where  I  is  an  identity  matrix,  and  Y  =  Q  M  X 


and  aJ^=  QM''''^KM'^^^Q  = 


0) 


(j) 


n  -* 
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Q  is  an  orthogonal  matrix.  This  is  called  the  canonical  vibration  model  ( 
Liang  et  al  1990  ).  Its  advantage  over  the  general  vibration  model  (9)  lies 
in  the  simplification  of  M  and  K  matrices.  With  diagonal,  the  stiffness 
eigenvectors  in  this  model  are  always  (  the  unit  vectors  )  i  =  1,  2,  .. 
n.  Now  we  discuss  how  to  number  the  modes  with  respect  to  subscript  i. 

In  the  case  of  a  proportionally  damped  system,  it  is  known  that  Caughey’s 
criterion  (Caughey,  1976) 

°  \=  (11) 
is  satisfied.  Using  Equation  (11),  we  can  find  an  orthogonal  matrix  R.  By 

applying  R  from  the  left  and  the  Hermit ian  transpose  of  R  from  the  right 
to  Equation  (10),  we  have  a  canonical  model  with  both  RDr”  and  RA  R** 

Ic 

diagonal.  Such  a  system  is  completely  decoupled.  There  are  n  separate 
single  DOF  equations  each  of  which  corresponds  to  a  mode  of  the  system. 

The  numbering  is  easily  determined  in  the  way  that  the  eigenvalue  of  the 
1^**  equation, 

y^+  d^y^+  «  y^=  0 

is  assigned  with  subscript  i. 

Let  ^2 .  denote  the  system  eigenvalues  and  p^,  p  ,  ....  p 

denote  the  mode  shapes  of  an  canonical  model.  A  recent  result  by  Liang  et 
al  (1990)  offers  another  convenient  way  to  obtain  the  numbering.  The  result 
unfolds  the  following  property  of  a  proportionally  damped  system 

X  X  =  (/  i  =  1,  2 . n  (12) 

where  is  the  i  eigenvalue  of  the  stiffness  matrix.  The  subscript  i  in 
(12)  enumerates  the  system  eigenvalues  such  that  it  gives  an  one-one 
correspondence  between  the  system  eigenvalues  X  and  eigenvalues  of  the 
stiffness  matrix.  Since  the  inverse  of  this  result  is  also  valid,  a  system 
satisfying  (12)  is  automatically  proportionally  damped  and  possesses  the 
desired  numbering. 

Using  complex-damping  coefficients,  the  above  numbering  can  be  Justified 
in  terms  of  the  system  energy  relations.  By  definition,  a  complex-damping 
coefficient  is  a  generalized  Rayleigh  quotient 
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q>p,_ 

a  =  a  +  b^j  =  - - -  i  =  1.  2 . n 

‘Ji  Pr 

1 

where  q  is  an  eigenvector  of  stiffness  matrix,  p  is  a  system  eigenvector. 

1  r 

I 

a^  and  are  the  real  and  imaginary  parts  of  a^.  For  a  different  numbering 
of  the  system’s  modes,  we  usually  get  a  different  set  of  corresponding 
complex-dsunping  coefficients.  Otherwise  the  generalized  Rayleigh  quotients 
are  not  defined  at  all.  As  reported  by  Liang  and  Lee  (1990),  there  is  one 
correct  set  of  complex-damping  coefficients  which  can  be  used  to  describe 
the  energy  transformations  ajnong  the  modes  of  a  vibration  system.  In  their 
report  a  complex  damping  ratio  is  defined  as 

u  =  a  /  2u  +  JC 

where  is  the  1^  undamped  natural  frequency  and  is  the  i^”  damping 

ratio.  The  is  a  ratio  of  the  energy  transformed  in  a  cycle  over  the 

total  energy  stored  before  the  cycle  in  the  i^**  mode.  If  is  zero, 

has  no  imag;inary  part.  Thus  there  is  no  energy  transformed  into  or  out  of 

the  i^**  mode.  Consequently,  such  a  mode  can  be  decoupled  from  the  system. 

By  this  theory,  the  set  of  correct  complex-damping  coefficients  for  a 

proportionally  damped  czinonical  vibration  model  is  a  set  of  real-valued 

scalars,  because  in  such  model  every  mode  can  be  decoupled.  This  condition 

is  satisfied  by  the  complex-damping  coefficients  calculated  with  the 

numbering  described  earlier.  In  fact,  this  numbering  is  the  only  one  that 

T 

satisfies  the  requirement  q^  p^  *  0,  for  complex-damping  coefficients. 

For  non-proport ionally  damped  systems,  the  correct  numbering  is  also 

associated  with  the  correct  set  of  complex-damping  coefficients,  which 

describe  the  energy  transformations  among  the  coupled  modes.  Although  a 

natural  generalization  of  the  numbering  discussed  for  proportionally 

2 

damped  systems,  namely  relating  a  stiffness  eigenvalue  w  with  a  closest 

XX  ,  is  not  correct  in  general  for  non-proport ionally  damped  systems,  (see 
Tong  et  al),  given  the  correct  set  of  complex-damping  coefficients,  the 
correct  numbering  is  shown  to  be  unique  (see  Tong  et  al ) .  Therefore,  we 
can  search  the  correct  numbering  from  the  complex-damping  coefficients. 
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By  using  the  correct  correspondence  of  modes  in  model  corrections, 
individual  modes  in  the  corrected  model  preserve  their  deformations.  In  most 
cases,  we  may  produce  a  model  having  similar  energy  transformation  pattern 
to  the  physical  model.  Due  to  the  limit  of  space,  we  omit  the  examples. 


COMPLEX  DAMPING  FITTING  AND  EIGEN-MATRIX  FITTING 

The  first  way  to  improve  the  correction  procedures  is  to  use  the  complex¬ 
damping  coefficients  to  determine  the  correct  correspondence.  The  imaginary 
pairt  of  a  complex-damping  ratio  satisfies 

"  =  exp  (<i).  i  =  1,  2 . n  (13) 

1 

when  the  system  is  lightly  damped,  i.e. 

I  I  0.3  .  i  =  1.  2 . n.  (14) 

Equation  (14)  is  satisfied  with  most  engineering  structures. 


eigenvalue  of  the 


In  Equation  (14),  w  is  the  square  root  of  the 

r  I 

i  ^ 

generalized  stiffness  matrix,  where  is  a  designated  permutation  of 

2 . n.  Thus,  by  using  equation  (14)  and  n^,  we  can  determine  the 

correct  correspondence  quantitatively. 

We  propose  a  improved  model  correction  criterion  as  follows. 


n 

=  z 

i=l 


-  ( 


(ra)  _<a)^H  ,  (m)  (a). 

>,  -  P,  )  (  p,  -  p_  ) 


(15) 


where  are  weighted  coefficients  for  least  square  approximation  of  ratio 
C  .  The  term  (  is  a  good  monitor  of  non-proportionality. 

With  the  complex-damping  ratios  available  and  the  systems  considered  being 
lightly  damped.  The  correct  correspondence  can  be  solved  from  Equation  (13). 


A  second  approach  to  deal  with  correct  correspondence  is  to  avoid  using 
the  modal  parameters  mode  by  mode.  Instead  we  can  use  a  more  general 
convergence  pattern  so  that  the  correct  correspondence  is  assured  through 
the  convergence.  In  this  regard  we  have  a  choice  of  either  using  the  state 
matrix  or  using  the  eigen-matrix.  Because  the  size  of  the  state  matrix  is 
2nx2n,  (supposing  the  order  of  the  system  is  n),  we  consider  the  eigen- 
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matrix  whose  size  is  only  nxn. 


An  eigen-matrix  A  is  defined  by 

A  =  P  A  P"^  (16) 

where  A  is  a  diagonal  matrix  consists  of  all  eigenvalues  ,  i  =  l,...n, 
of  the  system,  and 

Aj=  -  Wjl  J(  w  (17) 

A  matrix  A  has  the  eigen-decomposition  (16),  if  amd 

only  if  A  satisfies  the  following  quadratic  matrix  equation: 

M  A^  +  C  A  +  K  =  0  (18) 

where  the  coefficient  matrices  M,  C  and  K  are  defined  as  in  Equation  (8). 
From  Equation  (16),  we  can  see  intuitively,  that  convergence  of  an  eigen- 
matrix  A  Involves  global  adjustments  of  all  modal  pansuneters  Therefore, 
the  problem  of  correspondence  will  not  occur  here.  The  cost  function  can 
be  established  by 

J  =  II  A^""’-  a‘*’|I  (19) 

where  II  .  II  stands  for  a  norm  of  matrix  A^”"*-  A^**.  For  exajnple,  it  can 
be  the  Frobenius  norm. 
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where  a|‘^  is  the  ij^^  entry  of  matrix  a'’  .  Or  it  can  be  a  p-norm,  such 
as  the  2-norm, 


J  =  IIA*®’-  a‘*’|I  =  {  A  [(A^™’-  a‘®’)”(A^"'’-  A^*^] 

2  max 


(21) 


where  A  ( .  ]  is  the  maximum  eigenvalue  of  matrix  [.J  . 

max 


CONCLUDING  REMARKS 

In  this  paper,  we  first  examined  several  model  correction  procedures 
and  their  common  weaicnesses.  Most  available  methods  emphasize  the  speed  of 
numerical  convergence.  In  this  study  we  pay  attention  to  the  validity  of 
the  corrections.  We  suggested  methods  to  improve  some  of  correction 
procedures , by  using  the  correct  correspondence  between  the  modes  of 
physical  and  analytical  models.  This  study  results  in  the  improvement  of 
finite  element  modeling.  It  is  also  shown  that  a  strong  connection  exist 
between  the  theoretical  studies  such  as  the  complex  damping  theory  and 
the  various  practical  applications. 


D(X-14 


By  using  the  correct  correspondence  of  modes  in  model  corrections, 
individual  modes  in  the  corrected  model  preserve  their  deformations.  In  most 
cases,  we  may  produce  a  model  having  similar  energy  transformation  pattern 
to  the  physical  model.  Due  to  the  limit  of  space,  we  omit  the  examples. 

COMPLEX  DAMPING  FITTING  AND  EIGEN-MATRIX  FITTING 

The  first  way  to  improve  the  correction  procedures  is  to  use  the  complex¬ 
damping  coefficients  to  determine  the  correct  correspondence.  The  imaginary 
part  of  a  complex-damping  ratio  satisfies 

“i  "  ^  2 . n  (13) 

when  the  system  is  lightly  damped,  i.e. 

I  M,  I  =5  0.3  ,  i  =  1,  2 . n.  (14) 

Equation  (14)  is  satisfied  with  most  engineering  structures. 


In  Equation  (14),  is  the  square  root  of  the  eigenvalue  of  the 

generalized  stiffness  matrix,  where  is  a  designated  permutation  of 

2 . n.  Thus,  by  using  equation  (14)  and  we  can  determine  the 

correct  correspondence  qu8Lntitatively. 

We  propose  a  improved  model  correction  criterion  as  follows. 
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where  y  are  weighted  coefficients  for  least  square  approximation  of  ratio 


The  term  (  C.  ~  C.  )  is  a  good  monitor  of  non-proportionality. 


“1  ’1 

With  the  complex-damping  ratios  available  and  the  systems  considered  being 
lightly  damped.  The  correct  correspondence  can  be  solved  from  Equation  (13) 


A  second  approach  to  deal  with  correct  correspondence  is  to  avoid  using 
the  modal  parameters  mode  by  mode.  Instead  we  can  use  a  more  general 
convergence  pattern  so  that  the  correct  correspondence  is  assured  through 
the  convergence.  In  this  regard  we  have  a  choice  of  either  using  the  state 
matrix  or  using  the  eigen-matrix.  Because  the  size  of  the  state  matrix  is 
2nx2n,  (supposing  the  order  of  the  system  is  n),  we  consider  the  eigen- 
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matrix  whose  size  is  only  nxn. 


An  eigen-matrix  A  is  defined  by 

A  =  P  A  P"^  (16) 

where  A  is  a  diagonal  matrix  consists  of  all  eigenvalues  ,  i  =  l,...n, 
of  the  system,  and 

J(  w  (17) 

A  matrix  A  has  the  eigen-decomposition  (16),  if  and 

only  if  A  satisfies  the  following  quadratic  matrix  equation: 

M  A^  +  C  A  +  K  =  0  (18) 

where  the  coefficient  matrices  M,  C  and  K  are  defined  as  in  Equation  (8). 
From  Equation  (16),  we  can  see  intuitively,  that  convergence  of  an  eigen- 
matrix  A  involves  global  adjustments  of  all  modal  parameters  Therefore, 
the  problem  of  correspondence  will  not  occur  here.  The  cost  function  can 
be  established  by 

J  =  II  A^“^I  (19) 

where  II  .  II  stands  for  a  norm  of  matrix  A^*^-  A^*\  For  exaunple,  it  can 
be  the  Frobenius  norm. 
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where  a|‘'  is  the  ij'^^  entry  of  matrix  A^'\  Or  it  can  be  a  p-norm,  such 
as  the  2-norm, 
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where  A  [ .  ]  is  the  majcimum  eigenvalue  of  matrix  [.} 
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between  the  theoretical  studies  such  as  the  complex  damping  theory  and 
the  various  practical  applications. 
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By  using  the  correct  correspondence  of  modes  in  model  corrections, 
individual  modes  in  the  corrected  model  preserve  their  deformations.  In  most 
cases,  we  may  produce  a  model  having  similaj-  energy  transformation  pattern 
to  the  physical  model.  Due  to  the  limit  of  space,  we  omit  the  examples. 
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The  first  way  to  improve  the  correction  procedures  is  to  use  the  complex¬ 
damping  coefficients  to  determine  the  correct  correspondence.  The  imaginary 
part  of  a  complex-damping  ratio  satisfies 

exp  (Cj),  i  =  1,  2 . n  (13) 
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when  the  system  is  lightly  damped,  i.e. 

I  I  0.3  ,  i  =  1,  2 . n.  (14) 

Equation  (14)  is  satisfied  with  most  engineering  structures. 
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correct  correspondence  quantitatively. 

We  propose  a  improved  model  correction  criterion  as  follows. 
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where  are  weighted  coefficients  for  least  square  approximation  of  ratio 
C  .  The  term  (  is  a  good  monitor  of  non-proportionality. 

With  the  complex-damping  ratios  available  and  the  systems  considered  being 
lightly  damped.  The  correct  correspondence  can  be  solved  from  Equation  (13). 
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matrix  whose  size  is  only  nxn. 


An  eigen-matrix  A  is  defined  by 

A  =  P  A  P"^  (16) 

where  A  is  a  diagonal  matrix  consists  of  all  eigenvalues  ,  i  s:  l,...n, 
of  the  system,  and 

Xj^  -  J(  1-?^)'^^  «  (17) 

A  matrix  A  has  the  eigen-decomposition  (16),  if  and 

only  if  A  satisfies  the  following  quadratic  matrix  equation: 

■  M  A^  +  C  A  +  K  =  0  (18) 


where  the  coefficient  matrices  M,  C  and  K  are  defined  as  in  Equation  (8). 
From  Equation  (16),  we  can  see  intuitively,  that  convergence  of  an  eigen- 
matrix  A  involves  global  adjustments  of  all  modal  parameters  Therefore, 
the  problem  of  correspondence  will  not  occur  here.  The  cost  function  can 
be  established  by 

J  =  II  A^*"’-  A^*^l  (19) 

(  ( a  ) 

where  II  .  II  stands  for  a  norm  of  matrix  A  -  A  .  For  example,  it  can 
be  the  Frobenius  norm. 
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the  corrections.  We  suggested  methods  to  improve  some  of  correction 
procedures , by  using  the  correct  correspondence  between  the  modes  of 
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By  using  the  correct  correspondence  of  modes  in  model  corrections, 
individual  modes  in  the  corrected  model  preserve  their  deformations.  In  most 
cases,  we  may  produce  a  model  having  similar  energy  transformation  pattern 
to  the  physical  model.  Due  to  the  limit  of  space,  we  omit  the  examples. 


COMPLEX  DAMPING  FITTING  AND  EIGEN-MATRIX  FITTING 

The  first  way  to  improve  the  correction  procedures  is  to  use  the  complex¬ 
damping  coefficients  to  determine  the  correct  correspondence.  The  imaginary 
part  of  a  complex-daunping  ratio  satisfies 

“i  =  exp  (Cj),  i  =  1,  2 . n  (13) 

when  the  system  is  lightly  damped,  i.e. 

I  I  0.3  ,  i  =  1,  2 . n.  (14) 

Equation  (14)  is  satisfied  with  most  engineering  structures. 


In  Equation  (14),  «  is  the  square  root  of  the  eigenvalue  of  the 
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With  the  complex-damping  ratios  available  and  the  systems  considered  being 
lightly  damped.  The  correct  correspondence  can  be  solved  from  Equation  (13). 
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convergence  pattern  so  that  the  correct  correspondence  is  assured  through 
the  convergence.  In  this  regard  we  have  a  choice  of  either  using  the  state 
matrix  or  using  the  eigen-matrix.  Because  the  size  of  the  state  matrix  is 
2nx2n,  (supposing  the  order  of  the  system  is  n),  we  consider  the  eigen- 
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matrix  whose  size  is  only  nxn. 


An  eigen-matrix  A  is  defined  by 

A  =  P  A  P"^  (16) 

where  A  is  a  diagonal  matrix  consists  of  all  eigenvalues  ,  i  =  l,...n, 
of  the  system,  and 

Xj=  -  J(  (17) 

A  matrix  A  hais  the  eigen-decomposition  (16),  if  and 

only  if  A  satisfies  the  following  quadratic  matrix  equation: 

M  A^  +  C  A  +  K  =  0  (18) 

where  the  coefficient  matrices  M,  C  and  K  are  defined  as  in  Equation  (8). 
From  Equation  (16),  we  can  see  intuitively,  that  convergence  of  an  eigen- 
matrix  A  involves  global  adjustments  of  all  modal  pahajneters  Therefore, 
the  problem  of  correspondence  will  not  occur  here.  The  cost  function  can 
be  established  by 

J  =  II  A^"*’-  A^*’ll  (19) 

where  II  .  II  stands  for  a  norm  of  matrix  A^®'-  A*“^ .  For  example,  it  can 


be  the  Frobenius  norm, 
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as  the  2-norm, 
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numerical  convergence.  In  this  study  we  pay  attention  to  the  validity  of 
the  corrections.  We  suggested  methods  to  improve  some  of  correction 
procedures , by  using  the  correct  correspondence  between  the  modes  of 
physical  and  analytical  models.  This  study  results  in  the  improvement  of 
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between  the  theoretical  studies  such  as  the  complex  damping  theory  and 
the  vairious  practical  applications. 


DCC-14 


ACKNOWLEDGEMENT 


Funding  for  the  research  reported  in  this  paper  has  been  provided  jointly 
by  the  State  University  of  New  York  at  Buffalo  and  the  National 
Science  Foundation  through  the  National  Center  for  Earthquake  Engineering 
Research  under  master  contract  number  ECE86-07591. 

REFERENCES 

Caughey,  T.K.  and  0’ Kelly,  M. M. J.  "Classical  Normal  Mode  in  Damped 
Linear  Dynamic  Systems"  J.  of  Appl .  Mech.  ASME  Vol  32,  pp.  583-588,  1965. 
Clough,  R.  W.  and  Penzien,  J.  "  Dynamics  of  Structiares, "  McGraw-Hill,  New 
York,  1975. 

Ewins,  D.J  "Modal  Testing,  Theory  and  Practice"  Research  Studies  Press 
LTD.  England  (1986). 

Inman,  D.  "Vibration  with  Control,  Measurement  and  Stability", 
Prentice-Hall,  Englewood  Cliffs,  1989. 

Kozin,  F.  and  Natke,  H.G.  (1986).  "System  Identification  Techniques", 
Structural  Safety,  Vol. 2,  pp. 269-316. 

Liang,  Z  and  Inman,  D.J,  "Rank  Decomposition  Methods  in  Modal  Analysis" 
Proc.  of  IMAC-6,  1988,  pp. 1176-1179. 

Liang,  Z.  and  Lee,  G.C.  "On  Complex  Damping  of  MEXDF  Systems"  Proc.  of 
IMAC-8,  1990,  pp. 1048-1055. 

Liang,  Z.  and  Lee,  G.C.  "On  Damping  of  Structures",  NCEER  Technical 
report,  to  be  published. 

Liang,  Z.  Lee,  G.  C.  and  Tong,  M.  "On  a  Theory  of  Complex  Damping",  Proc. 

of  Damping  ’91,  Feb.  13-15  1991,  San  Diego,  CA.  ,  Sponsored  by  Wright 

Laboratory,  Flight  Dynamics  Directorate,  Wright-Patterson  Air  Force 
Base. 

Liang,  Z.  Lee,  G.  C.  and  Tong,  M.  "A  Strong  Criterion  for  Testing 

Proportionally  Damped  Systems",  Proc.  of  Damping  ’91,  Feb.  13-15  1991,  San 
Diego,  CA. ,  Sponsored  by  Wright  Laboratory,  Flight  Dynamics  Directorate, 
Wright-Patterson  Air  Force  Base. 

Liang,  Z.  Lee,  G.  C.  and  Tong,  M.  "On  a  Linear  Property  of  Lightly  Damped 

Systems",  Proc.  of  Damping  ’91,  Feb.  13-15  1991,  San  Diego,  CA. ,  Sponsored 
by  Wright  Laboratory,  Flight  Dynamics  Directorate,  Wright-Patterson  Air 
Force  Base. 


DCC-15 


Liaiig,  Z. ,  Tong,  M.  and  Lee,  G.  C.  "Complex  Modes  in  Linear  Dynamic  Systems" 
Submitted  to  Inter.  J.  of  Analytical  and  Experimental  Modal  Analysis. 

Tong,  M. ,  Liang,  Z.  and  G.  C.  Lee  "On  Correction  Criteria  of  Finite 
Element  Modeling  in  Structural  Dynamics",  (to  be  submitted)  Journal  Of 
Applied  Mechanics. 

Natke,  H.  G.  "Updating  Computational  Models  in  the  Frequency  Domain  Based 
on  Measured  Data:  A  Survey",  Probabilistic  Engineering  Mech.  Vol.,  3,  No. 1 
1988. 

Shinozuka,  M. ,  Yun,  C-B.  and  Imai,  H.  (1982).  "  Identification  of  Linear 
Structural  Dynamic  Systems",  J.  of  Structural  Engineering,  ASCE,  Vol,  IDS, 
No.  EM6,  pp. 1371-1390. 

Tong,  M. ,  Liang,  Z.  and  Lee,  G.  C.  "Techniques  in  Design  and  Using  VE 
Dampers",  Proc.  of  Damping  ’91,  Feb.  13-lS  1991,  San  Diego,  CA.  ,  Sponsored 
by  Wright  Laboratory,  Flight  Dynamics  Directorate,  Wright -Patterson  Air 
Force  Base. 


DOC-16 


6  8  10  12  14  16  18  20 

Frequency  (Hz) 

Figure  2  (b)  FRF  Curves 
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Figure  1  (a)  Five  Fluor  Strvulure 


Figure  1  (b)  Three  Responses 
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